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PREFACE. 

f  I IHIS  book  is  intended  to  form  a  companion  volume  to  my 
-■-  edition  of  the  treatise  of  Apollonius  on  Conic  Sections 
lately  published.  If  it  was  worth  while  to  attempt  to  make  the 
work  of  "the  great  geometer"  accessible  to  the  mathematician 
of  to-day  who  might  not  be  able,  in  consequence  of  its  length 
and  of  its  form,  either  to  read  it  in  the  original  Greek  or  in  a 
Latin  translation,  or,  having  read  it,  to  master  it  and  grasp  the 
whole  scheme  of  the  treatise,  I  feel  that  I  owe  even  less  of  an 
apology  for  offering  to  the  public  a  reproduction,  on  the  same 
lines,  of  the  extant  works  of  perhaps  the  greatest  mathematical 
genius  that  the  world  has  ever  seen. 

Michel  Chasles  has  drawn  an  instructive  distinction  between 
the  predominant  features  of  the  geometry  of  Archimedes  and 
of  the  geometry  which  we  find  so  highly  developed  in  Apollo- 
nius. Their  works  may  be  regarded,  says  Chasles,  as  the  origin 
and  basis  of  two  great  inquiries  which  seem  to  share  between 
them  the  domain  of  geometry.  Apollonius  is  concerned  with 
the  Oeometry  of  Forms  and  Situations,  while  in  Archimedes 
we  find  the  Oeometry  of  Measurements  dealing  with  the  quad- 
rature of  curvilinear  plane  figures  and  with  the  quadrature 
and  cubature  of  curved  surfaces,  investigations  which  "gave 
birth  to  the  calculus  of  the  infinite  conceived  and  brought 
to  perfection  successively  by  Kepler,  Cavalieri,  Format,  Leibniz, 
and  Newton."  But  whether  Archimedes  is  viewed  as  the 
man  who,  with  the  limited  means  at  his  disposal,  nevertheless 
succeeded  in  performing  what  are  really  integrations  for  the 
purpose  of  finding  the  area  of  a  parabolic  segment  and  a 
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spiral,  the  surface  and  volume  of  a  sphere  and  a  segment 
of  a  sphere,  and  the  volume  of  any  segments  of  the  solids 
of  revolution  of  the  second  degree,  whether  he  is  seen  .finding 
the  centre  of  gravity  of  a  parabolic  segment,  calculating 
arithmetical  approximations  to  the  value  of  tt,  inventing  a 
system  for  expressing  in  words  any  number  up  to  that  which 
we  should  write  down  with  1  followed  by  80,000  billion 
ciphers,  or  inventing  the  whole  science  of  hydrostatics  and  at 
the  same  time  carrying  it  so  far  as  to  give  a  most  complete 
investigation  of  the  positions  of  rest  and  stability  of  a  right 
segment  of  a  paraboloid  of  revolution  floating  in  a  fluid,  the 
intelligent  reader  cannot  fail  to  be  struck  by  the  remarkable 
range  of  subjects  and  the  mastery  of  treatment.  And  if  these 
are  such  as  to  create  genuine  enthusiasm  in  the  student  of 
Archimedes,  the  style  and  method  are  no  less  irresistibly 
attractive.  One  feature  which  will  probably  most  impress  the 
mathematician  accustomed  to  the  rapidity  and  directness  secured 
by  the  generality  of  modem  methods  is  the  deliberation  with 
which  Archimedes  approaches  the  solution  of  any  one  of  his 
main  problems.  Yet  this  very  characjberistic,  with  its  incidental 
eflfects,  is  calculated  to  excite  the  more  admiration  because  the 
method  suggests  the  tactics  of  some  great  strategist  who 
foresees  everything,  eliminates  everything  not  immediately 
conducive  to  the  execution  of  his  plan,  masters  every  position 
in  its  order,  and  then  suddenly  (when  the  very  elaboration  of 
the  scheme  has  almost  obscured,  in  the  mind  of  the  spectator, 
its  ultimate  object)  strikes  the  final  blow.  Thus  we  read  in 
Archimedes  proposition  after  proposition  the  bearing  of  which  is 
not  immediately  obvious  but  which  we  find  infallibly  used  later 
on ;  and  we  are  led  on  by  such  easy  stages  that  the  difficulty  of 
the  original  problem,  as  presented  at  the  outset,  is  scarcely 
appreciated.  As  Plutarch  says,  "it  is  not  possible  to  find  in 
geometry  more  difficult  and  troublesome  questions,  or  more 
simple  and  lucid  explanations."  But  it  is  decidedly  a  rhetorical 
exaggeration  when  Plutarch  goes  on  to  say  that  we  are  deceived 


PREFACE.  vii 

by  the  easiness  of  the  successive  steps  into  the  belief  that  anyone 
could  have  discovered  them  for  himself.  On  the  contrary,  the 
{f studied  simplicity  and  the  perfect  finish  of  the  treatises  involve 
at  the  same  time  an  element  of  mystery.  Though  each  step 
depends  upon  the  preceding  ones,  we  are  left  in  the  dark  as  to 
how  they  were  suggested  to  Archimedes.  There  is,  in  fact, 
much  truth  in  a  remark  of  Wallis  to  the  effect  that  he  seems 
"  as  it  were  of  set  purpose  to  have  covered  up  the  traces  of  his 
investigation  as  if  he  had  grudged  posterity  the  secret  of  his 
method  of  inquiry  while  he  wished  to  extort  from  them  assent 
to  his  results."  Wallis  adds  with  equal  reason  that  not  only 
Archimedes  but  nearly  all  the  ancients  so  hid  away  from 
posterity  their  method  of  Analysis  (though  it  is  certain  that 
they  had  one)  that  more  modern  mathematicians  found  it  easier 
to  invent  a  new  Analysis  than  to  seek  out  the  old.  This  is  no 
doubt  the  reason  why  Archimedes  and  other  Greek  geometers 
have  received  so  little  attention  during  the  present  century  and 
why  Archimedes  is  for  the  most  part  only  vaguely  remembered 
as  the  inventor  of  a  screw,  while  even  mathematicians  scarcely 
know  him  except  as  the  discoverer  of  the  principle  in  hydro- 
statics which  bears  his  name.  It  is  only  of  recent  years  that 
we  have  had  a  satisfactory  edition  of  the  Greek  text,  that  of 
Heiberg  brought  out  in  1880-1,  and  I  know  of  no  complete 
translation  since  the  German  one  of  Nizze,  published  in  1824, 
which  is  now  out  of  print  and  so  rare  that  I  had  some  difficulty 
in  procuring  a  copy. 

The  plan  of  this  work  is  then  the  same  as  that  which  I 
followed  in  editing  the  Conies  of  ApoUonius.  In  this  case, 
however,  there  has  been  less  need  as  well  as  less  opportunity  for 
compression,  and  it  has  been  possible  to  retain  the  numbering 
of  the  propositions  and  to  enunciate  them  in  a  manner  more 
nearly  approaching  the  original  without  thereby  making  the 
enunciations  obscure.  Moreover,  the  subject  matter  is  not  so 
complicated  as  to  necessitate  absolute  uniformity  in  the  notation 
used  (which  is  the  only  means  whereby  ApoUonius  can  be  made 
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even  tolerably  readable),  though  I  have  tried  to  secure  as  much 
uniformity  as  was  fairly  possible.  My  main  object  has  been  to 
present  a  perfectly  faithful  reproduction  of  the  treatises  as  they 
have  come  down  to  us,  neither  adding  anything  nor  leaving  out 
anything  essential  or  important.  The  notes  are  for  the  most 
part  intended  to  throw  light  on  particular  points  in  the  text  or 
to  supply  proofs  of  propositions  assumed  by  Archimedes  as 
known;  sometimes  I  have  thought  it  right  to  insert  within 
square  brackets  after  certain  propositions,  and  in  the  same  type, 
notes  designed  to  bring  out  the  exact  significance  of  those 
propositions,  in  cases  where  to  place  such  notes  in  the  Intro- 
duction or  at  the  bottom  of  the  page  might  lead  to  their  being 
overlooked. 

Much  of  the  Introduction  is,  as  will  be  seen,  historical ;  the 
rest  is  devoted  partly  to  giving  a  more  general  view  of  certain 
methods  employed  by  Archimedes  and  of  their  mathematical 
significance  than  would  be  possible  in  notes  to  separate  propo- 
sitions, and  partly  to  the  discussion  of  certain  questions  arising 
out  of  the  subject  matter  upon  which  we  have  no  positive 
historical  data  to  guide  us.  In  these  latter  cases,  where  it  is 
necessary  to  put  forward  hypotheses  for  the  purpose  of  explaining 
obscure  points,  I  have  been  careful  to  call  attention  to  theii' 
speculative  character,  though  I  have  given  the  historical  evidence 
where  such  can  be  quoted  in  support  of  a  particular  hypothesis, 
my  object  being  to  place  side  by  side  the  authentic  information 
which  we  possess  and  the  inferences  which  have  been  or  may 
be  drawn  from  it,  in  order  that  the  reader  may  be  in  a  position 
to  judge  for  himself  how  far  he  can  accept  the  latter  as  probable. 
Perhaps  I  may  be  thought  to  owe  an  apology  for  the  length  of 
one  chapter  on  the  so-called  vevaei^,  or  incUnationes,  which  goes 
somewhat  beyond  what  is  necessary  for  the  elucidation  of 
Archimedes;  but  the  subject  is  interesting,  and  I  thought  it 
well  to  make  my  account  of  it  as  complete  as  possible  in 
order  to  round  off,  as  it  were,  my  studies  in  Apollonius  and 
Archimedes. 
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I  have  had  one  disappointment  in  preparing  this  book  for 
the  press.  I  was  particularly  anxious  to  place  on  or  opposite 
the  title-page  a  portrait  of  Archimedes,  and  I  was  encouraged 
in  this  idea  by  the  fact  that  the  title-page  of  Torelli  s  edition 
bears  a  representation  in  medallion  form  on  which  are  endorsed 
the  words  Archimedis  effigies  marmorea  in  veteri  anaglypho 
Romae  asservato.  Caution  was  however  suggested  when  I 
found  two  more  portraits  wholly  unlike  this  but  still  claiming  to 
represent  Archimedes,  one  of  them  appearing  at  the  beginning 
of  Peyrard's  French  translation  of  1807,  and  the  other  in 
Gronovius'  Thesaurus  Oraecarum  Antiquitatum ;  and  I  thought 
it  well  to  inquire  further  into  the  matter.  I  am  now  informed 
by  Dr  A.  S.  Murray  of  the  British  Museum  that  there  does 
not  appear  to  be  any  authority  for  any  one  of  the  three,  and 
that  writers  on  iconography  apparently  do  not  recognise  an 
Archimedes  among  existing  portraits.  I  was,  therefore,  re- 
luctantly obliged  to  give  up  my  idea. 

The  proof  sheets  have,  as  on  the  former  occasion,  been  read 
over  by  my  brother,  Dr  R.  S.  Heath,  Principal  of  Mason  College, 
Birmingham ;  and  I  desire  to  take  this  opportunity  of  thanking 
him  for  undertaking  what  might  well  have  seemed,  to  any  one 
less  genuinely  interested  in  Greek  geometry,  a  thankless  task. 

T.  L.  HEATH. 

March,  1897. 
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INTEODUCTION. 

CHAPTER  I. 

f 

ARCHIMEDES. 

A  LIFE  of  Archimedes  was  written  by  one  Heracleides*,  but 
this  biography  has  not  survived,  and  such  particulars  as  are  known 
have  to  be  collected  from  many  various  sources  f.  According  to 
TzetzesJ  he  died  at  the  age  of  75,  and,  as  he  perished  in  the  sack 
of  Syracuse  (b.c.  212),  it  follows  that  he  was  probably  born  about 
287  B.C.  He  was  the  son  of  Pheidias  the  astronomer§,  and  was 
on  intimate  terms   with,  if  not  related  to,  king  Hieron  and  his 

*  Eutocius  mentions  this  work  in  his  commentary  on  Archimedes'  Measure- 
ment of  the  circle,  ws  <f)rj<nv  'KpaKkeidrfs  4p  r<J  ' ApxifJi-ifidovs  j3£^.  He  alludes  to  it 
again  in  his  commentary  on  ApoUonius'  Conies  (ed.  Heiberg,  Vol.  ii.  p.  168), 
where,  however,  the  name  is  wrongly  given  as  'H/)d«:Xetos.  This  Heracleides  is 
perhaps  the  same  as  the  Heracleides  mentioned  by  Archimedes  himself  in  the 
preface  to  his  book  On  Spirals. 

f  An  exhaustive  collection  of  the  materials  is  given  in  Heiberg's  Quaestiones 
Archimedeae  (1879).  The  preface  to  Torelli's  edition  also  gives  the  main  points, 
and  the  same  work  (pp.  363—370)  quotes  at  length  most  of  the  original 
references  to  the  mechanical  inventions  of  Archimedes.  Further,  the  article 
Archimedes  (by  Hultsch)  in  Pauly-Wissowa's  Real-Encyclopddie  der  classischen 
AUertumswissenschaften  gives  an  entirely  admirable  summary  of  all  the  available 
information.  See  also  Susemihl's  Geschichte  der  griechischen  Litteratur  in  der 
Alexandrinerzeit,  i.  pp.  723 — 733. 

Ij:  Tzetzes,  Chiliad.,  ii.  35,  105. 

§  Pheidias  is  mentioned  in  the  Sand-reckoner  of  Archimedes,  tQv  Trporipcjv 
d(TTpo\6y(ap  E^56^ou...^€t5(a  dk  rod  afioO  irarpos  (the  last  words  being  the  correction 
of  Blass  for  tov  'A/coiJTraryoos,  the  reading  of  the  text).  Cf.  Schol.  Clark,  in 
Oregon  Nazianz.  Or.  34,  p.  355  a  Morel,  ^eidlas  to  fiev  yhos  rjp  2,vpaK6<rm 
d(rTpo\6yos  6  ^Apxtf^^dovs  irari^p. 
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son  Gelon.  It  appears  from  a  passage  of  Diodorus*  that  he  spent 
a  considerable  time  at  Alexandria,  where  it  may  be  inferred  that 
he  studied  with  the  successors  of  Euclid.  It  may  have  been  at 
Alexandria  that  he  made  the  acquaintance  of  Conon  of  Samos 
(for  whom  he  had  the  highest  regard  both  as  a  mathematician 
and  as  a  personal  friend)  and  of  Eratosthenes.  To  the  former 
he  was  in  the  habit  of  communicating  his  discoveries  before  their 
publication,  and  it  is  to  the  latter  that  the  famous  Cattle-problem 
purports  to  have  been  sent.  Another  friend,  to  whom  he  dedicated 
several  of  his  works,  was  Dositheus  of  Pelusium,  a  pupil  of  Conon, 
presumably  at  Alexandria  though  at  a  date  subsequent  to  Archi- 
medes' sojourn  there. 

After  his  return  to  Syracuse  he  lived  a  life  entirely  devoted 
to  mathematical  research.  Incidentally  he  made  himself  famous 
by  a  variety  of  ingenious  mechanical  inventions.  These  things 
were  however  merely  the  **  diversions  of  geometry  at  playf,''  and 
he  attached  no  importance  to  them.  In  the  words  of  Plutarch,  "  he 
possessed  so  high  a  spirit,  so  profound  a  soul,  and  such  treasures 
of  scientific  knowledge  that,  though  these  inventions  had  obtained 
for  him  the  renown  of  more  than  human  sagacity,  he  yet  would 
not  deign  to  leave  behind  him  any  written  work  on  such  subjects, 
but,  regarding  as  ignoble  and  sordid  the  business  of  mechanics 
and  every  sort  of  art  which  is  directed  to  use  and  profit,  he  placed 
his  whole  ambition  in  those  speculations  in  whose  beauty  and 
subtlety  there  is  no  admixture  of  the  common  needs  of  life  J."  In 
fact  he  wrote  only  one  such  mechanical  book,  On  Sphere-making §, 
to  which  allusion  will  be  made  later. 

Some  of  his  mechanical  inventions  were  used  with  great  effect 
against  the  Romans  during  the  siege  of  Syracuse.     Thus  he  contrived 

*  DiodoruB  v.  37,  3,  ods  [toi)s  KoxX^as]  'Apx^M^^ys  o  ^vpaKOffios  edpev^  ore 
TrapipdKev  els  Myvwrov. 

t  Plutarch,  Marcellus,  14. 

t  ibid.  17. 

§  Pappus  VIII.  p.  1026  (ed.  Hultsch).  Kdpwos  d^  roi)  (pTjffip  6  *AvTioxeifs 
'Apxf^7§5^  rdp  XvpaKdcriov  ^v  fxovov  §l^\Lov  (rui^rerax^^tt*  pLrixO'i'i'icbp  rb  /card  T^y 
fffpaipoiroitaVf  rQ>v  hk  ^XK(j3V  ohhlv  ij^KiJK^uaL  (Tvprd^ai,  Kairoi  irapd  rots  iroXXotj  ivl 
pLUiX^viK^  So^o-<T0€is  Kal  fieyaXo^fVi^s  tis  yevd/xevos  6  Oavfiatrrbs  ineivosj  (^arc  diafietvaL 
irapd  iratTLv  dvOpibirmt  ifwep^oKKbvTUis  6fjLvo^p.€PoSf  tQp  re  wpoi^yovfji.ivwv  y€(i}p,€rpiKT^s 
Kal  dpiBfirjriKTJs  ixoptipajp  Bewplas  rb.  ^pax^rara  ^OKOVpra  etpai  <nrovdai(as  <rvviypa^cp' 
ds  ^aipcTm  ras  eipTjfiipas  iwtcrT'fifxas  o0tws  dyawi^<ras  ws  fJLrjdip  i^ia0€P  {^TOfiipeip 
atfrats  iweKrdyeiP, 
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catapults  so  ingeniously  constructed  as  to  be  equally  serviceable 
at  long  or  short  ranges,  machines  for  discharging  showers  of 
missiles  through  holes  made  in  the  walls,  and  others  consisting 
of  long  moveable  poles  projecting  beyond  the  walls  which  either 
dropped  heavy  weights  upon  the  enemy's  ships,  or  grappled  the 
prows  by  means  of  an  iron  hand  or  a  beak  like  that  of  a  crane, 
then  lifted  them  into  the  air  and  let  them  fall  again*.  Marcellus 
is  said  to  have  derided  his  own  engineers  and  artificers  with  the 
words,  "  Shall  we  not  make  an  end  of  fighting  against  this  geo- 
metrical Briareus  who,  sitting  at  ease  by  the  sea,  plays  pitch  and 
toss  with  our  ships  to  our  confusion,  and  by  the  multitude  of 
missiles  that  he  hurls  at  us  outdoes  the  hundred-handed  giants  of 
mythology  It";  but  the  exhortation  had  no  eflFect,  the  Romans  being 
in  such  abject  terror  that  "if  they  did  but  see  a  piece  of  rope 
or  wood  projecting  above  the  wall,  they  would  cry  Hhere  it  is 
again,'  declaring  that  Archimedes  was  setting  some  engine  in  motion 
against  them,  and  would  turn  their  backs  and  run  away,  insomuch 
that  Marcellus  desisted  from  all  conflicts  and  assaults,  putting  all 
his  hope  in  a  long  siege  J." 

If  we  are  rightly  informed,  Archimedes  died,  as  he  had  lived, 
absorbed  in  mathematical  contemplation.  The  accounts  of  the 
exact  circumstances  of  his  death  differ  in  some  details.  Thus 
Livy  says  simply  that,  amid  the  scenes  of  confusion  that  followed 
the  capture  of  Syracuse,  he  was  found  intent  on  some  figures  which 
he  had  drawn  in  the  dust,  and  was  killed  by  a  soldier  who  did 
not  know  who  he  was  §.  Plutarch  gives  more  than  one  version  in 
the  following  passage.  "  Marcellus  was  most  of  all  afiiicted  at 
the  death  of  Archimedes ;  for,  as  fate  would  have  it,  he  was  intent 
on  working  out  some  problem  with  a  diagram  and,  having  fixed 
his  mind  and  his  eyes  alike  on  his  investigation,  he  never  noticed 
the  incursion  of  the  Romans  nor  the  capture  of  the  city.  And 
when  a  soldier  came  up  to  him  suddenly  and  bade  him  follow  to 

*  Polybius,  Hist,  yiiu  7—8  j  Livy  xxiv.  34;  Plutarch,  Marcellus^  15—17. 

t  Plutarch,  Marcellus,  17. 

+  ibid, 

§  Livy  XXV.  31.  Cum  multa  irae,  multa  auaritiae  foeda  exempla  ederentur, 
Archimedem  memoriae  proditum  est  in  tanto  tunlultu,  quantum  pauor  captae 
urbis  in  discursu  diripientium  militum  ciere  poterat,  intentum  formis,  quas  in 
puluere  descripserat,  ab  ignaro  milite  quis  esset  interfectum  j  aegre  id  Marcellum 
tulisse  sepulturaeque  curam  habitam,  et  propinquis  etiam  inquisitis  honori 
praesidioque  nomen  ac  memoriam  eius  fuisse. 

H.  A.  b 
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Marcellus,  he  refused  to  do  so  until  he  had  worked  out  his  problem 
to  a  demonstration;  whereat  the  soldier  was  so  enraged  that  he 
drew  his  sword  and  slew  him.  Others  say  that  the  Boman  ran 
up  to  him  with  a  drawn  sword  offering  to  kill  him;  and,  when 
Archimedes  saw  him,  he  begged  him  earnestly  to  wait  a  short  time 
in  order  that  he  might  not  leave  his  problem  incomplete  and 
unsolved,  but  the  other  took  no  notice  and  killed  him.  Again 
there  is  a  third  account  to  the  effect  that,  as  he  was  carrying  to 
Marcellus  some  of  his  mathematical  instruments,  sundials,  spheres, 
and  angles  adjusted  to  the  apparent  size  of  the  sun  to  the  sight,  some 
soldiers  met  him  and,  being  under  the  impression  that  he  carried 
gold  in  the  vessel,  slew  him*,"  The  most  picturesque  version  of  the 
story  is  perhaps  that  which  represents  him  as  saying  to  a  Roman 
soldier  who  came  too  close,  "  Stand  away,  fellow,  from  my  diagram," 
whereat  the  man  was  so  enraged  that  he  killed  him  f.  The  addition 
made  to  this  story  by  Zonaras,  representing  him  as  saying  Trapd 
K€<liaXdv  Kol  fxrj  wapd  ypafifxav,  while  it  no  doubt  recalls  the  second 
version  given  by  Plutarch,  is  perhaps  the  most  far-fetched  of  the 
touches  put  to  the  picture  by  later  hands. 

Archimedes  is  said  to  have  requested  his  friends  and  relatives 
to  place  upon  his  tomb  a  representation  of  a  cylinder  circumscribing 
a  sphere  within  it,  together  with  an  inscription  giving  the  ratio 
which  the  cylinder  bears  to  the  sphere  J  ;  from  which  we  may 
infer  that  he  himself  regarded  the  discovery  of  this  ratio  [On  the 
Sphere  and  Cylinder^  i.  33,  34]  as  his  greatest  achievement.  Cicero, 
when  quaestor  in  Sicily,  found  the  tomb  in  a  neglected  state  and 
restored  it§. 

Beyond  the  above  particulars  of  the  life  of  Archimedes,  we 
have  nothing  left  except  a  number  of  stories,  which,  though  perhaps 
not  literally  accurate,  yet  help  us  to  a  conception  of  the  personality 
of  the  most  original  mathematician  of  antiquity  which  we  would 
not  willingly  have  altered.  Thus,  in  illustration  of  his  entire 
preoccupation  by  his  abstract  studies,  we  are  told  that  he  would 
forget  all  about  his  food  and  such  necessities  of  life,  and  would 
be  drawing  geometrical  figures  in  the  ashes  of  the  fire,  or,  when 


*  Plutarch,  Marcellusy  19. 

t  Tzetzes,  Chih  ii.  36,  135 ;  Zonaras  ix.  5. 

:|:  Plutarch,  Marcellus^  Vt  ad  fin, 

§  Cicero,  Tu$c,  v.  64  sq. 
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anointing  himself,  in  the  oil  on  his  body*.  Of  the  same  kind  is 
the  well-known  story  that,  when  he  discovered  in  a  bath  the 
solution  of  the  question  referred  to  him  by  Hieron  as  to  whether 
a  certain  crown  supposed  to  have  b^en  made  of  gold  did  not  in 
reality  contain  a  certain  proportion  of  silver,  he  ran  naked  through 
the  street  to  his  home  shouting  evprjKa,  €ijpYjKaf. 

According  to  Pappus  J  it  was  in  connexion  with  his  discovery 
of  the  solution  of  the  problem  To  move  a  given  weight  by  a  given 
force  that  Archimedes  uttered  the  famous  saying,  "  Give  me  a 
place  to  stand  on,  and  I  can  move  the  earth  (80s  /xot  trov  o-ri^  koI 
KLvu)  TT^v  7^1^)."  Plutarch  represents  him  as  declaring  to  Hieron 
that  any  given  weight  could  be  moved  by  a  given  force,  and 
boasting,  in  reliance  on  the  cogency  of  his  demonstration,  that,  if 
he  were  given  another  earth,  he  would  cross  over  to  it  and  move 
this  one.  "And  when  Hieron  was  struck  with  amazement  and  asked 
him  to  reduce  the  problem  to  practice  and  to  give  an  illustration 
of  some  great  weight  moved  by  a  small  force,  he  fixed  upon  a  ship 
of  burden  with  three  masts  from  the  king's  arsenal  which  had 
only  been  drawn  up  with  great  labour  and  many  men ;  and  loading 
her  with  many  passengers  and  a  full  freight,  sitting  himself  the 
while  far  off,  with  no  great  endeavour  but  only  holding  the  end 
of  a  compound  pulley  (iroXvo-iraa-Tos)  quietly  in  his  hand  and  pulling 
at  it,  he  drew  the  ship  along  smoothly  and  safely  as  if  she  were 
moving  through  the  sea§."  According  to  Proclus  the  ship  was  one 
which  Hieron  had  had  made  to  send  to  king  Ptolemy,  and,  when  all 
the  Syracusans  with  their  combined  strength  were  unable  to  launch 
it,  Archimedes  contrived  a  mechanical  device  which  enabled  Hieron 
to  move  it  by  himself,  insomuch  that  the  latter  declared  that 
"from  that  day  forth  Archimedes  was  to  be  believed  in  every- 
thing that  he  might  sayy."^  While  however  it  is  thus  established 
that  Archimedes  invented  some  mechanical  contrivance  for  moving 
a  large  ship  and  thus  gave  a  practical  illustration  of  his  thesis, 
it  is  not  certain  whether  the  machine  used  was  simply  a  compound 

*  Plutarch,  Marcellus,  17. 

t  Vitruvius,  Architect,  ix.  3.  For  an  explanation  of  the  manner  in  which 
Archimedes  probably  solved  this  problem,  see  the  note  following  On  floating 
bodies,  i.  7  (p.  259  sq.). 

t  Pappus  vni.  p.  1060. 

§  Plutarch,  Marcellus ,  14. 

II  Proclus,  Comm.  on  Eucl.  i.,  p.  63  (ed.  Friedlein). 

62 
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pulley  (TToXvcTTraoTos)  as  stated  by  Plutarch;  for  Athenaeus*,  in 
describing  the  same  incident,  says  that  a  helix  was  used.  This 
term  must  be  supposed  to  refer  to  a  machine  similar  to  the  KoyXias 
described  by  Pappus,  in  which  a  cog-wheel  with  oblique  teeth 
moves  on  a  cylindrical  helix  turned  by  a  handle  f.  Pappus,  how- 
ever, describes  it  in  connexion  with  the  jSapovXKos  of  Heron,  and, 
while  he  distinctly  refers  to  Heron  as  his  authority,  he  gives  no 
hint  that  Archimedes  invented  either  the  /3apovXK6<s  or  the  par- 
ticular Ko;^Xtas;  on  the  other  hand,  the  TroXvcnraa-Tos  is  mentioned 
by  Galen  I,  and  the  rpL<nra(rTo<;  (triple  pulley)  by  Oribasius§,  as  one 
of  the  inventions  of  Archimedes,  the  rptWao-ros  being  so  called 
either  from  its  having  three  wheels  (Vitruvius)  or  three  ropes 
(Oribasius).  Nevertheless,  it  may  well  be  that  though  the  ship 
could  easily  be  kept  in  motion,  when  once  started,  by  the  rpi- 
o-Trao-Tos  or  TroXvcrTracrTo?,  Archimedes  was  obliged  to  use  an  appliance 
similar  to  the  KoxXtas  to  give  the  first  impulse. 

The  name  of  yet  another  instrument  appears  in  connexion  with 
the  phrase  about  moving  the  earth.  Tzetzes'  version  is,  "  Give 
me  a  place  to  stand  on  (ira  ^w),  and  I  will  move  the  whole  earth 
with  a  xctptcTTiW  il " ;  but,  as  in  another  passaged!  he  uses  the  word 
TptaTTaoTos,  it  may  be  assumed  that  the  two  words  represented  one 
and  the  same  thing**. 

It  will  be  convenient  to  mention  in  this  place  the  other 
mechanical   inventions  of  Archimedes.      The   best   known  is   the 


*  Athenaeus  v.  207  a-b,  KaracrKevdcras  ykp  *i\LKa  rb  ttjXlkovtop  (tk6.<Po%  els  ttjv 
6&\a<r<rap  KaT'qyaye'  TrpQros  d^  * Apxi^M-'^Stjs  evpe  tijv  ttjs  V<lkos  KaracKevi^v.  To  the 
same  effect  is  the  statement  of  Eustathius  ad  II.  in.  p.  114  (ed.  Stalib.)  X^7€Tat 
d^  ^\i^  Kai  Tt,  fiTjxavrjs  elSos,  6  irpwros  evpCiJp  6  *Apx^M'»5^''?s  eiidoKifxtjiri,  0a(rt,  di  ai/roO. 

t  Pappus  VIII.  pp.  1066,  1108  sq. 

t  Galen,  in  Hijppocr.  Be  artic,  iv.  47  {  =  xvm.  p.  747,  ed.  Kiihn). 

§  Oribasius,  Coll.  med.,  xmx.  22  (iv.  p.  407,  ed.  Bussemaker),  *A7reXX^5oi;s  ^ 
' Apx(-M-iijdovs  rpiffiraa-TOPi  described  in  the  same  passage  as  having  been  invented 
irpbs  rhs  tQsv  irXolcay  KaddXKds. 

II  Tzetzes,  Chil.  n.  180. 

^  Ihid.f  in.  61,  6  yrjv  dvaffirmf  fJLtJX^^V  "^5  Tpi<Tjrd<TT(p  ^o(av'  oira  j8w  Kai  traXeiJa-w 
T^f  X96pa. 

**  Heiberg  compares  Simplicius,  Comm.  in  Aristot»  Phys,  (ed.  Diels,  p.  IIIQ, 
1.  2),  Ta^Ttf  8^  t5  dpoKoyig.  tou  kivovvtos  Kai  toO  Kipovfiipov  Kai  rod  diacrTi^fiaTOS 
rb  (TTaOfxnTTf^Kbp ,  opyapop  rbp  KoXo^fxo'oP  %a/)t<rT/a;i'a  (rudrijo-as  6  'ApxtM5i?s  ws 
/i^XP'  ^ctprbs  T^t  &pd\oyias  wpox'^po^<rii)S  iKbp^iraaep  iK€tPO  rb  wa  §ia  koX  KiPta  rhp 
yB.v. 
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water-screw*  (also  called  Ko^^Atas)  which  was  apparently  invented 
by  him  in  Egypt,  for  the  purpose  of  irrigating  fields.  It  was 
also  used  for  pumping  water  out  of  mines  or  from  the  hold  of 
ships. 

Another  invention  was  that  of  a  sphere  constructed  so  as  to 
imitate  the  motions  of  the  sun,  the  moon,  and  the  five  planets 
in  the  heavens.  Cicero  actually  saw  this  contrivance  and  gives  a 
description  of  itf,  stating  that  it  represented  the  periods  of  the 
moon  and  the  apparent  motion  of  the  sun  with  such  accuracy  that 
it  would  even  (over  a  short  period)  show  the  eclipses  of  the  sun 
and  moon.  Hultsch  conjectures  that  it  was  moved  by  water  J. 
We  know,  as  above  stated,  from  Pappus  that  Archimedes  wrote 
a  book  on  the  construction  of  such  a  sphere  (Trcpi  (r<^atpo7rouas), 
and  Pappus  speaks  in  one  place  of  "those  who  understand  the 
making  of  spheres  and  produce  a  model  of  the  heavens  by  means 
of  the  regular  circular  motion  of  water."  In  any  case  it  is  certain 
that  Archimedes  was  much  occupied  with  astronomy.  Livy  calls 
him  "unicus  spectator  caeli  siderumque."  Hipparchus  says§, 
"From  these  observations  it  is  clear  that  the  difierences  in  the 
years  are  altogether  small,  but,  as  to  the  solstices,  I  almost 
think  (ovK  aTTcATTt^o))  that  both  I  and  Archimedes  have  erred  to 
the  extent  of  a  quarter  of  a  day  both  in  the  observation  and  in  the 
deduction  therefrom."  It  appears  therefore  that  Archimedes  had 
considered  the  question  of  the  length  of  the  year,  as  Ammianus 
also  states  || .  Macrobius  says  that  he  discovered  the  distances  of 
the  planets  1[.  Archimedes  himself  describes  in  the  Sand-reckoner 
the  apparatus  by  which  he  measured  the  apparent  diameter  of  the 
sun,  or  the  angle  subtended  by  it  at  the  eye. 

The  story  that  he  set  the  Roman  ships  on  fire  by  an  arrange- 
ment of  burning-glasses  or  concave  mirrors  is  not  found  in  any 

*  Diodorus  i.  34,  v.  37;  Vitruvius  x.  16  (11) ;  Philo  in.  p.  330  (ed.  Pfeiffer); 
Strabo  xvn.  p.  807 ;  Athenaeus  v.  208  f. 

t  Cicero,  De  rep.,  i.  21-22;  Tusc,  i.  63;  De  nat.  deor.,  ii.  88.  Cf.  Ovid, 
Fasti,  VI.  277;  Lactantius,  Instit,  ii.  5,  18;  Martianus  Capella,  ii.  212,  vi. 
583  sq. ;  Claudian,  Epigr.  18  ;  Sextus  Empiricus,  p.  416  (ed.  Bekker). 

t  Zeitschriftf.  Math.  u.  Physik  {hist.  litt.  Ahth.),  xxii.  (1877),  106  sq. 

§  Ptolemy,  (nJvTa^ts,  i.  p.  153. 

II  Ammianus  MarcelL,  xxvi.  i.  8. 

IT  Macrobius,  in  Somn.  Scip.,  ii.  3. 
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authority  earlier  than  Lucian*;  and  the  so-called  loculus  Archi- 
tnediuSy  which  was  a  sort  of  puzzle  made  of  14  pieces  of  ivory  of 
different  shapes  cut  out  of  a  square,  cannot  be  supposed  to  be  his 
invention,  the  explanation  of  the  name  being  perhaps  that  it  was 
only  a  method  of  expressing  that  the  puzzle  was  cleverly  made, 
in  the  same  way  as  the  wpo/^krjfxa  ^ApxifJitj^eiov  came  to  be  simply 
a  proverbial  expression  for  something  very  difficult!. 

*  The  same  story  is  told  of  Proclus  in  Zonaras  xiv.  3.    For  the  other 
references  on  the  subject  see  Heiberg's  Qiiaestiones  Archimedeae^  pp.  39-41. 
t  Gf.  also  Tzetzes,  GMl.  xii.  270,  rdv  'Apxi-M^ovs  fxrjxavQv  xpf^cw'  l%w. 


CHAPTER  II. 

MANUSCRIPTS   AND   PRINCIPAL  EDITIONS — ORDER  OF 
COMPOSITION — DIALECT — LOST  WORKS. 

The  sources  of  the  text  and  versions  are  very  fully  described 
by  Heiberg  in  the  Prolegomena  to  Vol.  iii.  of  his  edition  of  Archi- 
medes, where  the  editor  supplements  and  to  some  extent  amends 
what  he  had  previously  written  on  the  same  subject  in  his  dis- 
sertation entitled  Quaestiones  Archimedeae  (1879).  It  will  there- 
fore suffice  here  to  state  briefly  the  main  points  of  the  discussion. 

The  MSS.  of  the  best  class  all  had  a  common  origin  in  a  MS. 
which,  so  far  as  is  known,  is  no  longer  extant.  It  is  described 
in  one  of  the  copies  made  from  it  (to  be  mentioned  later  and  dating 
from  some  time  between  a.d.  1499  and  1531)  as  *most  ancient' 
(TraXatoTaVou),  and  all  the  evidence  goes  to  show  that  it  was  written 
as  early  as  the  9th  or  10th  century.  At  one  time  it  was  in  the 
possession  of  George  Valla,  who  taught  at  Venice  between  the 
years  1486  and  1499;  and  many  important  inferences  with  regard 
to  its  readings  can  be  drawn  from  some  translations  of  parts  of 
Archimedes  and  Eutocius  made  by  Valla  himself  and  published 
in  his  book  entitled  de  expetendis  et  fugiendis  rebus  (Venice,  1501). 
It  appears  to  have  been  carefully  copied  from  an  original  belonging 
to  some  one  well  versed  in  mathematics,  and  it  contained  figures 
drawn  for  the  most  part  with  great  care  and  accuracy,  but  there 
was  considerable  confusion  between  the  letters  in  the  figures  and 
those  in  the  text.  This  MS.,  after  the  death  of  Valla  in  1499, 
became  the  property  of  Albertus  Pius  Carpensis  (Alberto  Pio, 
prince  of  Carpi).  Part  of  his  library  passed  through  various  hands 
and  ultimately  reached  the  Vatican;  but  the  fate  of  the  Valla 
MS.  appears  to  have  been  difi'erent,  for  we  hear  of  its  being  in 
the  possession  of  Cardinal  Rodolphus  Pius  (Rodolfo  Pio),  a  nephew 
of  Albertus,  in  1544,  after  which  it  seems  to  have  disappeared. 
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The  three  most  important  MSS.  extant  are : 

F  (=  Codex  Florentinus  bibliothecae  Laurentianae  Mediceae 
plutei  XXVIII.  4to.). 

B  (=  Codex  Parisinus  2360,  olim  Mediceus). 

C  (~  Codex  Parisinus  2361,  Fonteblandensis). 

Of  these  it  is  certain  that  B  was  copied  from  the  Valla  MS. 
This  is  proved  by  a  note  on  the  copy  itself,  which  states  that  the 
archetype  formerly  belonged  to  George  Valla  and  afterwards  to 
Albertus  Pius.  From  this  it  may  also  be  inferred  that  B  was 
written  before  the  death  of  Albertus  in  1531;  for,  if  at  the  date 
of  B  the  Valla  MS.  had  passed  to  Rodolphus  Pius,  the  name  of 
the  latter  would  presumably  have  been  mentioned.  The  note  re- 
ferred to  also  gives  a  list  of  peculiar  abbreviations  used  in  the 
archetype,  which  list  is  of  importance  for  the  purpose  of  com- 
parison with  F  and  other  MSS. 

From  a  note  on  C  it  appears  that  that  MS.  was  written  by 
one  Christophorus  Auverus  at  Rome  in  1544,  at  the  expense  of 
Georgius  Armagniacus  (Georges  dArmagnac),  Bishop  of  Rodez, 
then  on  a  mission  from  King  Francis  I.  to  Pope  Paul  III.  Further, 
a  certain  Guilelmus  Philander,  in  a  letter  to  Francis  I.  published 
in  an  edition  of  Vitruvius  (1552),  mentions  that  he  was  allowed, 
by  the  kindness  of  Cardinal  Rodolphus  Pius,  acting  at  the  instance 
of  Georgius  Armagniacus,  to  see  and  make  extracts  from  a  volume 
of  Archimedes  which  was  destined  to  adorn  the  library  founded 
by  Francis  at  Fontainebleau.  He  adds  that  the  volume  had  been 
the  property  of  George  Valla.  We  can  therefore  hardly  doubt 
that  C  was  the  copy  which  Georgius  Armagniacus  had  made  in 
order  to  present  it  to  the  library  at  Fontainebleau. 

Now  F,  B  and  C  all  contain  the  same  works  of  Archimedes 
and  Eutocius,  and  in  the  same  order,  viz.  (1)  two  Books  de  sphaera 
et  cylindrOj  (2)  de  dimensione  circul%  (3)  de  conoidibus,  (4)  de 
lineis  spiralibus,  (5)  de  plants  aeque  ponder antihus^  (6)  arenarius, 
(7)  qtmdratura  parabolae,  and  the  commentaries  of  Eutocius  on 
(1)  (2)  and  (5).  At  the  end  of  the  quadratura  parabolae  both 
F  and  B  give  the  following  lines : 

€VTV)(oiyfS  Xiov  ycwftcTpa 

TToXXovs  els  kvKa/BavTas  tots  ttoXv  c^tXrarc  /xouorats. 
F  and  C  also  contain  mensurae  from  Heron  and  two  fragments 
^fpl  crra^wv  and  7r€pi  /jtcrpcov,  the  order  being   the  same  in  both 
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and  the  contents  only  differing  in  the  one  respect  that  the  last 
fragment  Trept  fxirpoyv  is  slightly  longer  in  F  than  in  C. 

A  short  preface  to  C  states  that  the  first  page  of  the  archetype 
was  so  rubbed  and  worn  with  age  that  not  even  the  name  of 
Archimedes  could  be  read  upon  it,  while  there  was  no  copy  at 
Rome  by  means  of  which  the  defect  could  be  made  good,  and 
further  that  the  last  page  of  Heron's  de  mensuris  was  similarly 
obliterated.  Now  in  F  the  first  page  was  apparently  left  blank 
at  first  and  afterwards  written  in  by  a  different  hand  with  many 
gaps,  while  in  B  there  are  similar  deficiencies  and  a  note  attached 
by  the  copyist  is  to  the  effect  that  the  first  page  of  the  archetype 
was  indistinct.  In  another  place  (p.  4  of  Vol.  iii.,  ed.  Heiberg) 
all  three  MSS.  have  the  same  lacuna,  and  the  scribe  of  B  notes 
that  one  whole  page  or  even  two  are  missing. 

Now  C  could  not  have  been  copied  from  F  because  the  last 
page  of  the  fragment  rrepl  /xcVpoov  is  perfectly  distinct  in  F;  and, 
on  the  other  hand,  the  archetype  of  F  must  have  been  illegible 
at  the  end  because  there  is  no  word  tcXos  at  the  end  of  F,  nor  any 
other  of  the  signs  by  which  copyists  usually  marked  the  completion 
of  their  task.  Again,  Valla's  translations  show  that  his  MS.  had 
certain  readings  corresponding  to  correct  readings  in  B  and  C 
instead  of  incorrect  readings  given  by  F.  Hence  F  cannot  have 
been  Valla's  MS.   itself. 

The  positive  evidence  about  F  is  as  follows.  Valla's  trans- 
lations, with  the  exception  of  the  few  readings  just  referred  to, 
agree  completely  with  the  text  of  F.  From  a  letter  written  at 
Venice  in  1491  by  Angelus  Politianus  (Angelo  Poliziano)  to  Lau- 
rentius  Mediceus  (Lorenzo  de'  Medici),  it  appears  that  the  former 
had  found  a  MS.  at  Venice  containing  works  by  Archimedes  and 
Heron  and  proposed  to  have  it  copied.  As  G.  Valla  then  lived 
at  Venice,  the  MS.  can  hardly  have  been  any  other  but  his,  and 
no  doubt  F  was  actually  copied  from  it  in  1491  or  soon  after. 
Confirmatory  evidence  for  this  origin  of  F  is  found  in  the  fact 
that  the  form  of  most  of  the  letters  in  it  is  older  than  the  15th 
century,  and  the  abbreviations  etc.,  while  they  all  savour  of  an 
ancient  archetype,  agree  marvellously  with  the  description  which 
the  note  to  B  above  referred  to  gives  of  the  abbreviations  used 
in  Valla's  MS.  Further,  it  is  remarkable  that  the  corrupt  passage 
corresponding  to  the  illegible  first  page  of  the  archetype  just  takes 
up  one  page  of  F,  no  more  and  no  less. 
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The  natural  inference  from  all  the  evidence  is  that  F,  B  and 
C  all  had  their  origin  in  the  Yalla  MS.  ;  and  of  the  three  F  is 
the  most  trustworthy.  For  (1)  the  extreme  care  with  which  the 
copyist  of  F  kept  to  the  original  is  illustrated  by  a  number  of 
mistakes  in  it  which  correspond  to  Yalla's  readings  but  are  cor- 
rected in  B  and  C,  and  (2)  there  is  no  doubt  that  the  writer  of 
B  was  somewhat  of  an  expert  and  made  many  alterations  on  his 
own  authority,  not  always  with  success. 

Passing  to  other  MSS.,  we  know  that  Pope  Nicholas  Y.  had 
a  MS.  of  Archimedes  which  he  caused  to  be  translated  into  Latin. 
The  translation  was  made  by  Jacobus  Cremonensis  (Jacopo  Cas- 
siani*),  and  one  copy  of  this  was  written  out  by  Joannes  Regio- 
montanus  (Johann  Muller  of  Konigsberg,  near  Hassfurt,  in  Fran- 
conia),  about  1461,  who  not  only  noted  in  the  margin  a  number 
of  corrections  of  the  Latin  but  added  also  in  many  places  Greek 
readings  from  another  MS.  This  copy  by  Regiomontanus  is  pre- 
served at  Niirnberg  and  was  the  source  of  the  Latin  translation 
given  in  the  editio  princeps  of  Thomas  Gechauff  Yenatorius  (Basel, 
1544);  it  is  called  N^  by  Heiberg.  (Another  copy  of  the  same 
translation  is  alluded  to  by  Regiomontanus,  and  this  is  doubtless 
the  Latin  MS.  327  of  15th  c.  still  extant  at  Yenice.)  From  the 
fact  that  the  translation  of  Jacobus  Cremonensis  has  the  same 
lacuna  as  that  in  F,  B  and  C  above  referred  to  (Yol.  iii.,  ed. 
Heiberg,  p.  4),  it  seems  clear  that  the  translator  had  before  him 
either  the  Yalla  MS.  itself  or  (more  likely)  a  copy  of  it,  though 
the  order  of  the  books  in  the  translation  differs  in  one  respect 
from  that  in  our  MSS.,  viz.  that  the  arenarius  comes  after  instead 
of  before  the  quadratura  paraholae. 

It  is  probable  that  the  Greek  MS.  used  by  Regiomontanus  was  Y 
(=  Codex  Yenetus  Marcianus  cccv.  of  the  15th  c),  which  is  still  extant 
and  contains  the  same  books  of  Archimedes  and  Eutocius  with  the 
same  fragment  of  Heron  as  F  has,  and  in  the  same  order.  If  the 
above  conclusion  that  F  dates  from  1491  or  thereabouts  is  correct, 
then,  as  Y  belonged  to  Cardinal  Bessarione  who  died  in  1472,  it 
cannot  have  been  copied  from  F,  and  the  simplest  way  of  accounting 
for  its  similarity  to  F  is  to  suppose  that  it  too  was  derived  from 
Yalla's  MS. 

*  Tiraboschi,  Storia  della  Letteratura  Italiana,  Vol.  vi.  Pt.  1  (p.  358  of  the 
edition  of  1807).  Cantor  (Vorlesungen  ub.  Gesch.  d.  Math.^  ii.  p.  192)  gives  the 
full  name  and  title  as  Jacopo  da  S.  Cassiano  Oremonese  canonico  regolare. 
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Regiomontanus  mentions,  in  a  note  inserted  later  than  the 
rest  and  in  different  ink,  two  other  Greek  MSS.,  one  of  which  he 
calls  "exemplar  vetus  apud  magistrum  Paulum."  Probably  the 
monk  Paulus  (Albertini)  of  Yenice  is  here  meant,  whose  date  was 
1430  to  1475;  and  it  is  possible  that  the  "exemplar  vetus"  is 
the  MS.  of  Valla. 

The  two  other  inferior  MSS.,  viz.  A  (=  Codex  Parisinus  2359, 
olim  Mediceus)  and  D  (=  Cod.  Parisinus  2362,  Fonteblandensis), 
owe  their  origin  to  Y. 

It  is  next  necessary  to  consider  the  probabilities  as  to  the  MSS. 
used  by  Nicolas  Tartaglia  for  his  Latin  translation  of  certain  of 
the  works  of  Archimedes,  The  portion  of  this  translation  published 
at  Yenice  in  1543  contained  the  books  de  centris  gravium  vel  de 
aequerepentibus  I-II,  tetragonisnms  [parabolae],  dimensio  circuli 
and  de  insidentihus  aquae  I\  the  rest,  consisting  of  Book  II  de 
insidentihus  aquae,  was  published  with  Book  I  of  the  same  treatise, 
after  Tartaglia's  death  in  1557,  by  Troianus  Curtius  (Yenice,  1565). 
jSTow  the  last-named  treatise  is  not  extant  in  any  G-reek  MS.  and, 
as  Tartaglia  adds  it,  without  any  hint  of  a  separate  origin,  to  the 
rest  of  the  books  which  he  says  he  took  from  a  mutilated  and 
almost  illegible  Greek  MS.,  it  might  easily  be  inferred  that  the 
Greek  MS.  contained  that  treatise  also.  But  it  is  established,  by 
a  letter  written  by  Tartaglia  himself  eight  years  later  (1551)  that 
he  then  had  no  Greek  text  of  the  Books  de  insidentihus  aquae,  and 
it  would  be  strange  if  it  had  disappeared  in  so  short  a  time  without 
leaving  any  trace.  Further,  Commandinus  in  the  preface  to  his 
edition  of  the  same  treatise  (Bologna,  1565)  shows  that  he  had 
never  heard  of  a  Greek  text  of  it.  Hence  it  is  most  natural  to 
suppose  that  it  reached  Tartaglia  from  some  other  source  and  in  the 
Latin  translation  only*. 

The  fact  that  Tartaglia,  speaks  of  the  old  MS.  which  he  used 
as  "fracti  et  qui  vix  legi  poterant  libri,"  at  practically  the  same 
time  as  the  writer  of  the  preface  to  C  was  giving  a  similar  de- 
scription of   Yalla's  MS.,  makes   it  probable   that   the   two   were 

*  The  Greek  fragment  of  Book  i.,  nepl  tCov  ddan  i(f)i(TTafx.4pa}p  rj  irepl  twp 
oxov fjj^vwvy  edited  by  A.  Mai  from  two  Vatican  MSS.  {Classici  aucL  i.  p.  426-30  ; 
Vol.  II.  of  Heiberg's  edition,  pp.  356-8),  seems  to  be  of  doubtful  authenticity. 
Except  for  the  first  proposition,  it  contains  enunciations  only  and  no  proofs. 
Heiberg  is  inclined  to  think  that  it  represents  an  attempt  at  retranslation  into 
Greek  made  by  some  mediaeval  scholar,  and  he  compares  the  similar  attempt 
made  by  Ei vault. 
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identical ;  and  this  probability  is  confirmed  by  a  considerable  agree- 
ment between  the  mistakes  in  Tartaglia  and  in  Valla's  versions. 

But  in  the  case  of  the  quadratura  paraholae  and  the  dimensio 
circtdi  Tartaglia  adopted  bodily,  without  alluding  in  any  way  to 
the  source  of  it,  another  Latin  translation  published  by  Lucas 
Gauricus  "  luphanensis  ex  regno  Neapolitano "  (Luca  Gaurico  of 
Gifuni)  in  1503,  and  he  copied  it  so  faithfully  as  to  reproduce  most 
obvious  errors  and  perverse  punctuation,  only  filling  up  a  few 
gaps  and  changing  some  figures  and  letters.  This  translation  by 
Gauricus  is  seen,  by  means  of  a  comparison  with  Yalla's  readings 
and  with  the  translation  of  Jacobus  Cremonensis,  to  have  been 
made  from  the  same  MS.  as  the  latter,  viz.  that  of  Pope  Nicolas  V. 

Even  where  Tartaglia  used  the  Yalla  MS.  he  does  not  seem 
to  have  taken  very  great  pains  to  decipher  it  when  it  was 
not  easily  legible — it  may  be  that  he  was  unused  to  deciphering 
MSS. — and  in  such  cases  he  did  not  hesitate  to  draw  from  other 
sources.  In  one  place  (de  planor.  equilib.  ii.  9)  he  actually 
gives  as  the  Archimedean  proof  a  paraphrase  of  Eutocius  some- 
what retouched  and  abridged,  and  in  many  other  instances  he 
has  inserted  corrections  and  interpolations  from  another  Greek 
MS.  which  he  once  names.  This  MS.  appears  to  have  been  a  copy 
made  from  E,  with  interpolations  due  to  some  one  not  unskilled 
in  the  subject-matter;  and  this  interpolated  copy  of  F  was  ap- 
parently also  the  source  of  the  Niirnberg  MS.  now  to  be  mentioned. 

N*  (=  Codex  Norimbergensis)  was  written  in  the  16th  century 
and  brought  from  Eome  to  Niirnberg  by  Wilibald  Pirckheymer. 
It  contains  the  same  works  of  Archimedes  and  Eutocius,  and  in 
the  same  order,  as  E,  but  was  evidently  not  copied  from  F  direct, 
while,  on  the  other  hand,  it  agrees  so  closely  with  Tartaglia's 
version  as  to  suggest  a  common  origin.  N*  was  used  by  Vena- 
toiius  in  preparing  the  editio  princeps,  and  Venatorius  corrected 
many  mistakes  in  it  with  his  own  hand  by  notes  in  the  margin 
or  on  slips  attached  thereto;  he  also  made  many  alterations  in 
the  body  of  it,  erasing  the  original,  and  sometimes  wrote  on  it 
directions  to  the  printer,  so  that  it  was  probably  actually  used 
to  print  from.  The  character  of  the  MS.  shows  it  to  belong  to 
the  same  class  as  the  others;  it  agrees  with  them  in  the  more 
important  errors  and  in  having  a  similar  lacuna  at  the  beginning. 
Some  mistakes  common  to  it  and  E  alone  show  that  its  source  was 
F,  though  at  second  hand,  as  above  indicated. 
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It  remains  to  enumerate  the  principal  editions  of  the  Greek 
text  and  the  published  Latin  versions  which  are  based,  wholly  or 
partially,  upon  direct  collation  of  the  MSS.  These  are  as  follows, 
in  addition  to  Gaurico's  and  Tartaglia's  translations. 

1.  The  editio  princeps  published  at  Basel  in  1544  by  Thomas 
Gechauff  Yenatorius  under  the  title  Archimedis  opera  quae  quidem 
exstant  omnia  nunc  primum  graece  et  latine  in  lucem  edita.  Adiecta 
quoque  sunt  Eutocii  Ascalonitae  commentaria  item  graece  et  latine 
nunquam  antea  excusa.  The  Greek  text  and  the  Latin  version  in 
this  edition  were  taken  from  different  sources,  that  of  the  Greek 
text  being  N%  while  the  translation  was  Joannes  Regiomontanus' 
revised  copy  (N^)  of  the  Latin  version  made  by  Jacobus  Cremo- 
nensis  from  the  MS.  of  Pope  Nicolas  V.  The  revision  by 
Regiomontanus  was  effected  by  the  aid  of  (1)  another  copy  of 
the  same  translation  still  extant,  (2)  other  Greek  MSS.,  one  of 
which  was  probably  Y,  while  another  may  have  been  Yalla's  MS. 
itself. 

2.  A  translation  by  F.  Commandinus  (containing  the  following 
works,  circuli  ditnensio,  de  lineis  spiralibus,  quadratura  parabolae, 
de  conoidibus  et  sphaeroidihus,  de  arenae  numero)  appeared  at 
Yenice  in  1558  under  the  title  Archimedis  opera  nonnulla  in 
latinum  conversa  et  commentariis  illustrata.  For  this  translation 
several  MSS.  were  used,  among  which  was  Y,  but  none  preferable 
to  those  which  we  now  possess. 

3.  D.  Rivault^s  edition,  Archimedis  opera  quae  exstant  graece 
et  latine  novis  demonstr.  et  comment,  illustr.  (Paris,  1615),  gives 
only  the  propositions  in  Greek,  while  the  proofs  are  in  Latin  and 
somewhat  retouched.  Rivault  followed  the  Basel  editio  princeps 
with  the  assistance  of  B. 

4.  Torelli's  edition  (Oxford,  1792)  entitled  'Apxw^ovs  ra  aw- 
Cofxeva  iM€Toi  tcuv  EvTOKtov  'AcTKaXtovtVou  VTTofxvrjfjidTtov,  Archimedis 
quae  super  sunt  omnia  cum  Eutocii  Ascalonitae  commentariis  ex 
recensione  J.  Torelli  Veronensis  cum  nova  versione  latina.  Acced- 
unt  lectiones  variantes  ex  codd.  Mediceo  et  Parisiensihus.  Torelli 
followed  the  Basel  editio  princeps  in  the  main,  but  also  collated 
Y.  The  book  was  brought  out  after  Torelli's  death  by  Abram 
Robertson,  who  added  the  collation  of  five  more  MSS.,  F,  A,  B,  C,  D, 
with  the  Basel  edition.  The  collation  however  was  not  well  done, 
and  the  edition  was  not  properly  corrected  when  in  the  press. 


XXX  INTRODUCTION. 

5.  Last  of  all  comes  the  definitive  edition  of  Heiberg  {Archi- 
medis  opera  omnia  cum  commentariis  Eutocii.  E  codice  Florentino 
recensuit,  Latine  uertit  notisque  illustrauit  J.  Z.  Heiherg.  Leipzig, 
1880—1). 

The  relation  of  all  the  MSS.  and  the  above  editions  and  trans- 
lations is  well  shown  by  Heiberg  in  the  following  scheme  (with 
the  omission,  however,  of  his  own  edition) : 

Codex  Uallae  saec.  ix — x 


Cod.  Nicolai  V  F  Tartalea  V  B  C 

c.  1453  c.  1491         a.  1543         saec.  xv        c.  1500        a.  1544 


Cod.  Tartaleae  ii 

I 

N»  saec.  xvi 
Ed.  Basil.  1544 


Ed.  Riualti 
a.  1615 


A,  D  Commandiniis 

saec.  XVI  1558 

Torellius  1792 


Gauricus  Cremonensis  c.  1460 


Cod.  Ueiiet.  327        N^,  c.  1461 
saec.  XV 


The  remaining  editions  which  give  portions  of  Archimedes  in 
Greek,  and  the  rest  of  the  translations  of  the  complete  works  or 
parts  of  them  which  appeared  before  Heiberg's  edition,  were  not 
based  upon  any  fresh  collation  of  the  original  sources,  though  some 
excellent  corrections  of  the  text  were  made  by  some  of  the  editors, 
notably  Wallis  and  Nizze.     The  following  books  may  be  mentioned. 

Joh.  Chr.  Sturm,  Des  unvergleichlichen  Archimedis  Kunstbilcher, 
ubersetzt  und  erluutert  (Niirnberg,  1670).  This  translation  em- 
braced all  the  works  extant  in  Greek  and  followed  three  years 
after  the  same  author's  separate  translation  of  the  Sand-reckoner. 
It  appears  from  Sturm's  preface  that  he  principally  used  the  edition 
of  Rivault. 

Is,  Barrow,  Opera  Archimedis,  ApoUonii  Pergaei  conicorum  libri, 
Theodosii  sphaerica  methodo  novo  illustrata  et  demonstrata  (London, 
1675). 

Wallis,  Archimedis  arenarius  et  dimensio  circuli,  Eutocii  in  hanc 
commentarii  cum  versione  et  notis  (Oxford,  1678),  also  given 
in  Wallis'  Opera,  Yol.  in.  pp.  509— -546. 

Karl  Friedr.  Hauber,  Archimeds  zwei  Bilcher  ilber  Kugel  und 
Cylinder,  Ebendesselben  Kreismessung.  Uebersetzt  mit  Anmerkungen 
u.  8.  w,  hegleitet  (Tiibingen,  1798). 
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F.  Peyrard,  CEuvres  d^ Archimedes  traduites  litteralement,  avec 
un  cornmentaire,  suivies  d^un  memoWe  du  traducteur^  su7'  un  nouveau 
miroir  ardent^  et  d'un  autre  memoir e  de  M,  Delamhre^  sur  Varith- 
metique  des  Grecs.     (Second  edition,  Paris,  1808.) 

Ernst  Nizze,  Archimedes  von  Syrakus  vorhandene  Werke,  aus  dem 
Gf'iechischen  ilhersetzt  und  mit  erlduternden  und  kritischen  Anmer- 
kungen  hegleitet  (Stralsund,   1824). 

The  MSS.  give  the  several  treatises  in  the  following  order. 

1.  TTcpt  orc^atpag  koX  KvkivSpov  a  p\  two  Books  On  the  Sphere 
and   Cylinder. 

2.  kvkXov  iJLiTpr}o-Ls*,  Measurement  of  a  Circle. 

3.  7r€p\  KOivoeiSicav  kol  crc^atpoctScwv,  On  Conoids  and  Spheroids. 

4.  7r€pl  iXUiDv,  On  Spirals. 

5.  cTTtTreScDv  tcroppoTTiwv  a  /5't,  two  Books  0}t  the  Equilibrium 
of  Planes. 

6.  ij/afjifXLTrjSi  The  Sand-reckoner. 

7.  TCTpaywvtorftos  wapapoXrjs  (a  name  substituted  later  for  that 
given  to  the  treatise  by  Archimedes  himself,  which  must 
undoubtedly  have  been  T€Tpay<ovto-)aos  ti^s  tov  opOoymviov 
K<avov  Top.'qsDi  Quadrature  of  the  Parabola. 

To  these  should  be  added 

8.  TTcpt  6xov/xci/a)v§,  the  Greek  title  of  the  treatise  On  floating 
bodies,  only  preserved  in  a  Latin  translation. 

*  Pappus  alludes  (i.  p.  312,  ed.  Hultsch)  to  the  kiJkXou  juL^Tprjins  in  the  words 
ip  T(^  irepl  TTjs  Tov  k^kXov  rrepKpepeias. 

t  Archimedes  himself  twice  alludes  to  properties  proved  in  Book  i.  as 
demonstrated  iv  rols  p.rjxo^t'Koh  {Quadrature  of  the  Parabola,  Props.  6,  10). 
Pappus  (viii.  p.  1034)  quotes  rA  'Apx^M^o^s  ^^P^  t<Toppo'jnQv.  The  beginning  of 
Book  I.  is  also  cited  by  Proclus  in  his  Commentary  on  Eucl.  i.,  p.  181,  where  the 
reading  should  be  rod  a  i<roppoTnwv,  and  not  tC^v  duKToppowKjjv  (Hultsch). 

X  The  name  '  parabola '  was  first  applied  to  the  curve  by  Apollonius.  Archi- 
medes always  used  the  old  term  '  section  of  a  right-angled  cone.'  Of.  Eutocius 
(Heiberg,  vol.  lii.,  p.  342)  d^deiKrai  iv  t(}  irepl  ttjs  tov  dpdoywviov  Kthvov  roiMrjs. 

§  This  title  corresponds  to  the  references  to  the  book  in  Strabo  i.  p.  54 
('ApxiM^5i;s  iy  toTs  irepl  rwv  bxoviUvtav)  and  Pappus  viii.  p.  1024  (ws  ^ kpxniiihii\'s 
^xovfiipois).  The  fragment  edited  by  Mai  has  a  longer  title,  irepl  twv  fJ5art 
i(f>i(XTa/jt.4p(ai/  Tj  irepl  ruv  dxoviihujv,  where  the  first  part  corresponds  to  Tartaglia's 
version,  de  imidentibus  aquae,  and  to  that  of  Oommandinus,  de  Us  quae  vehun- 
tur  in  aqua.  But  Archimedes  intentionally  used  the  more  general  word  ijypbv 
(fluid)  instead  of  tbwp ;  and  hence  the  shorter  title  irepl  dxov/jMvwp,  de  Us  quae 
in  humido  vehuntur  (Torelli  and  Heiberg),  seems  the  better. 
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The  books  were  not,  however,  written  in  the  above  order ;  and 
Archimedes  himself,  partly  through  his  prefatory  letters  and  partly 
by  the  use  in  later  works  of  properties  proved  in  earlier  treatises, 
gives  indications  sufficient  to  enable  the  chronological  sequence 
to  be  stated  approximately  as  follows  : 

1 .  On  the  equilibrium  of  planes^  I. 

2.  Quadrature  of  the  Parabola, 

3.  On  the  equilibrium  of  planes,   II. 

4.  On  the  Sphere  and  Cylinder,  I,  II. 

5.  On  Sjnrals. 

0.  On  Conoids  and  Spheroids. 

7.  On  floating  bodies,   I,  II. 

8.  Measurement  of  a  circle. 

9.  The  Sand-reckoner. 

It  should  however  be  observed  that,  with  regard  to  (7),  no 
more  is  certain  than  that  it  was  written  after  (6),  and  with  regard 
to  (8)  no  more  than  that  it  was  later  than  (4)  and  before  (9). 

In  addition  to  the  above  we  have  a  collection  of  Lemmas  {Liber 
Assumptorum)  which  has  reached  us  through  the  Arabic.  The 
collection  was  first  edited  by  S.  Foster,  Miscellanea  (London,  1659), 
and  next  by  Borelli  in  a  book  published  at  Florence,  1661,  in 
which  the  title  is  given  as  Liber  assumptorum  Archimedis  interprete 
Thebit  ben  Kora  et  exponente  doctor e  Almochtasso  Abilhasan.  The 
Lemmas  cannot,  however,  have  been  written  by  Archimedes  in 
their  present  form,  because  his  name  is  quoted  in  them  more  than 
once.  The  probability  is  that  they  were  propositions  collected  by 
some  Greek  writer*  of  a  later  date  for  the  purpose  of  elucidating 
some  ancient  work,  though  it  is  quite  likely  that  some  of  the 
propositions  were  of  Archimedean  origin,  e.g.  those  concerning 
the    geometrical    figures    called    respectively    apprjXosi    (literally 

*  It  would  seem  that  the  compiler  of  the  Liber  Assumptorum  must  have 
drawn,  to  a  considerable  extent,  from  the  same  sources  as  Pappus.  The 
number  of  propositions  appearing  substantially  in  the  same  form  in  both 
collections  is,  I  think,  even  greater  than  has  yet  been  noticed.  Tannery  {La 
GeomStrie  grecque,  p.  162)  mentions,  as  instances,  Lemmas  1,  4,  5,  6 ;  but  it 
will  be  seen  from  the  notes  in  this  work  that  there  are  several  other  coin- 
cidences. 

t  Pappus  gives  (p.  208)  what  he  calls  an  'ancient  proposition'  (dpxala 
wp6Ta(n$)  about  the  same  figure,  which  he  describes  as  Xiapiovy  5  Zri  KaXoOatv 
dppTjXov,    Cf.  the  note  to  Prop.  6  (p.  308).    The  meaning  of  the  word  is  gathered 
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*  shoemaker's  knife')  and  o-dXivov  (probably  a  *  salt-cellar  *  *),  and 
Prop.  8  which  bears  on  the  problem  of  trisecting  an  angle. 

from  the  Scholia  to  Nicander,  Theriaca,  423 :  apjSiyXoi  Xiyovrai  rk  KVKXoTepTj 
(TiBiipLay  oh  ol  (TKVTOTdfioL  rifjLvovin  Kal  ^i5ovcrt  rd  Mpixara.  Cf.  Hesychius, 
dvdp^rjXa,  rd  /x^  i^ea-fiiva  Sipfiara'   &pptj\oL  'yb,p  tcl  fffiMa. 

*  The  best  authorities  appear  to  hold  that  in  any  case  the  name  jdXivov  was 
not  applied  to  the  figure  in  question  by  Archimedes  himself  but  by  some  later 
writer.  Subject  to  this  remark,  I  believe  ffdXivov  to  be  simply  a  Graecised 
form  of  the  Latin  word  salinum.  We  know  that  a  salt-cellar  was  an  essential 
part  of  the  domestic  apparatus  in  Italy  from  the  early  days  of  the  Roman 
Republic.  "All  who  were  raised  above  poverty  had  one  of  silver  which 
descended  from  father  to  son  (Hor.,  Garm.  ii.  16,  13,  Liv.  xxvi.  36),  and 
was  accompanied  by  a  silver  patella  which  was  used  together  with  the  salt- 
cellar in  the  domestic  sacrifices  (Pers.  in.  24,  25).  These  two  articles  of 
silver  were  alone  compatible  with  the  simplicity  of  Roman  manners  in  the 
early  times  of  the  Republic  (Plin.,  H,  N,  xxxni.  §  153,  Val.  Max.  iv.  4,  §  3). 
...In  shape  the  salinum  was  probably  in  most  cases  a  round  shallow  bowl'* 
{Diet,  of  Greek  and  Roman  Antiquities y  article  salinum].  Further  we  have 
in  the  early  chapters  of  Mommsen's  History  of  Rome  abundant  evidence 
of  similar  transferences  of  Latin  words  to  the  Sicilian  dialect  of  Greek.  Thus 
(Book  I.,  ch.  xiii.)  it  is  shown  that,  in  consequence  of  Latino- Sicilian  com- 
merce, certain  words  denoting  measures  of  weight,  librae  triens,  quadrans, 
sextans,  uncia,  found  their  way  into  the  common  speech  of  Sicily  in  the  third 
century  of  the  city  under  the  forms  Xfrpa,  rptas,  rerpas,  ^^as,  o^jyda.  Similarly 
Latin  law-terms  (ch.  xi.)  were  transferred;  thus  mutuum  (a  form  of  loan) 
became  juloitov,  career  (a  prison)  KdpKapou,  Lastly,  the  Latin  word  for  lard, 
arvina,  became  in  Sicilian  Greek  dp^ivrj,  and  patina  (a  dish)  irarduTj.  The  last 
word  is  as  close  a  parallel  for  the  supposed  transfer  of  salinum  as  could  be 
wished.  Moreover  the  explanation  of  ordXivov  as  salinum  has  two  obvious 
advantages  in  that  (1)  it  does  not  require  any  alteration  in  the  word,  and 


(2)  the  resemblance  of  the  lower  curve  to  an  ordinary  type  of  salt-cellar  is 
evident.  I  should  add,  as  confirmation  of  my  hypothesis,  that  Dr  A.  S.  Murray, 
of  the  British  Museum,  expresses  the  opinion  that  we  cannot  be  far  wrong  in 
accepting  as  a  salinum  one  of  the  small  silver  bowls  in  the  Roman  ministerium 
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Archimedes  is  further  credited  with  the  authorship  of  tlie 
Cattle-prohlem  enunciated  in  the  epigram  edited  by  Lessing  in 
1773.  According  to  the  heading  prefixed  to  the  epigram  it  was 
communicated  by  Archimedes  to  the  mathematicians  at  Alexandria 
in  a  letter  to  Eratosthenes*.  There  is  also  in  the  Scholia  to  Plato's 
Charmides  165  E  a  reference  to  the  problem  "called  by  Archimedes 
the  Cattle-problem"  {ro  kXt^QIv  vir  ^Kpx'^M^^^^  ^oukov  Trpo^hq^m), 
The  question  whether  Archimedes  really  propounded  the  problem, 
or  whether  his  name  was  only  prefixed  to  it  in  order  to  mark  the 
extraordinary  difficulty  of  it,  has  been  much  debated.  A  complete 
account  of  the  arguments  for  and  against  is  given  in  an  article 
by  Krumbiegel  in  the  Zeitschrift  fiir  Mathematik  und  Physik 
{Hist.  litt.  Ahtheilung)  xxv.  (1880),  p.  121  sq.,  to  which  Amthor 
added  (ihid,  p.  153  sq.)  a  discussion  of  the  problem  itself.  The 
general  result  of  Krumbiegel's  investigation  is  to   show  (1)  that 

at  the  Museum  which  was  found  at  Chaourse  (Aisne)  in  France  and  is  of  a 
section  sufficiently  like  the  curve  in  the  Salinon. 

The  other  explanations  of  adXtvop  which  have  been  suggested  are  as  follows. 

(1)  Cantor  connects  it  with  adkos,  "das  Schwanken  des  hohen  Meeres," 
and  would  presumably  translate  it  as  wave-line.  But  the  resemblance  is 
not  altogether  satisfactory,  and  the  termination  -ivov  would  need  explanation. 

(2)  Heiberg  says  the  word  is  "sine  dubio  ab  Arabibus  deprauatum,"  and 
suggests  that  it  should  be  criXtvoVf  parsley  ("ex  similitudine  frondis  apii"). 
But,  whatever  may  be  thought  of  the  resemblance,  the  theory  that  the  word  is 
corrupted  is  certainly  not  supported  by  the  analogy  of  dp^rjXos  which  is  correctly 
reproduced  by  the  Arabs,  as  we  know  from  the  passage  of  Pappus  referred  to  in 
the  last  note. 

(3)  Dr  Gow  suggests  that  <t6Xlvov  may  be  a  *  sieve,'  comparing  <rdXa^.  But 
this  guess  is  not  supported  by  any  evidence. 

*  The  heading  is,  Upd^XrifjLa  Bwep  'Apx'M^^s  iv  imypdjufJiaaLv  evpCov  roh  iu 
*AXe^av8p€lg,  irepl  ravra  Trpayiiiar€vofji,ivot.s  ^rjTeiv  diricrTeiXev  4p  tJ  irpbs  EparoaSivTiv 
Tov  Kvpr)palop  iTna-ToXrj.  Heiberg  translates  this  as  "the  problem  which 
Archimedes  discovered  and  sent  in  an  epigram... in  a  letter  to  Eratosthenes." 
He  admits  however  that  the  order  of  words  is  against  this,  as  is  also  the  use  of 
the  plural  eTnypdixfxaa-iv.  It  is  clear  that  to  take  the  two  expressions  4v 
iTnypdjUL/uLaciv  and  ip  iwiaToXfi  as  both  following  diriarTetXep  is  very  awkward.  In 
fact  there  seems  to  be  no  alternative  but  to  translate,  as  Krumbiegel  does,  in 
accordance  with  the  order  of  the  words,  "a  problem  which  Archimedes  found 
among  (some)  epigrams  and  sent... in  his  letter  to  Eratosthenes  " ;  and  this  sense 
is  certainly  unsatisfactory.  Hultsch  remarks  that,  though  the  mistake  Tpay- 
fiarovfjiipois  for  wpayfxarevoiuiipoLS  and  the  composition  of  the  heading  as  a  whole 
betray  the  hand  of  a  writer  who  lived  some  centuries  after  Archimedes,  yet  he 
must  have  had  an  earlier  source  of  information,  because  he  could  hardly  have 
invented  the  story  of  the  letter  to  Eratosthenes. 
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the  epigram  can  hardly  have  been  written  by  Archimedes  in  its 
present  form,  but  (2)  that  it  is  possible,  nay  probable,  that  the 
problem  was  in  substance  originated  by  Archimedes.  Hultsch*  has 
an  ingenious  suggestion  as  to  the  occasion  of  it.  It  is  known  that 
Apollonius  in  his  wkvtoklov  had  calculated  a  closer  approximation  to 
the  value  of  tt  than  that  of  Archimedes,  and  he  must  therefore  have 
worked  out  more  difficult  multiplications  than  those  contained  in 
the  Measurement  of  a  circle.  Also  the  other  work  of  Apollonius 
on  the  multiplication  of  large  numbers,  which  is  partly  preserved 
in  Pappus,  was  inspired  by  the  Sand-reckoner  of  Archimedes ;  and, 
though  we  need  not  exactly  regard  the  treatise  of  Apollonius  as 
polemical,  yet  it  did  in  fact  constitute  a  criticism  of  the  earlier 
book.  Accordingly,  that  Archimedes  should  then  reply  with  a 
problem  which  involved  such  a  manipulation  of  immense  numbers 
as  would  be  difficult  even  for  Apollonius  is  not  altogether  outside 
the  bounds  of  possibility.  And  there  is  an  unmistakable  vein  of 
satire  in  the  opening  words  of  the  epigram  "  Compute  the  number 
of  the  oxen  of  the  Sun,  giving  thy  mind  thereto,  if  thou  hast  a 
share  of  wisdom,"  in  the  transition  from  the  first  part  to  the 
second  where  it  is  said  that  ability  to  solve  the  first  part  would 
entitle  one  to  be  regarded  as  "not  unknowing  nor  unskilled  in 
numbers,  but  still  not  yet  to  be  numbered  among  the  wise,"  and 
again  in  the  last  lines.  Hultsch  concludes  that  in  any  case  the 
problem  is  not  much  later  than  the  time  of  Archimedes  and  dates 
from  the  beginning  of  the  2nd  century  B.C.  at  the  latest. 

Of  the  extant  books  it  is  certain  that  in  the  6th  century  a.d. 
only  three  were  generally  known,  viz.  On  the  Sphere  and  Cylinder^ 
the  Measurement  of  a  circle,  and  On  the  equilibrium  of  planes.  Thus 
Eutocius  of  Ascalon  who  wrote  commentaries  on  these  works  only 
knew  the  Quadrature  of  the  Parabola  by  name  and  had  never  seen 
it  nor  the  book  On  Spirals.  Where  passages  might  have  been 
elucidated  by  references  to  the  former  book,  Eutocius  gives  ex- 
planations derived  from  Apollonius  and  other  sources,  and  he 
speaks  vaguely  of  the  discovery  of  a  straight  line  equal  to  the 
circumference  of  a  given  circle  "by  means  of  certain  spirals," 
whereas,  if  he  had  known  the  treatise  On  Spirals,  he  would  have 
quoted  Prop.  18.  There  is  reason  to  suppose  that  only  the  three 
treatises   on   which   Eutocius   commented   were   contained   in   the 

*  Pauly-Wissowa's  Real-Encyclopadie,  ii.  1,  pp.  534,  5. 

c2 
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ordinary  editions  of  the  time  such  as  that  of  Isidorus  of  Miletus, 
the  teacher  of  Eutocius,  to  which  the  latter  several  times  alludes. 

In  these  circumstances  the  wonder  is  that  so  many  more  hooks 
have  survived  to  the  present  day.  As  it  is,  they  have  lost  to  a 
considerable  extent  their  original  form.  Archimedes  wrote  in  the 
Doric  dialect*,  but  in  the  best  known  books  (On  the  Sphere  and 
Cylinder  and  the  Measurement  of  a  circle)  practically  all  traces 
of  that  dialect  have  disappeared,  while  a  partial  loss  of  Doric  forms 
has  taken  place  in  other  books,  of  which  however  the  Sand- 
reckoner  has  suffered  least.  Moreover  in  all  the  books,  except  the 
Sand-reckoner,  alterations  and  additions  were  first  of  all  made  by 
an  interpolator  who  was  acquainted  with  the  Doric  dialect,  and 
then,  at  a  date  subsequent  to  that  of  Eutocius,  the  book  On  the 
Sphere  and  Cylinder  and  the  Measurement  of  a  circle  were  completely 
recast. 

Of  the  lost  works  of  Archimedes  the  following  can  be  identified. 

1.  Investigations  relating  to  polyhedra  are  referred  to  by 
Pappus  who,  after  alluding  (v.  p.  352)  to  the  five  regular  polyhedra, 
gives  a  description  of  thirteen  others  discovered  by  Archimedes 
which  are  semi-regular,  being  contained  by  polygons  equilateral 
and  equiangular  but  not  similar. 

2.  A  book  of  arithmetical  content,  entitled  dpxo^^  Principles 
and  dedicated  to  Zeuxippus.  We  learn  from  Archimedes  himself 
that  the  book  dealt  with  the  naming  of  numbers  (Karovofia^Ls  tSv 
dpL$iJL(av)\  and  expounded  a  system  of  expressing  numbers  higher 

*  Thus  Eutocius  in  his  commentary  on  Prop.  4  of  Book  ii.  On  the  Sphere 
and  Cylinder  speaks  of  the  fragment,  which  he  found  in  an  old  book  and  which 
appeared  to  him  to  be  the  missing  supplement  to  the  proposition  referred  to, 
as  '* preserving  in  part  Archimedes'  favourite  Doric  dialect"  {iv  fiipei  d^  ttjv 
'Apxt/«5f5et  <piX7jv  Ataplda  y\(aaaap  airiaw^ov).  From  the  use  of  the  expression  iv 
fxipu  Heiberg  concludes  that  the  Doric  forms  had  by  the  time  of  Eutocius 
begun  to  disappear  in  the  books  which  have  come  down  to  us  no  less  than  in 
the  fragment  referred  to. 

+  Observing  that  in  all  the  references  to  this  work  in  the  Sand-reckoner 
Archimedes  speaks  of  the  naming  of  numbers  or  of  numbers  which  are  named  or  have 
their  names  {dpi0ju.ol  Kartavo/aaffjuiipoif  rk  duSfiara  ^xoi'Tes,  rav  Karovofia^iav  ^x^^rei)^ 
Hultsch  (Pauly-Wissowa's  Real-Encyclopadie,  ii.  1,  p.  511)  speaks  of  Karovo- 
fjLa^it  rdv  dpiOfjLwv  as  the  name  of  the  -^^ork ;  and  he  explains  the  words  tlpcls  tCjv 
ip  iLpxO'h  <-api6^Lov>  rm  Karovofxa^lav  ix^t^TUJv  as  meaning  ''some  of  the 
numbers  mentioned  at  the  beginning  which  have  a  special  name,"  where  "at 
the  beginning  "  refers  to  the  passage  in  which  Archimedes  first  mentions  tQv 
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than  those  which  could  be  expressed  in  the  ordinary  Greek  no- 
tation. This  system  embraced  all  numbers  up  to  the  enormous 
figure  which  we  should  now  represent  by  a  1  followed  by  80,000 
billion  ciphers;  and,  in  setting  out  the  same  system  in  the  Sand- 
reckoner,  Archimedes  explains  that  he  does  so  for  the  benefit  of 
those  who  had  not  had  the  opportunity  of  seeing  the  earlier  work 
addressed  to  Zeuxippus. 

3.  TTcpl  t,vyQv,  On  balances  or  levers,  in  which  Pappus  says  (viii. 
p.  1068)  that  Archimedes  proved  that  "greater  circles  overpower 
{KaraKpaTovcn)  lesser  circles  when  they  revolve  about  the  same 
centre."  It  was  doubtless  in  this  book  that  Archimedes  proved 
the  theorem  assumed  by  him  in  the  Quadrature  of  the  Parabola, 
Prop.  6,  viz.  that,  if  a  body  hangs  at  rest  from  a  point,  the  centre 
of  gravity  of  the  body  and  the  point  of  suspension  are  in  the  same 
vertical  line. 

4.  KevTpojSapiKoi,  On  centres  of  gravity.  This  work  is  mentioned 
by  Simplicius  on  Aristot.  de  caelo  ii.  (Scholia  in  Arist,  508  a  30). 
Archimedes  may  be  referring  to  it  when  he  says  {On  the  equilibrium 
of  planes  i.  4)  that  it  has  before  been  proved  that  the  centre  of 
gravity  of  two  bodies  taken  together  lies  on  the  line  joining  the 
centres   of   gravity  of   the   separate   bodies.     In   the  treatise  On 

floating  bodies  Archimedes  assumes  that  the  centre  of  gravity  of  a 
segment  of  a  paraboloid  of  revolution  is  on  the  axis  of  the  segment 
at  a  distance  from  the  vertex  equal  to  f rds  of  its  length.  This 
may  perhaps  have  been  proved  in  the  Kevrpo^apiKa,  if  it  was 
not  made  the  subject  of  a  separate  work. 

Doubtless  both  the  ircpl  ^vywv  and  the  K^vrpo^apiKa  preceded 
the  extant  treatise  On  the  equilibrium  of  planes. 

5.  KaTOTTTpiKa,  an  optical  work,  from  which  Theon  (on  Ptolemy, 
Synt.  I.  p.  29,  ed.  Halma)  quotes  a  remark  about  refraction. 
Of.  Olympiodorus  in  Aristot.  Meteor,,  ii.  p.  94,  ed.  Ideler. 

vip'  cLfiCjif  KaTb3vofia.(rixhiav  &pi6fJLQp  koI  ivdedoixh  ujv  iu  roh  ttotI  ZeiLf^iinroj/  yeypafi- 
P^hoLs.  But  ip  dpx^us  seems  a  less  natural  expression  for  "at  the  beginning" 
than  iv  dpxS  or  Kar  dpxds  would  have  been.  Moreover,  there  being  no 
participial  expression  except  Karovopia^iap  ix^prwp  to  be  taken  with  ip  dpxah  in 
this  sense,  the  meaning  would  be  unsatisfactory;  for  the  numbers  are  not 
named  at  the  beginning,  but  only  referred  to,  and  therefore  some  word  like 
€lpt)ixip(ap  should  have  been  used.  For  these  reasons  I  think  that  Heiberg, 
Cantor  and  Susemihl  are  right  in  taking  dpxai  to  be  the  name  of  the  treatise. 
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6.  Trepl  a-<f>at,p&wodas,  On  sphere-making ^  a  mechanical  work  on 
the  construction  of  a  sphere  representing  the  motions  of  the 
heavenly  bodies  as  already  mentioned  (p.  xxi). 

7.  €<^o8toi/,  a  Method,  noticed  by  Suidas,  who  says  that  Theo- 
dosius  wrote  a  commentary  on  it,  but  gives  no  further  information 
about  it. 

8.  According  to  Hipparchus  Archimedes  must  have  written 
on  the  Calendar  or  the  length  of  the  year  (cf.  p.  xxi). 

Some  Arabian  writers  attribute  to  Archimedes  works  (1)  On 
a  heptagon  in  a  circle,  (2)  On  circles  touching  one  another,  (3)  On 
parallel  lines,  (4)  On  triangles,  (5)  On  the  properties  of  right- 
angled  triangles,  (6)  a  book  of  Data ;  but  there  is  no  confirmatory 
evidence  of  his  having  written  such  works.  A  book  translated 
into  Latin  from  the  Arabic  by  Gongava  (Louvain,  1548)  and  en- 
titled antiqui  scriptoris  de  speculo  comburente  concavitatis  paraholae 
cannot  be  the  work  of  Archimedes,  since  it  quotes  Apollonius. 


CHAPTER  III. 


THE  EELATION   OF    ARCHIMEDES   TO   HIS   PREDECESSORS. 

An  extraordinarily  large  proportion  of  the  subject  matter  of 
the  writings  of  Archimedes  represents  entirely  new  discoveries  of 
his  own.  Though  his  range  of  subjects  was  almost  encyclopaedic, 
embracing  geometry  (plane  and  solid),  arithmetic,  mechanics,  hydro- 
statics and  astronomy,  he  was  no  compiler,  no  writer  of  text- 
books ;  and  in  this  respect  he  differs  even  from  his  great  successor 
ApoUonius,  whose  work,  like  that  of  Euclid  before  him,  largely 
consisted  of  systematising  and  generalising  the  methods  used,  and 
the  results  obtained,  in  the  isolated  efforts  of  earlier  geometers. 
There  is  in  Archimedes  no  mere  working-up  of  existing  materials ; 
yhis  objective  is  always  some  new  thing,  some  definite  addition  to 
the  sum  of  knowledge,  and  his  complete  originality  cannot  fail 
to  strike  any  one  who  reads  his  works  intelligently,  without  any 
corroborative  evidence  such  as  is  found  in  the  introductory  letters 
prefixed  to  most  of  them.  I  These  introductions,  however,  are  emi- 
nently characteristic  of  the  man  and  of  his  work ;  their  directness 
and  simplicity,  the  complete  absence  of  egoism  and  of  any  effort 
to  magnify  his  own  achievements  by  comparison  with  those  of 
others  or  by  emphasising  their  failures  where  he  himself  succeeded  : 
all  these  things  intensify  the  same  impression.  Thus  his  manner 
is  to  state  simply  what  particular  discoveries  made  by  his  pre- 
decessors had  suggested  to  him  the  possibility  of  extending  them 
in  new  directions ;  e.g.  he  says  that,  in  connexion  with  the  efforts 
of  earlier  geometers  to  square  the  circle  and  other  figures,  it 
occurred  to  him  that  no  one  had  endeavoured  ^to  square  a  parabola, 
and  he  accordingly  attempted  the  problem  and  finally  solved  it. 
In  like  manner,  he  speaks,   in  the  preface  of  his  treatise  On  the 
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Sphere  and  Cylinder,  of  his  discoveries  with  reference  to  those 
solids  as  supplementing  the  theorems  about  the  pyramid,  the  cone 
and  the  cylinder  proved  by  Eudoxus.  He  does  not  hesitate  to 
say  that  certain  problems  baffled  him  for  a  long  time,  and  that 
the  solution  of  some  took  him  many  years  to  effect;  and  in  one 
place  (in  the  preface  to  the  book  On  Spirals)  he  positively  insists, 
for  the  sake  of  pointing  a  moral,  on  specifying  two  propositions 
which  he  had  enunciated  and  which  proved  on  further  investigation 
to  be  wrong.  The  same  preface  contains  a  generous  eulogy  of 
Conon,  declaring  that,  but  for  his  untimely  death,  Conon  would 
have  solved  certain  problems  before  him  and  would  have  enriched 
geometry  by  many  other  discoveries  in  the  meantime. 

In  some  of  his  subjects  Archimedes  had  no  fore-runners,  e.g. 
in  hydrostatics,  where  he  invented  the  whole  science,  and  (so 
far  as  mathematical  demonstration  was  concerned)  in  his  me- 
chanical investigations.  In  these  cases  therefore  he  had,  in  laying 
the  foundations  of  the  subject,  to  adopt  a  form  more  closely  re- 
sembling that  of  an  elementary  textbook,  but  in  the  later  parts 
he  at  once  applied  himself  to  specialised  investigations. 

Thus  the  historian  of  mathematics,  in  dealing  with  Archimedes' 
obligations  to  his  predecessors,  has  a  comparatively  easy  task  before 
him.  But  it  is  necessary,  first,  to  give  some  description  of  the  use 
which  Archimedes  made  of  the  general  methods  which  had  found 
acceptance  with  the  earlier  geometers,  and,  secondly,  to  refer  to 
some  particular  results  which  he  mentions  as  having  been  previously 
discovered  and  as  lying  at  the  root  of  his  own  investigations,  or 
which  he  tacitly  assumes  as  known, 

§  1.    Use  of  traditional  geometrical  methods. 

In  my  edition  of  the  Conies  of  Apollonius*,  I  endeavoured, 
following  the  lead  given  in  Zeuthen's  work,  Die  Lehre  von  den 
Kegelschnitten  inn  Altertum,  to  give  some  account  of  what  has  been 
fitly  called  the  geometrical  algebra  which  played  such  an  important 
part  in  the  works  of  the  Greek  geometers.  The  two  main  methods 
included  under  the  term  were  (1)  the  use  of  the  theory  of  pro- 
portions, and  (3)  the  method  of  application  of  areas,  and  it  was 
shown  that,  while  both  methods  are  fully  expounded  in  the  Elements 
of  Euclid,  the  second  was  much  the  older  of  the  two,  being 
attributed  by  the  pupils  of   Eudemus  (quoted  by  Proclus)  to  the 

*  Apollonius  of  Perga,  pp.  ci  sqq. 
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Pythagoreans.  It  was  pointed  out  that  the  application  of  areas, 
as  set  forth  in  the  second  Book  of  Euclid  and  extended  in  the 
sixth,  was  made  by  Apollonius  the  means  of  expressing  what  he 
takes  as  the  fundamental  properties  of  the  conic  sections,  namely 
the  properties  which  we  express  by  the  Cartesian  equations 

y''=px+'^x\ 

referred  to  any  diameter  and  the  tangent  at  its  extremity  as  axes ; 
and  the  latter  equation  was  compared  with  the  results  obtained  in  the 
27th,  28th  and  29th  Props,  of  Euclid's  Book  vi,  which  are  equivalent 
to  the  solution,  by  geometrical  means,  of  the  quadratic  equations 

ax-\-  -x^  =  D. 
~~  c 

It  was  also  shown  that  Archimedes  does  not,  as  a  rule,  connect  his 
description  of  the  central  conies  with  the  method  of  application  of 
areas,  as  Apollonius  does,  but  that  Archimedes  generally  expresses 
the  fundamental  property  in  the  form  of  a  proportion 

-^=  A, 

X  »  ft/1         X   .  Ji/-i 

and,  in  the  case  of  the  ellipse, 

X .  x-i      a 

where  x,  x^  are  the  abscissae  measured  from  the  ends  of  the  diameter 
of  reference. 

It  results  from  this  that  the  application  of  areas  is  of  much  less 
frequent  occurrence  in  Archimedes  than  in  Apollonius.  It  is 
however  used  by  the  former  in  all  but  the  most  general  form.  The 
simplest  form  of  **  applying  a  rectangle"  to  a  given  straight  line 
which  shall  be  equal  to  a  given  area  occurs  e.g.  in  the  proposition  On 
the  equilibrium  of  Planes  ii.  1 ;  and  the  same  mode  of  expression 
is  used  (as  in  Apollonius)  for  the  property  'if  ~px  in  the  parabola, 
px  being  described  in  Archimedes'  phrase  as  the  rectangle  "  applied 
to"  (TrapaTrLTTTov  irapd)  a  line  equal  to  p  and  "having  at  its  width" 
{irXoLTog  €xov)  the  abscissa  (x).  Then  in  Props.  2,  25,  26,  29  of  the 
book  On  Conoids  and  Spheroids  we  have  the  complete  expression 
which  is  the  equivalent  of  solving  the  equation 

ax  +  x^  =  If, 
**let  a  rectangle  be  applied  (to  a  certain  straight  line)  exceeding  by 
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a  square  figure  (7ra/3a7r€*7rTw/c€Ta>  )((sipiov  VTrep/SaXXov  ctSct  TCTpaywvw) 
and  equal  to  (a  certain  rectangle)."  Thus  a  rectangle  of  this  sort 
has  to  be  made  (in  Prop.  25)  equal  to  what  we  have  above  called 
a; .  ajj  in  the  case  of  the  hyperbola,  which  is  the  same  thing  as 
x{a  +  x)  or  ax-i-x',  where  a  is  the  length  of  the  transverse  axis. 
But,  curiously  enough,  we  do  not  find  in  Archimedes  the  application 
of  a  rectangle  ^'falling  short  by  a  square  figure,"  which  we  should 
obtain  in  the  case  of  the  ellipse  if  we  substituted  x{a~x)  for  x  .Xi. 
In  the  case  of  the  ellipse  the  area  x.x^  is  represented  (On  Conoids 
and  Spheroids,  Prop.  29)  as  a  gnomon  which  is  the  difference 
between  the  rectangle  h .  h^  (where  h,  h^  are  the  abscissae  of  the 
ordinate  bounding  a  segment  of  an  ellipse)  and  a  rectangle  applied 
to  h^-h  and  exceeding  by  a  square  figure  whose  side  is  /«.  ~  aj ;  and 
the  rectangle  A .  A^  is  simply  constructed  from  the  sides  A,  \,  Thus 
Archimedes  avoids*  the  application  of  a  rectangle /cft^?^7^^  short  by  a 
square,  using  for  x .  x^  the  rather  complicated  form 
A .  Ai  -  {(Aj  -  h)  {h-x)  +  {h  -  xf}. 

It  is  easy  to  see  that  this  last  expression  is  equal  to  x.  Xi,  for  it 
reduces  to 

h.hi-  {hi (h -x)~x{h~ x)} 

=  x  (7*1  +  h)  -  x^y 

=  ax  —  x^,  since  A^  +  A  =  a, 

=  X,Xi. 

It  will  readily  be  understood  that  the  transformation  of  rectangles 
and  squares  in  accordance  with  the  methods  of  Euclid,  Book  ii,  is 
just  as  important  to  Archimedes  as  to  other  geometers,  and  there  is 
no  need  to  enlarge  on  that  form  of  geometrical  algebra. 

The  theory  of  proportions,  as  expounded  in  the  fifth  and  sixth 
Books  of  Euclid,  including  the  transformation  of  ratios  (denoted  by 
the  terms  componendo,  dividendo,  etc.)  and  the  ?omposition  or 
multiplication  of  ratios,  made  it  possible  for  the  ancient  geometers 
to  deal  with  magnitudes  in  general  and  to  work  out  relations 
between  them  with  an  effectiveness  not  much  inferior  to  that  of 
modern  algebra.  Thus  the  addition  and  subtraction  of  ratios  could 
be  effected  by  procedure  equivalent  to  what  we  should  in  algebra 

*  The  object  of  Archimedes  was  no  doubt  to  make  the  Lemma  in  Prop.  2 
(dealing  with  the  summation  of  a  series  of  terms  of  the  form  a  *rx-\-(rxYi  where  r 
successively  takes  the  values  1,  2,  3, ...)  serve  for  the  hyperboloid  of  revolution 
and  the  spheroid  as  well. 
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call  bringing  to  a  common  denominator.  Next,  the  composition  or 
multiplication  of  ratios  could  be  indefinitely  extended,  and  hence 
the  algebraical  operations  of  multiplication  and  division  found  easy 
and  convenient  expression  in  the  geometrical  algebra.  As  a  par- 
ticular case,  suppose  that  there  is  a  series  of  magnitudes  in  continued 
proportion  (i.e.  in  geometrical  progression)  as  ct^,  a^,  ^g,  ...  a^,  so  that 


We  have  then,  by  multiplication, 

^=f^^y,  or  ^^=,7^. 

It  is  easy  to  understand  how  powerful  such  a  method  as  that  of 
proportions  would  become  in  the  hands  of  an  Archimedes,  and  a  few 
instances  are  here  appended  in  order  to  illustrate  the  mastery  with 
which  he  uses  it. 

1.  A  good  example  of  a  reduction  in  the  order  of  a  ratio  after 
the  manner  just  shown  is  furnished  by  On  the  equilibrium  of  Planes 
II.  10.  Here  Archimedes  has  a  ratio  which  we  will  call  a^/b^  where 
a^lb^  =  c/di  and  he  reduces  the  ratio  between  cubes  to  a  ratio 
between  straight  lines  by  taking  two  lines  x,  y  such  that 

c     X     d 
X      d     y' 


It  follows  from  this  that 


or 


\x/       d 


a' 

6^' 


b^x' 


,  ,  a^      fc\^     c    x   d     c 

and  hence  t?=-     =-.-,.-=- 

b^      \xj       X   d   y     y 


2.  In  the  last  example  we  have  an  instance  of  the  use  of 
auxiliary  fixed  lines  for  the  purpose  of  simplifying  ratios  and 
thereby,  as  it  were,  economising  power  in  order  to  grapple  the  more 
successfully  with  a  complicated  problem.  With  the  aid  of  such 
auxiliary  lines  or  (what  is  the  same  thing)  auxiliary  fixed  points  in 
a  figure,  combined  with  the  use  of  proportions,  Archimedes  is  able  to 
effect  some  remarkable  eliminations. 

Thus  in  the  proposition  On  the  Sphere  and  Cylinder  ii.  4  he  obtains 
three  relations  connecting  three  as  yet  undetermined  points,  and 
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proceeds  at  once  to  eliminate  two  of  the  points,  so  that  the  problem 
is  then  reduced  to  finding  the  remaining  point  by  means  of  one 
equation.  Expressed  in  an  algebraical  form,  the  three  original 
relations  amount  to  the  three  equations 

3a  — X     y 


2a- 

X       X 

a-\-x 

z 

X 

2a- 

X 

y 

m 

z 

n 

and   the  result,  after  the  elimination   of  y  and   z^  is   stated  by 
Archimedes  in  a  form  equivalent  to 

m-k-n   a  +  x  __       4a^ 
n     '     a        (2a  — a;)^* 

Again  the  proposition  On  the  equilihrium  of  Planes  ii.  9  proves 
by  the  same  method  of  proportions  that,  if  a,  6,  c,  d,  x,  y,  are  straight 
lines  satisfying  the  conditions 

^     h     c      ,  \ 

T=  -~  -1,   (a>o>c>d)^ 
0      c     a     ^  ' 

d  X 


a  -d     f  (a - c) ' 
,  2a  +  45  +  6c  +  3c?    _     2/ 


6a  4- 106  +  10c  +  5o?  ~  a  —  c ' 

then  a;  +  2/  =  |a. 

The  proposition  is  merely  brought  in  as  a  subsidiary  lemma  to  the 
proposition  following,  and  is  not  of  any  intrinsic  importance  ;  but  a 
glance  at  the  proof  (which  again  introduces  an  auxiliary  line)  will 
show  that  it  is  a  really  extraordinary  instance  of  the  manipulation 
of  proportions. 

3.     Yet  another  instance  is  worth  giving  here.     It  amounts  to 
the  proof  that,  if 

a'^  b'~    ' 

then  .  y^  (a  -  aj)  + .y^(a  +  x)  =  iatr, 

a+x    ^  ^         ^      a-x    ^  ^         ' 

-4,  A^  are  the  points  of  contact  of  two  parallel  tangent  planes  to  a 
spheroid ;  the  plane  of  the  paper  is  the  plane  through  AA'  and  the 
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axis  of  the  spheroid,  and  FP'  is  the  intersection  of  this  plane  with 
another  plane  at  right  angles  to  it  (and  therefore  parallel  to  the 
tangent  planes),  which  latter  plane  divides  the  spheroid  into  two 
segments  whose  axes  are  AN,  A'N.    Another  plane  is  drawn  through 


the  centre  and  parallel  to  the  tangent  plane,  cutting  the  spheroid 
into  two  halves.  Lastly  cones  are  drawn  whose  bases  are  the 
sections  of  the  spheroid  by  the  parallel  planes  as  shown  in  the 
figure. 

Archimt^des'  proposition  takes  the  following  form  \0n  Conoids 
and  Spheroids,  Props.  31,  32], 

APP'  being  the  smaller  segment  of  the  two  whose  common  base 
is  the  section  through  PP\  and  x,  y  being  the  coordinates  of  P, 
he  has  proved  in  preceding  propositions  that 

(volume  of)  segment  APP'  _  2a  +  a; 


and 


(volume  of)  cone  APP'  a  +  x 

half  spheroid  ABB' 


cone  ABB' 
and  he  seeks  to  prove  that 

segment  A'PP' 


=  2;. 


cone  A'PP' 
The  method  is  as  follows. 

xxT    1  cone  ABB'        a      h^ 

We  nave 


2a- 

-X 

a- 

■X 

a 

a' 

cone  APP'     a-x'  y^     a  —  x'a^-x^' 


If  we  suppose 
the  ratio  of  the  cones  becomes 


a     a-x 
za 


.(a), 


(r). 
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Next,  by  hypothesis  (a), 

cone  APP'        «  +  aj 
segmt.  APP'      2a 4- a;' 
Therefore,  ex  aequal% 

cone  ABB'  z 


segmt.  APP'  {a  —  x)  ('2a  +  x) ' 
It  follows  from  (/?)  that 

spheroid  4:za 

segmt.  APP'  (a  -  x)  {2a  +  x) ' 

,  segmt.  A'PP'  _  iza  —(a-x)  (2a  +  x) 

segmt.  A  PP'  ~       (a  —  x)  (2a  +  x) 

z(2a-x)  +  (2a+x)(z-a  —  x) 
(a  —  x)(2a  +  x) 

Now  we  have  to  obtain  the  ratio  of  the  segment  A'PP'  to  the  cone 
A^PP',  and  the  comparison  between  the  segment  APP'  and  the  cone 
A'PP'  is  made  by  combining  two  ratios  ex  aequali.     Thus 

segmt.  APP'      2a  -\-  X    ,         . 

,  cone  APP'      a-x 

and -TTiPhf  =  • 

cone  A  PP       a-\-x 

Thus  combining  the  last  three  proportions,  ex  aequali^  we  have 

segmt.  A'PP'     z  (2a  -x)-¥  (2a  ■¥x)(z-a-'x) 
cone  A'PP"^  "  a"  +  2ax  +  x^ 


__  z  (2a  —  x)  +  (2a  +  x)(z  —  a  —  x) 
z(a-x)  -\-  (2a  -^-x)  x         ' 

since  a^  =  z(a  —  x),  by  (y). 

[The  object  of  the  transformation  of  the  numerator  and  denominator 
of  the  last  fraction,  by  which  z(2a-x)  and  z  (a~x)  are  made  the 

first  terms,  is  now  obvious,  because  — is  the  fraction  which 

a  —  x 

Archimedes  wishes  to  arrive  at,  and,  in  order  to  prove  that  the 

required  ratio  is  equal  to  this,  it  is  only  necessary  to  show  that 

2a—  X     z  —  (a  —  x)^ 
a  —  x  X        '-^ 
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SO  that 


2a -X     , 

=  1  +  — 

a  —  X             a 

a 

-  X 

a 

by  (r). 

a  +  z 
a 

z  —  {a 

X 

—  x) 

-^  (dividendo), 

segmt. 

A'PP' 

2a -X 

cone  A'PP' 


4.  One  use  by  Euclid  of  the  method  of  proportions  deserves 
mention  because  Archimedes  does  not  use  it  in  similar  circumstances. 
Archimedes  {Quadrature  of  the  Parabola,  Prop.  23)  sums  a  particular 
geometric  series 

a  +  a{\)  +  a{iy+..,^a{\Y-' 

in  a  manner  somewhat  similar  to  that  of  our  text-books,  whereas 
Euclid  (ix.  35)  sums  any  geometric  series  of  any  number  of  terms  by 
means  of  proportions  thus. 

Suppose  %,  ^2,  ...<^n,  a^+i  to  be  {n-¥l)  terms  of  a  geometric 
series  in  which  a^+i  is  the  greatest  term.     Then 

iherefore 


a^  a^_i  ai 

Adding  all  the  antecedents  and  all  the  consequents,  we  have 


«!  4-  ^2  +  %  +  •••+  ^»l 

which  gives  the  sum  of  n  terms  of  the  series. 

§  2.  Earlier  discoveries  affecting  quadrature  and  cuba- 
ture. 

Archimedes  quotes  the  theorem  that  circles  are  to  one  another  as 
the  squares  on  their  diameters  as  having  being  proved  by  earlier 
geometers,  and  he  also  says  that  it  was  proved  by  means  of  a  certain 
lemma  which  he  states  as  follows:  "Of  unequal  lines,  unequal 
surfaces,  or  unequal  solids,  the  greater  exceeds  the  less  by  such  a 
naagnitude  as  is  capable,  if  added  [continually]  to  itself,  of  exceeding 
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any  given  magnitude  of  those  which  are  comparable  with  one  another 
(twv  TTpog  aXXrjXa  Xcyo/AeVwv)."  We  know  that  Hippocrates  of  Chios 
proved  the  theorem  that  circles  are  to  one  another  as  the  squares  on 
their  diameters,  but  no  clear  conclusion  can  be  established  as  to  the 
method  which  he  used.  On  the  other  hand,  Eudoxus  (who  is 
mentioned  in  the  preface  to  The  Sphere  and  Cylinder  as  having 
proved  two  theorems  in  solid  geometry  to  be  mentioned  presently) 
is  generally  credited  with  the  invention  of  the  method  of  exhaustion 
by  which  Euclid  proves  the  proposition  in  question  in  xii.  2.  The 
lemma  stated  by  Archimedes  to  have  been  used  in  the  original  proof 
is  not  however  found  in  that  form  in  Euclid  and  is  not  used  in  the 
proof  of  XII.  2,  where  the  lemma  used  is  that  proved  by  him  in 
X.  1,  viz.  that  *^  Given  two  unequal  magnitudes,  if  from  the  greater 
[a  part]  be  subtracted  greater  than  the  half,  if  from  the  remainder 
[a  part]  greater  than  the  half  be  subtracted,  and  so  on  continually, 
there  will  be  left  some  magnitude  which  will  be  less  than  the  lesser 
given  magnitude."  This  last  lemma  is  frequently  assumed  by 
Archimedes,  and  the  application  of  it  to  equilateral  polygons  in- 
scribed in  a  circle  or  sector  in  the  manner  of  xii.  2  is  referred  to  as 
having  been  handed  down  in  the  Elements^,  by  which  it  is  clear 
that  only  Euclid's  Elements  can  be  meant.  The  apparent  difficulty 
caused  by  the  mention  of  two  lemmas  in  connexion  with  the  theorem 
in  question  can,  however,  I  think,  be  explained  by  reference  to 
the  proof  of  x.  1  in  Euclid.  He  there  takes  the  lesser  magnitude 
and  says  that  it  is  possible,  by  multiplying  it,  to  make  it  some  time 
exceed  the  greater,  and  this  statement  he  clearly  bases  on  the  4th 
definition  of  Book  v.  to  the  effect  that  "  magnitudes  are  said  to  bear 
a  ratio  to  one  another,  which  can,  if  multiplied,  exceed  one  another.'' 
Since  then  the  smaller  magnitude  in  x.  1  may  be  regarded  as  the 
difference  between  some  two  unequal  magnitudes,  it  is  clear  that  the 
lemma  first  quoted  by  Archimedes  is  in  substance  used  to  prove  the 
lemma  in  x.  1  which  appears  to  play  so  much  larger  a  part  in  the  in- 
vestigations in  quadrature  and  cubature  which  have  come  down  to  us. 
^he  two  theorems  which  Archimedes  attributes  to  Eudoxus 
by  namet  are 

(1)     that  any  pyramid  is  one  third  part  of  the  prism  which  has 
the  same  base  as  the  pyramid  and  equal  height,  and 

*  On  the  Sphere  and  Cylinder^  i.  6. 
t  ibid.  Preface. 
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\  (2)     that  any  cone  is  one  third  part  of  the  cylinder  which  has 
the  same  base  as  the  cone  and  equal  height. 

The  other  theorems  in  solid  geometry  which  Archimedes  quotes 
as  having  been  proved  by  earlier  geometers  are*: 

(3)  Cones  of  equal  height  are  in  the  ratio  of  their  bases,  and 
conversely. 

(4)  If  a  cylinder  be  divided  by  a  plane  parallel  to  the  base, 
cylinder  is  to  cylinder  as  axis  to  axis. 

(5)  Cones  tvhich  have  the  same  bases  as  cylinders  and  equal 
height  with  them  are  to  one  another  as  the  cylinders. 

(6)  The  bases  of  equal  cones  are  reciprocally  proportional  to 
their  heights,  and  conversely. 

(7)  Cones  the  diameters  of  whose  bases  have  the  same  ratio  as 
their  axes  are  in  the  triplicate  ratio  of  the  diameters  of  their  bases. 

In  the  preface  to  the  Quadrature  of  the  Parabola  he  says 
that  earlier  geometers  had  also  proved  that 

(8)  Spheres  have  to  one  another  the  triplicate  ratio  of  their 
diameters ;  and  he  adds  that  this  proposition  and  the  first  of  those 
which  he  attributes  to  Eudoxus,  numbered  (1)  above,  were  proved 
by  means  of  the  same  lemma,  viz.  that  the  difference  between 
any  two  unequal  magnitudes  can  be  so  multiplied  as  to  exceed 
any  given  magnitude,  while  (if  the  text  of  Heiberg  is  right)  the 
second  of  the  propositions  of  Eudoxus,  numbered  (2),  was  proved 
by  means  of  "  a  lemma  similar  to  that  aforesaid."  As  a  matter 
of  fact,  all  the  propositions  (1)  to  (8)  are  given  in  Euclid's  twelfth 
Book,  except  (5),  which,  however,  is  an  easy  deduction  from  (2) ; 
and  (1),  (2),  (3),  and  (7)  all  depend  upon  the  same  lemma  [x.  1] 
as  that  used  in  Eucl.  xii.  2. 

The  proofs  of  the  above  seven  propositions,  excluding  (5),  as 
given  by  Euclid  are  too  long  to  quote  here,  but  the  following  sketch 
will  show  the  line  taken  in  the  proofs  and  the  order  of  the  propo- 
sitions. Suppose  ABCD  to  be  a  pyramid  with  a  triangular  base, 
and  suppose  it  to  be  cut  by  two  planes,  one  bisecting  AB,  AC, 
AD  in  F,  G,  E  respectively,  and  the  other  bisecting  BC,  BD,  BA 
in  H,  K,  F  respectively.  These  planes  are  then  each  parallel  to 
one  face,  and  they  cut  off  two  pyramids  each  similar  to  the  original 

*  Lemmas  placed  between  Props.  16  and  17  of  Book  i.  On  the  Sphere  and 
Ctjlin4er. 

H.  A.  d 
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pyramid   and  equal   to  one  another,  while  the  remainder  of  the 
pyramid  is  proved  to  form  two  equal  prisms  which,  taken  together, 


are  greater  than  one  half  of  the  original  pyramid  [xii.  3].  It  is 
next  proved  [xii.  4]  that,  if  there  are  two  pyramids  with  triangular 
bases  and  equal  height,  and  if  they  are  each  divided  in  the 
manner  shown  into  two  equal  pyramids  each  similar  to  the  whole 
and  two  prisms,  the  sum  of  the  prisms  in  one  pyramid  is  to  the 
sum  of  the  prisms  in  the  other  in  the  ratio  of  the  bases  of  the 
whole  pyramids  respectively.  Thus,  if  we  divide  in  the  same 
manner  the  two  pyramids  which  remain  in  each,  then  all 
the  pyramids  which  remain,  and  so  on  continually,  it  follows 
on  the  one  hand,  by  x.  1,  that  we  shall  ultimately  have 
pyramids  remaining  which  are  together  less  than  any  assigned 
solid,  while  on  the  other  hand  the  sums  of  all  the  prisms 
resulting  from  the  successive  subdivisions  are  in  the  ratio  of 
the  bases  of  the  original  pyramids.  Accordingly  Euclid  is  able 
to  use  the  regular  method  of  exhaustion  exemplified  in  xii.  2, 
and  to  establish  the  proposition  [xii.  5]  that  pyramids  with  the 
same  height  and  with  triangular  bases  are  to  one  another  as  their 
bases.  The  proposition  is  then  extended  [xii.  6]  to  pyramids  with  the 
same  height  and  with  polygonal  bases.  Next  [xii.  7]  a  prism  with 
a  triangular  base  is  divided  into  three  pyramids  which  are  shown 
to  be  equal  by  means  of  xii.  5 ;  and  it  follows,  as  a  corollary,  that 
any  pyramid  is  one  third  part  of  the  prism  which  has  the  same 
base  and  equal  height.  Again,  two  similar  and  similarly  situated 
pyramids  are  taken  and  the  solid  parallelepipeds  are  completed, 
which  are  then  seen  to  be  six  times  as  large  as  the  pyramids 
respectively;  and,  since  (by  xi.  33)  similar  parallelepipeds  are  in 
the  triplicate  ratio  of  corresponding  sides,  it  follows  that  the  same 
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is  true  of  the  pyramids. [xii.  8].  A  corollary  gives  the  obvious 
extension  to  the  case  of  similar  pyramids  with  polygonal  bases. 
The  proposition  [xii.  9]  that,  in  equal  pyramids  with  triangular 
bases,  the  bases  are  reciprocally  proportional  to  the  heights  is 
proved  by  the  same  method  of  completing  the  parallelepipeds  and 
using  XI.  34  ;  and  similarly  for  the  converse.  It  is  next  proved 
[xii.  10]  that,  if  in  the  circle  which  is  the  base  of  a  cylinder  a 
square  be  described,  and  then  polygons  be  successively  described 
by  bisecting  the  arcs  remaining  in  each  case,  and  so  doubling  the 
number  of  sides,  and  if  prisms  of  the  same  height  as  the  cylinder 
be  erected  on  the  square  and  the  polygons  as  bases  respectively, 
the  prism  with  the  square  base  will  be  greater  than  half  the 
cylinder,  the  next  prism  will  add  to  it  more  than  half  of  the 
remainder,  and  so  on.  And  each  prism  is  triple  of  the  pyramid  with 
the  same  base  and  altitude.  Thus  the  same  method  of  exhaustion 
as  that  in  xii.  2  proves  that  any  cone  is  one  third  part  of  the 
cylinder  with  the  same  base  and  equal  height.  Exactly  the  same 
method  is  used  to  prove  [xii.  11]  that  cones  and  cylinders  which 
have  the  same  height  are  to  one  another  as  their  bases,  and 
[xii.  12]  that  similar  cones  and  cylinders  are  to  one  another  in 
the  triplicate  ratio  of  the  diameters  of  their  bases  (the  latter 
proposition  depending  of  course  on  the  similar  proposition  xii.  8 
for  pyramids).  The  next  three  propositions  are  proved  without 
fresh  recourse  to  x.  1.  Thus  the  criterion  of  equimultiples  laid 
down  in  Def.  5  of  Book  v.  is  used  to  prove  [xii.  13]  that,  if  a 
cylinder  be  cut  by  a  plane  parallel  to  its  bases,  tlie  resulting 
cylinders  are  to  one  another  as  their  axes.  It  is  an  easy  deduction 
[xii.  14]  that  cones  and  cylinders  which  have  equal  bases  are 
proportional  to  their  heights,  and  [xii.  15]  that  in  equal  cones 
and  cylinders  the  bases  are  reciprocally  proportional  to  the  heights, 
and,  conversely,  that  cones  or  cylinders  having  this  property  are 
equal.  Lastly,  to  prove  that  spheres  are  to  one  another  in  the 
triplicate  ratio  of  their  diameters  [xii.  18],  a  new  procedure  is 
adopted,  involving  two  preliminary  propositions.  In  the  first  of 
these  [xii.  16]  it  is  proved,  by  an  application  of  the  usual  lemma 
X.  1,  that,  if  two  concentric  circles  are  given  (however  nearly 
equal),  an  equilateral  polygon  can  be  inscribed  in  the  outer  circle 
whose  sides  do  not  touch  the  inner ;  the  second  proposition  [xii.  17] 
uses  the  result  of  the  first  to  prove  that,  given  two  concentric 
spheres,  it  is  possible  to  inscribe  a  certain  polyhedron  in  the  outer 
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so  that  it  does  not  anywhere  touch  the  inner,  and  a  corollary  adds 
the  proof  that,  if  a  similar  polyhedron  be  inscribed  in  a  second 
sphere,  the  volumes  of  the  polyhedra  are  to  one  another  in  the 
triplicate  ratio  of  the  diameters  of  the  respective  spheres.  This 
last  property  is  then  applied  [xii.  18]  to  prove  that  spheres  are 
in  the  triplicate  ratio  of  their  diameters. 

§  3.    Conic  Sections. 

In  my  edition  of  the  Conies  of  Apollonius  there  is  a  complete 
account  of  all  the  propositions  in  conies  which  are  used  by  Archi- 
medes, classified  under  three  headings,  (1)  those  propositions 
which  he  expressly  attributes  to  earlier  writers,  (2)  those  which 
are  assumed  without  any  such  reference,  (3)  those  which  appear  to 
represent  new  developments  of  the  theory  of  conies  due  to  Archi- 
medes himself.  As  all  these  properties  will  appear  in  this 
volume  in  their  proper  places,  it  will  suffice  here  to  state  only 
such  propositions  as  come  under  the  first  heading  and  a  few  under 
the  second  which  may  safely  be  supposed  to  have  been  previously 
known. 

Archimedes  says  that  the  following  propositions  "are  proved 
in  the  elements  of  conies,"  i.e.  in  the  earlier  treatises  of  Euclid 
and  Aristaeus. 

1.     In  the  parabola 

(a)  if   FV  be  the  diameter  of  a   segment   and   QVq  the 
chord  parallel  to  the  tangent  at  F,  then  QV=  Vq ; 

(b)  if  the  tangent   at  Q  meet    VF  produced   in   T,   then 
Fr=FT; 

(c)  if  two  chords  QVq,  Q'V'q'  each  parallel  to  the  tangent 
at  P  meet  the  diameter  FV  in   F,    V  respectively, 

FV:FV'=^QV'  :  Q'V'\ 

2.  If  straight  lines  drawn  from  the  same  point  touch  any 
conic  section  whatever,  and  if  two  chords  parallel  to  the  respective 
tangents  intersect  one  another,  then  the  rectangles  under  the 
segments  of  the  chords  are  to  one  another  as  the  squares  on  the 
parallel  tangents  respectively. 

^    3.     The  following  proposition  is  quoted  as  proved  "  in  the  conies." 
If  in  a  parabola  jp«  be  the  parameter  of  the  principal  ordinates, 
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QQ '  any  chord  not  perpendicular  to  the  axis  which  is  bisected  in  V 
by  the  diameter  PV.  p  the  parameter  of  the  ordinates  to  PV,  and 
if  QD  be  drawn  perpendicular  to  PF,  then 

\0n  Conoids  and  Spheroids^  Prop.  3,  which  see.] 

The  properties  of  a  parabola,  PN^=^p^.AN^  and  QV^=p  .PV, 
were  already  well  known  before  the  time  of  Archimedes.  In  fact 
the  former  property  was  used  by  Menaechmus,  the  discoverer  of 
conic  sections,  in  his  duplication  of  the  cube. 

It  may  be  taken  as  certain  that  the  following  properties  of  the 
ellipse  and  hyperbola  were  proved  in  the  Conies  of  Euclid. 

1.  For  the  ellipse 

PN'  :  AN.  A'N-=P'N"  :  AN\A'N'=CB^  :  CA' 

and  QV  :  PV,  PT=  QT''  :  PV  .  PT'  =  CD'  :  CP\ 

(Either  proposition  could  in  fact  be  derived  from  the  proposition 
about  the  rectangles  under  the  segments  of  intersecting  chords 
above  referred  to.) 

2.  For  the  hyperbola 

PN'  :  AN.  A'N=P'N"  :  AN\A'N 
and  QV^  iPV.P'V^Q'V'^  :  PV'.P'V, 

though  in  this  case  the  absence  of  the  conception  of  the  double 
hyperbola  as  one  curve  (first  found  in  Apollonius)  prevented  Euclid, 
and  Archimedes  also,  from  equating  the  respective  ratios  to  those 
of  the  squares  on  the  parallel  semidiameters. 

3.  In  a  hyperbola,  if  P  be  any  point  on  the  curve  and  PK, 
PL  be  each  drawn  parallel  to  one  asymptote  and  meeting  the 
other, 

Pir.PZ  =  (const.) 

This  property,  in  the  particular  case  of  the  rectangular  hyperbola, 
was  known  to  Menaechmus. 

'^It  is  probable  also  that  the  property  of  the  subnormal  of  the 
parabola  {NG~^p^  was  known  to  Archimedes'  predecessors.  It 
is  tacitly  assumed.  On  floating  bodies,  ii.  4,  etc. 

From  the  assumption  that,  in  the  hyperbola,  AT<AN  (where 
N  is  the  foot  of  the  ordinate  from  P,  and  T  the  point  in  which  the 
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tangent  at  P  meets   the  transverse  axis)    we  may  perhaps  infer 
that  the  harmonic  property 

TP  :  TP'  =  PV:P'V, 

or  at  least  the  particular  case  of  it, 

TA  :  TA'  =  AJSr:A'W', 

was  known  before  Archimedes'  time. 

Lastly,  with  reference  to  the  genesis  of  conic  sections  from 
cones  and  cylinders,  Euclid  had  already  stated  in  his  Phaenomena 
that,  "  if  a  cone  or  cylinder  be  cut  by  a  plane  not  parallel  to  the 
base,  the  resulting  section  is  a  section  of  an  acute- angled  cone 
[an  ellipse]  which  is  similar  to  a  Ovp^os.''  Though  it  is  not  probable 
that  Euclid  had  in  mind  any  other  than  a  right  cone,  the  statement 
should  be  compared  with  On  Conoids  and  Spheroids,  Props.  7,  8,  9. 

§  4.    Surfaces  of  the  second  degree. 

Prop.  1 1  of  the  treatise  On  Conoids  and  Spheroids  states  without 
proof  the  nature  of  certain  plane  sections  of  the  conicoids  of  revo- 
lution. Besides  the  obvious  facts  (1)  that  sections  perpendicular 
to  the  axis  of  revolution  are  circles,  and  (2)  that  sections  through 
the  axis  are  the  same  as  the  generating  conic,  Archimedes  asserts 
the  following. 

1.  In  a  paraboloid  of  revolution  any  plane  section  parallel  to 
the  axis  is  a  parabola  equal  to  the  generating  parabola. 

2.  In  a  hyperboloid  of  revolution  any  plane  section  parallel 
to  the  axis  is  a  hyperbola  similar  to  the  generating  hyperbola. 

3.  In  a  hyperboloid  of  revolution  a  plane  section  through  the 
vertex  of  the  enveloping  cone  is  a  hyperbola  which  is  not  similar 
to  the  generating  hyperbola. 

4.  In  any  spheroid  a  plane  section  parallel  to  the  axis  is  an 
ellipse  similar  to  the  generating  ellipse. 

Archimedes  adds  that  "the  proofs  of  all  these  propositions 
are  manifest  (^avepai)"  The  proofs  may  in  fact  be  supplied  as 
follows. 

1.  Section  of  a  paraboloid  of  revolution  hy  a  plane  parallel 
to  the  axis. 
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Suppose  that  the  plane  of  the  paper  represents  the  plane  section 
through  the  axis  ^iV  which  intersects  the  given  plane  section  at  right 
angles,  and  let  A'O  be  the  line  of  intersection. 
Let  POP'  be  any  double  ordinate  to  AN  in  the 
section  through  the  axis,  meeting  A'O  and  AN 
at  right  angles  in  0,  N  respectively.  Draw  A'M 
perpendicular  to  AN. 

Suppose  a  perpendicular  drawn  from  0  to 
^'0  in  the  plane  of  the  given  section  parallel  to 
the  axis,  and  let  y  be  the  length  intercepted  by 
the  surface  on  this  perpendicular. 

Then,  since  the  extremity  of  y  is  on  the 
circular  section  whose  diameter  is  PP', 


P>v 


y^^PO.OP', 

li  A'0  =  x,  and  if  p  is  the  principal  parameter  of  the  generating 
.  parabola,  we  have  then 

y':=PN^-ON^ 

=  PN^-A'M^ 

=p{AN-AM) 

=  px, 

so  that  the  section  is  a  parabola  equal  to  the  generating  parabola. 

2.     Section  of  a  hyperholoid  of  revolution  hy  a  plane  parallel  to 
the  axis. 

Take,  as  before,  the  plane  section  through  the  axis  which  intersects 


c 

A 

f 

o 

c 

AU 

p 

N 

the  given  plane  section  at  right  angles  in  A'O,     Let  the  hyperbola 
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PAP'  in  the  plane  of  the  paper  represent  the  plane  section  through 
the  axis,  and  let  C  be  the  centre  (or  the  vertex  of  the  enveloping 
cone).     Draw  CC  perpendicular  to  (7-4,  and  produce  OA'  to  meet  it 
in  C.     Let  the  rest  of  the  construction  be  as  before. 
Suppose  that 

CA  =  a,   G'A'  =  a\    C'O^x, 

and  let  y  have  the  same  meaning  as  before. 

Then  y'^PO  .  OP'  =  PN''  -  A:M\ 

And,  by  the  property  of  the  original  hyperbola, 

PN^  :  CN'^-GA^^A'M''  :  CW^-C^^  (which  is  constant). 

Thus      ^' Jf  2  :  CW"  -  CA'  =  PN^  :  CN^  -  CA^ 

=::PJY^-A'M'  :  CN'-CM'' 

whence  it  appears  that  the  section  is  a  hyperbola  similar  to  the 
original  one. 

3.  Section  of  a  hyperholoid  of  revolution  hy  a  plane  passing 
through  the  centre  {or  the  vertex  of  the  enveloping  cone). 

I  think  there  can  be  no  doubt  that  Archimedes  would  have  proved 
his  proposition  about  this  section  by  means  of  the  same  general 
property  of  conies  which  he  uses  to  prove  Props.  3  and  12— 14  of 
the  same  treatise,  and  which  he  enunciates  at  the  beginning  of 
Prop.  3  as  a  known  theorem  proved  in  the  "elements  of  conies,"  viz. 
that  the  rectangles  under  the  segments  of  intersecting  chords  are  as 
the  squares  of  the  parallel  tangents. 

Let  the  plane  of  the  paper  represent  the  plane  section  through 
the  axis  which  intersects  the  given  plane  passing  through  the 
centre  at  right  angles.  Let  OA'O  be  the  line  of  intersection,  0 
being  the  centre,  and  A'  being  the  point  where  OA'O  meets  the 
surface.  Suppose  GAMN  to  be  the  axis  of  the  hyperboloid,  and 
POp,  P'O'p'  two  double  ordinates  to  it  in  the  plane  section  through 
the  axis,  meeting  GA'O  in  0,  0'  respectively;  similarly  let  A'M  be 
the  ordinate  from  A!,  Draw  the  tangents  at  A  and  A'  to  the 
section  through  the  axis  meeting  in  T^  and  let  QOq^  Q'O'q'  he  the 
two  double  ordinates  in  the  same  section  which  are  parallel  to  the 
tangent  at  A'  and  pass  through  (9,  0'  respectively. 

Suppose,  as  before,  that  y,  y'  are  the  lengths  cut  off  by  the 
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surface  from  the  perpendiculars  at  0  and  0'  to  OC  in  the  plane  of 
the  given  section  through  CA'O^  and  that 

CO  =  X,  CO'  =  x\  CA  =  a,  CA'  =  a\ 


C                                     A 

■A 

i 

^/ 

7 

V      N 

\ 

N' 

Then,  by  the  property  of  the  intersecting  chords,  we  have,  since 
QO^Oq, 

PO  ,  Op  :  QO'^TA^  :  TA" 

=  PV\  O'p'  :  Q'0'\ 
Also  y^  =  P0  ,  Op,  y"^P'0'  .  0';/, 

and,  by  the  property  of  the  hyperbola, 

QO^  :x^-a'^=:Q'0'''  \x^-a\ 
It  follows,  ex  aequali,  that 

y^  :  aj'-a/2-2/''  '  x'^-a'^ (a), 

and  therefore  that  the  section  is  a  hyperbola. 

To  prove  that  this  hyperbola  is  not  similar  to  the  generating 
hyperbola,  we  draw  GC  perpendicular  to  CA,  and  CA'  parallel  to 
CA  meeting  CC  in  C  and  Pp  in  U, 

If  then  the  hyperbola  (a)  is  similar  to  the  original  hyperbola,  it 
must  by  the  last  proposition  be  similar  to  the  hyperbolic  section 
made  by  the  plane  through  C'A'U  at  right  angles  to  the  plane  of 
the  paper. 

Now      CO^~CA"  =  {C'U'-C'A'^)  +  {CC'  +  OUy-CC'^ 
>C'U^-C'A'\ 
and  PO  .  Op<:PU  ,  Up, 
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Therefore     PO  .  Of  \  CO''~-CA"'<^FU .  Up  :  C'U^-G'A'\ 
and  it  follows  that  the  hyperbolas  are  not  similar*. 

4.     Section  of  a  spheroid  hy  a  plane  parallel  to  the  axis. 

That  this  is  an  ellipse  similar  to  the  generating  ellipse  can  of 
course  be  proved  in  exactly  the  same  way  as  theorem  (2)  above 
for  the  hyperboloid. 

*  I  think  Archimedes  is  more  likely  to  have  used  this  proof  than  one  on  the 
lines  suggested  by  Zeuthen  (p.  421).  The  latter  uses  the  equation  of  the 
hyperbola  simply  and  proceeds  thus.  If  y  have  the  same  meaning  as  above, 
and  if  the  coordinates  of  P  referred  to  GA,  GC  as  axes  be  z^  x^  while  those  of  O 
referred  to  the  same  axes  are  z^  x\  we  have,  for  the  point  P, 

x'^—K{z^-a^), 
where  k  is  constant. 

Also,  since  the  angle  A'GA  is  given,  x'=:aZy  where  a  is  constant. 

Thus  i/2=a;2  -  x"^={k  -  a?)  z'^  -  Ka^. 

GO 
Now  z  is  proportional  to  GO,  being  in  fact  equal  to  -7—=,  and  the  equation 


becomes 


^-l  +  a=>-^^'-''»' W. 

which  is  clearly  a  hyperbola,  since  a^<K. 

Now,  though  the  Greeks  could  have  worked  out  the  proof  in  a  geometrical 
form  equivalent  to  the  above,  I  think  that  it  is  alien  from  the  manner  in  which 
Archimedes  regarded  the  equations  to  central  conies.  These  he  always  expressed 
in  the  form  of  a  proportion 

~ — ~  =  --# — -         =  —  in  the  case  of  the  ellipse    , 
x^'^-'a'-     x^'^a^     L     «  J 

and  never  in  the  form  of   an  equation  between  areas  like  that   used   by 
Apollonius,  viz. 

Moreover  the  occurrence  of  the  two  different  constants  and  the  necessity 
of  expressing  them  geometrically  as  ratios  between  areas  and  lines  respectively 
would  have  made  the  proof  very  long  and  complicated ;  and,  as  a  matter  of  fact, 
Archimedes  never  does  express  the  ratio  y^l(x^  -  a^)  in  the  case  of  the  hyperbola 
in  the  form  of  a  ratio  between  constant  areas  like  ¥la^.  Lastly,  when  the 
equation  of  the  given  section  through  GA'O  was  found  in  the  form  (1),  assuming 
that  the  Greeks  had  actually  found  the  geometrical  equivalent,  it  would  still 
have  been  held  necessary,  I  think,  to  verify  that 

before  it  was  finally  pronounced  that  the  hyperbola  represented  by  the  equation 
and  the  section  made  by  the  plane  were  one  and  the  same  thing. 
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We  are  now  in  a  position  to  consider  the  meaning  of  Archimedes' 
remark  that  "the  proofs  of  all  these  properties  are  manifest."  In 
the  first  place,  it  is  not  likely  that  '* manifest"  means  "known''  as 
having  been  proved  by  earlier  geometers ;  for  Archimedes'  habit  is 
to  be  precise  in  stating  the  fact  whenever  he  uses  important 
propositions  due  to  his  immediate  predecessors,  as  witness  his 
references  to  Eudoxus,  to  the  Elements  [of  Euclid],  and  to  the 
"elements  of  conies."  When  we  consider  the  remark  with  reference 
to  the  cases  of  the  sections  parallel  to  the  axes  of  the  surfaces 
respectively,  a  natural  interpretation  of  it  is  to  suppose  that 
Archimedes  meant  simply  that  the  theorems  are  such  as  can  easily 
be  deduced  from  the  fundamental  properties  of  the  three  conies  now 
expressed  by  their  equations,  coupled  with  the  consideration  that 
the  sections  by  planes  perpendicular  to  the  axes  are  circles.  But  I 
think  that  this  particular  explanation  of  the  "  manifest "  character 
of  the  proofs  is  not  so  applicable  to  the  third  of  the  theorems 
stating  that  any  plane  section  of  a  hyperboloid  of  revolution 
through  the  vertex  of  the  enveloping  cone  but  not  through  the  axis 
is  a  hyperbola.  This  fact  is  indeed  no  more  "manifest"  in  the 
ordinary  sense  of  the  term  than  is  the  like  theorem  about  the 
spheroid,  viz.  that  any  section  through  the  centre  but  not  through 
the  axis  is  an  ellipse.  But  this  latter  theorem  is  not  given  along 
with  the  other  in  Prop.  11  as  being  "  manifest " ;  the  proof  of  it  is 
included  in  the  more  general  proposition  (14)  that  any  section  of  a 
spheroid  not  perpendicular  to  the  axis  is  an  ellipse,  and  that  parallel 
sections  are  similar.  Nor,  seeing  that  the  propositions  are  essen- 
tially similar  in  character,  can  I  think  it  possible  that  Archimedes 
wished  it  to  be  understood,  as  Zeuthen  suggests,  that  the  proposition 
about  the  hyperboloid  alone,  and  not  the  other,  should  be  proved 
directly  by  means  of  the  geometrical  equivalent  of  the  Cartesian 
equation  of  the  conic,  and  not  by  means  of  the  property  of  the 
rectangles  under  the  segments  of  intersecting  chords,  used  earlier 
[Prop.  3]  with  reference  to  the  parabola  and  later  for  the  case  of 
the  spheroid  and  the  elliptic  sections  of  the  conoids  and  spheroids 
generally.  This  is  the  more  unlikely,  I  think,  because  the  proof 
by  means  of  the  equation  of  the  conic  alone  would  present  much 
more  difficulty  to  the  Greek,  and  therefore  could  hardly  be  called 
''  manifest." 

It  seems  necessary  therefore  to  seek  for  another  explanation, 
and  I  think  it  is  the  following.     The  theorems,  numbered  1,  2,  and 
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4  above,  about  sections  of  conoids  and  spheroids  parallel  to  the  axis 
are  used  afterwards  in  Props.  15—17  relating  to  tangent  planes; 
whereas  the  theorem  (3)  about  the  section  of  the  hyperboloid  by  a 
plane  through  the  centre  but  not  through  the  axis  is  not  used  in 
connexion  with  tangent  planes,  but  only  for  formally  proving  that  a 
straight  line  drawn  from  any  point  on  a  hyperboloid  parallel  to  any 
transverse  diameter  of  the  hyperboloid  falls,  on  the  convex  side  of 
the  surface,  without  it,  and  on  the  concave  side  within  it.  Hence 
it  does  not  seem  so  probable  that  the  four  theorems  were  collected 
in  Prop.  1 1  on  account  of  the  use  made  of  them  later,  as  that  they 
were  inserted  in  the  particular  place  with  special  reference  to  the 
three  propositions  (12—14)  immediately  following  and  treating  of  the 
elliptic  sections  of  the  three  surfaces.  The  main  object  of  the  whole 
treatise  was  the  determination  of  the  volumes  of  segments  of  the 
three  solids  cut  off  by  planes,  and  hence  it  was  first  necessary  to 
determine  all  the  sections  which  were  ellipses  or  circles  and  therefore 
could  form  the  bases  of  the  segments.  Thus  in  Props.  12-14 
Archimedes  addresses  himself  to  finding  the  elliptic  sections,  but, 
before  he  does  this,  he  gives  the  theorems  grouped  in  Prop.  11  by 
way  of  clearing  the  ground,  so  as  to  enable  the  propositions  about 
elliptic  sections  to  be  enunciated  with  the  utmost  precision.  Prop. 
11  contains,  in  fact,  explanations  directed  to  defining  the  scope  of 
the  three  following  propositions  rather  than  theorems  definitely 
enunciated  for  their  own  sake ;  Archimedes  thinks  it  necessary  to 
explain,  before  passing  to  elliptic  sections,  that  sections  perpen- 
dicular to  the  axis  of  each  surface  are  not  ellipses  but  circles,  and 
that  some  sections  of  each  of  the  two  conoids  are  neither  ellipses  nor 
circles,  but  parabolas  and  hyperbolas  respectively.  It  is  as  if  he  had 
said,  "  My  object  being  to  find  the  volumes  of  segments  of  the  three 
solids  cut  off  by  circular  or  elliptic  sections,  I  proceed  to  consider 
the  various  elliptic  sections ;  but  I  should  first  explain  that  sections 
at  right  angles  to  the  axis  are  not  ellipses  but  circles,  while  sections 
of  the  conoids  by  planes  drawn  in  a  certain  manner  are  neither 
ellipses  nor  circles,  but  parabolas  and  hyperbolas  respectively.  With 
these  last  sections  I  am  not  concerned  in  the  next  propositions,  and 
I  need  not  therefore  cumber  my  book  with  the  proofs ;  but,  as  some 
of  them  can  be  easily  supplied  by  the  help  of  the  ordinary  properties 
of  conies,  and  others  by  means  of  the  methods  illustrated  in  the 
propositions  now  about  to  be  given,  I  leave  them  as  an  exercise  for 
the  reader."     This  will,  I  think,  completely  explain  the  assumption 
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of  all  the  theorems  except  that  concerning  the  sections  of  a  spheroid 
parallel  to  the  axis ;  and  I  think  this  is  mentioned  along  with  the 
others  for  symmetry,  and  because  it  can  be  proved  in  the  same  way 
as  the  corresponding  one  for  the  hyperboloid,  whereas,  if  mention  of 
it  had  been  postponed  till  Prop.  14  about  the  elliptic  sections  of  a 
spheroid  generally,  it  would  still  require  a  proposition  for  itself,  since 
the  axes  of  the  sections  dealt  with  in  Prop.  14  make  an  angle  with 
the  axis  of  the  spheroid  and  are  not  parallel  to  it. 

At  the  same  time  the  fact  that  Archimedes  omits  the  proofs  of 
the  theorems  about  sections  of  conoids  and  spheroids  parallel  to  the 
axis  as  "manifest"  is  in  itself  sufficient  to  raise  the  presumption 
that  contemporary  geometers  were  familiar  with  the  idea  of  three 
dimensions  and  knew  how  to  apply  it  in  practice.  This  is  no  matter 
for  surprise,  seeing  that  we  find  Archytas,  in  his  solution  of  the 
problem  of  the  two  mean  proportionals,  using  the  intersection  of  a 
certain  cone  with  a  curve  of  double  curvature  traced  on  a  right 
circular  cylinder*.  But,  when  we  look  for  other  instances  of  early 
investigations  in  geometry  of  three  dimensions,  we  find  practically 
nothing  except  a  few  vague  indications  as  to  the  contents  of  a  lost 
treatise  of  Euclid's  consisting  of  two  Books  entitled  Surface-loci 
{tottoi  Trpos  i'7n<l>av€ta)1[.  This  treatise  is  mentioned  by  Pappus 
among  other  works  by  Aristaeus,  Euclid  and  Apollonius  grouped 
as  forming  the  so-called  Toiros  dvaXvofxevo^X-  ^^  ^^^  other  works  in 
the  list  which  were  on  plane  subjects  dealt  only  with  straight  lines, 
circles  and  conic  sections,  it  is  a  priori  likely  that  the  surface-loci  of 

*  Of.  Eutocius  on  Archimedes  (Vol.  iii.  pp.  98—102),  or  Apollonius  of  Perga, 
pp.  xxii. — xxiii. 

+  By  this  term  we  conclude  that  the  Greeks  meant  "loci  which  are  surfaces  " 
as  distinct  from  loci  which  are  lines.  Cf.  Proclus'  definition  of  a  locus  as 
"a  position  of  a  line  or  a  surface  involving  one  and  the  same  property" 
{ypafJL/jL^s  7]  iiTKpavelai  04(ns  iroLovaa  h  Kal  ravrbv  o-OfnrTWfxa),  p.  394.  Pappus 
(pp.  660—2)  gives,  quoting  from  the  Plane  Loci  of  Apollonius,  a  classification  of 
loci  according  to  their  order  in  relation  to  that  of  which  they  are  the  loci.  Thus, 
he  says,  loci  are  (1)  i<p€KT(.Kol,  i.e,  fixed,  e.g.  in  this  sense  the  locus  of  a  point  is 
a  point,  of  a  line  a  line,  and  so  on;  (2)  dte^odiKoi  or  moving  along,  a  line  being  in 
this  sense  the  locus  of  a  point,  a  surface  of  a  line,  and  a  solid  of  a  surface ; 
(3)  dva(rrpo(pLKoi,  turning  backwards,  i.e.,  presumably,  moving  backwards  and 
forwards,  a  surface  being  in  this  sense  the  locus  of  a  point,  and  a  solid  of  a  line. 
Thus  a  surface-locus  might  apparently  be  either  the  locus  of  a  point  or  the 
locus  of  a  line  moving  in  space. 

X  Pappus,  pp.  634,  636. 
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Euclid  included  at  least  such  loci  as  were  cones,  cylinders  and 
spheres.  Beyond  this,  all  is  conjecture  based  upon  two  lemmas 
given  by  Pappus  in  connexion  with  the  treatise. 

First  lemma  to  the  Surface-loci  of  Euclid"^. 

The  text  of  this  lemma  and  the  attached  figure  are  not  satisfac- 
tory as  they  stand,  but  they  have  been  explained  by  Tannery  in  a 
way  which  requires  a  change  in  the  figure,  but  only  the  very  slightest 
alteration  in  the  text,  as  follows  f. 

"If  J ^  be  a  straight  line  and  CD  be  parallel  to  a  straight  line 
given  in  position,  and  if  the  ratio  AD  .  DB  :  DC^  be  [given],  the 
point  C  lies  on  a  conic  section. 
If  now  ^J5  be  no  longer  given  in 
position  and  -4,  B  be  no  longer 
given  but  lie  on  straight  lines 
AE,  EB  given  in  position  J,  the 
point  C  raised  above  [the  plane 
containing  AE^  EB^  is  on  a 
surface  given  in  position.  And 
this  was  proved." 

According  to  this  interpretation,  it  is  asserted  that,  if  ^i?  moves 
with  one  extremity  on  each  of  the  lines  AE,  EB  which  are  fixed, 
while  DC  is  in  a  fixed  direction  and  AD  .  DB  :  DC^  is  constant, 
then  C  lies  on  a  certain  surface.  So  far  as  the  first  sentence  is 
concerned,  AB  remains  of  constant  length,  but  it  is  not  made 
precisely  clear  whether,  when  AB  is  no  longer  given  in  position,  its 
length  may  also  vary§.  If  however  AB  remains  of  constant  length 
for  all  positions  which  it  assumes,  the  surface  which  is  the  locus  of 
C  would  be  a  complicated  one  which  we  cannot  suppose  that  Euclid 
could  have  profitably  investigated.  It  may,  therefore,  be  that 
Pappus  purposely  left  the  enunciation  somewhat  vague  in  order  to 
make  it  appear  to  cover  several  surface-loci  which,  though  belonging 
to  the  same  type,  were  separately  discussed  by  Euclid  as  involving 

*  Pappus,  p.  1004. 

t  Bulletin  des  sciences  math.,  2®  SMe,  vi.  149. 

X  The  words  of  the  Greek  text  are  yipjjrai  5^  wpbs  diaei  et/BeTa  ratj  AE,  EB, 
and  the  above  translation  only  requires  eiuBdais  instead  of  eMeia.  The  figure  in 
the  text  is  so  drawn  that  ADB,  AEB  are  represented  as  two  parallel  lines,  and 
CD  is  represented  as  perpendicular  to  ADB  and  meeting  AEB  in  JB. 

§  The  words  are  simply  "  if  AB  be  deprived  of  its  position  (c-repTjOrj  ttjs 
$4<r€m)  and  the  points  J,  J5  be  deprived  of  their  [character  of]  being  given" 
{(TTeprfdy  rod  SoSivros  etvai). 
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in  each  case  somewhat  different  sets   of   conditions  limiting   the 
generality  of  the  theorem. 

It  is  at  least  open  to  conjecture,  as  Zeuthen  has  pointed  out*, 
that  two  cases  of  the  type  were  considered  by  Euclid,  namely,  (1) 
that  in  which  AB  remains  of  constant  length  while  the  two  fixed 
straight  lines  on  which  A,  B  respectively  move  are  parallel  instead 
of  meeting  in  a  point,  and  (2)  that  in  which  the  two  fixed  straight 
lines  meet  in  a  point  while  AB  moves  always  parallel  to  itself 
and  varies  in  length  accordingly. 

(1)  In  the  first  case,  where  the  length  of  AB  is  constant  and 
the  two  fixed  lines  parallel,  we  should  have  a  surface  described  by  a 
conic  moving  bodily  f.  This  surface  would  be  a  cylindrical  surface, 
though  it  would  only  have  been  called  a  "  cylinder  "  by  the  ancients 
in  the  case  where  the  moving  conic  was  an  ellipse^  since  the  essence 
of  a  "  cylinder  "  was  that  it  could  be  bounded  between  two  parallel 
circular  sections.  If  then  the  moving  conic  was  an  ellipse,  it  would 
not  be  difficult  to  find  the  circular  sections  of  the  cylinder;  this 
could  be  done  by  first  taking  a  section  at  right  angles  to  the  axis, 
after  which  it  could  be  proved,  after  the  manner  of  Archimedes, 
On  Conoids  and  Spheroids^  Prop.  9,  first  that  the  section  is  an  ellipse 
or  a  circle,  and  then,  in  the  former  case,  that  a  section  made  by 
a  plane  drawn  at  a  certain  inclination  to  the  ellipse  and  passing 
through,  or  parallel  to,  the  major  axis  is  a  circle.  There  was 
nothing  to  prevent  Euclid  from  investigating  the  surface  similarly 
generated  by  a  moving  hyperbola  or  parabola;  but  there  would 
be  no  circular  sections,  and  hence  the  surfaces  might  perhaps  not 
have  been  considered  as  of  very  great  importance. 

(2)  In  the  second  case,  where  AEy  BE  meet  at  a  point  and 
AB  moves  always  parallel  to  itself,  the  surface  generated  is  of 
course  a  cone.  Some  particular  cases  of  this  sort  may  easily  have 
been  discussed  by  Euclid,  but  he  could  hardly  have  dealt  with  the 
general  case,  where  DC  has  any  direction  whatever,  up  to  the 
point  of  showing  that  the  surface  was  really  a  cone  in  the  sense 
in  which  the  Greeks  understood  the  term,  or  (in  other  words) 
of  finding  the  circular  sections.  To  do  this  it  would  have  been 
necessary  to  determine  the  principal  planes,   or  to  solve  the  dis- 


*  Zeuthen,  Die  Lehre  von  den  Kegelschnitten,  pp.  425  sqq. 
t  This  would  give  a  surface  generated  by  a  moving  line,  Ste^o5t/c6s  ypafifjLijs 
as  Pappus  has  it. 
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criminating  cubic,  which  we  cannot  suppose  Euclid  to  have  done. 
Moreover,  if  Euclid  had  found  the  circular  sections  in  the  most 
general  case,  Archimedes  would  simply  have  referred  to  the  fact 
instead  of  setting  himself  to  do  the  same  thing  in  the  particular 
case  where  the  plane  of  symmetry  is  given.  These  remarks  apply 
to  the  case  where  the  conic  which  is  the  locus  of  C  is  an  ellipse  ; 
there  is  still  less  ground  for  supposing  that  Euclid  could  have 
proved  the  existence  of  circular  sections  where  the  conic  was  a 
hyperbola,  for  there  is  no  evidence  that  Euclid  even  knew  that 
hyperbolas  and  parabolas  could  be  obtained  by  cutting  an  oblique 
circular  cone. 

Second  lemma  to  the  Surface-loci. 

In  this  Pappus  states,  and  gives  a  complete  proof  of  the  propo- 
sition, that  the  locus  of  a  point  whose  distance  from,  a  given  point 
is  in  a  given  ratio  to  its  distance  from  a  fixed  line  is  a  conic 
section^  which  is  an  ellipse,  a  parabola,  or  a  hyperbola  according 
as  the  given  ratio  is  less  tha7i,  equal  to,  or  greater  than  unity*. 
Two  conjectures  are  possible  as  to  the  application  of  this  theorem 
by   Euclid  in  the  treatise  referred  to. 

(1)  Consider  a  plane  and  a  straight  line  meeting  it  at  any  angle. 
Imagine  any  plane  drawn  at  right  angles  to  the  straight  line  and 
meeting  the  first  plane  in  another  straight  line  which  we  will  call 
X.  If  then  the  given  straight  line  meets  the  plane  at  right  angles 
to  it  in  the  point  *S',  a  conic  can  be  described  in  that  plane  with 
S  for  focus  and  X  for  directrix ;  and,  as  the  perpendicular  on  X 
from  any  point  on  the  conic  is  in  a  constant  ratio  to  the  per- 
pendicular from  the  same  point  on  the  original  plane,  all  points 
on  the  conic  have  the  property  that  their  distances  from  S  are  in 
a  given  ratio  to  their  distances  from  the  given  plane  respectively. 
Similarly,  by  taking  planes  cutting  the  given  straight  line  at  right 
angles  in  any  number  of  other  points  besides  S,  we  see  that  the  locus 
of  a  point  whose  distance  from  a  given  straight  line  is  in  a  given 
ratio  to  its  distance  from  a  given  plane  is  a  cone  whose  vertex  is 
the  point  in  which  the  given  line  meets  the  given  plane,  while  the 
plane  of  symmetry  passes  through  the  given  line  and  is  at  right 
angles  to  the  given  plane.  If  the  given  ratio  was  such  that  the 
guiding  conic  was  an  ellipse,  the  circular  sections  of  the  surface 

*  See  Pappus,  pp.  1006 — 1014,  and  Hultsch's  Appendix,  pp.  1270-— 1273  ;  or 
cf.  Apollonius  of  Pergaf  pp.  xxxvi. — xxxviii. 
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could,  in  that  case  at  least,  be  found  by  the  same  method  as 
that  used  by  Archimedes  {On  Conoids  and  Spheroids,  Prop.  8)  in 
the  rather  more  general  case  where  the  perpendicular  from  the 
vertex  of  the  cone  on  the  plane  of  the  given  elliptic  section  does 
not  necessarily  pass  through  the  focus. 

(2)  Another  natural  conjecture  would  be  to  suppose  that,  by 
means  of  the  proposition  given  by  Pappus,  Euclid  found  the  locus 
of  a  point  whose  distance  from  a  given  point  is  in  a  given  ratio 
to  its  distance  from  a  fixed  plane.  This  would  have  given  surfaces 
identical  with  the  conoids  and  spheroids  discussed  by  Archimedes 
excluding  the  spheroid  generated  by  the  revolution  of  an  ellipse 
about  the  minor  axis.  We  are  thus  brought  to  the  same  point  as 
Chasles  who  conjectured  that  the  Surface-loci  of  Euclid  dealt  with 
surfaces  of  revolution  of  the  second  degree  and  sections  of  the 
same*.  Recent  writers  have  generally  regarded  this  theory  as 
improbable.  Thus  Heiberg  says  that  the  conoids  and  spheroids 
were  without  any  doubt  discovered  by  Archimedes  himself ;  other- 
wise he  would  not  have  held  it  necessary  to  give  exact  definitions 
of  them  in  his  introductory  letter  to  Dositheus ;  hence  they  could 
not  have  been  the  subject  of  Euclid's  treatise  f.  I  confess  I  think 
that  the  argument  of  Heiberg,  so  far  from  being  conclusive  against 
the  probability  of  Chasles'  conjecture,  is  not  of  any  great  weight. 
To  suppose  that  Euclid  found,  by  means  of  the  theorem  enunciated 
and  proved  by  Pappus,  the  locus  of  a  point  whose  distance  from 
a  given  point  is  in  a  given  ratio  to  its  distance  from  a  fixed  plane 
does  not  oblige  us  to  assume  either  that  he  gave  a  name  to  the 
loci  or  that  he  investigated  them  further  than  to  show  that  sections 
through  the  perpendicular  from  the  given  point  on  the  given  plane 
were  conies,  while  sections  at  right  angles  to  the  same  perpendicular 
were  circles  ;  and  of  course  these  facts  would  readily  suggest  them- 
selves. Seeing  however  that  the  object  of  Archimedes  was  to 
find  the  volumes  of  segments  of  each  surface,  it  is  not  surprising 
that  he  should  have  preferred  to  give  a  definition  of  them  which 
would  indicate  their  form  more  directly  than  a  description  of  them 
as  loci  would  have  done ;  and  we  have  a  parallel  case  in  the  dis- 
tinction drawn  between  conies  as  such  and  conies  regarded  as  loci, 
which  is  illustrated  by  the  different  titles  of  Euclid's  Conies  and 
the  Solid  Loci  of  Aristaeus,  and  also  by  the  fact  that  Apollonius, 

*  Apergu  historiquef  pp.  273,  4. 

t  Litterargeschichtliche  Studien  iiber  Euklid,  p.  79. 

H.  A.  e 
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though  he  speaks  in  his  preface  of  some  of  the  theorems  in  his 
Conies  as  useful  for  the  synthesis  of  'solid  loci^  and  goes  on  to 
mention  the  'locus  with  respect  to  three  or  four  lines/  yet  enun- 
ciates no  proposition  stating  that  the  locus  of  such  and  such  a  point 
is  a  conic.  There  was  a  further  special  reason  for  defining  the 
conoids  and  spheroids  as  surfaces  described  by  the  revolution  of 
a  conic  about  its  axis,  namely  that  this  definition  enabled  Archi- 
medes to  include  the  spheroid  which  he  calls  'flat'  (iTmrXaTv 
<r<^atpo€t8€s),  i.e.  the  spheroid  described  by  the  revolution  of  an 
ellipse  about  its  minor  axis,  which  is  not  one  of  the  loci  which 
the  hypothesis  assumes  Euclid  to  have  discovered.  Archimedes' 
new  definition  had  the  incidental  effect  of  making  the  nature  of 
the  sections  through  and  perpendicular  to  the  axis  of  revolution 
even  more  obvious  than  it  would  be  from  Euclid's  supposed  way 
of  treating  the  surfaces;  and  this  would  account  for  Archimedes' 
omission  to  state  that  the  two  classes  of  sections  had  been  known 
before,  for  there  would  have  been  no  point  in  attributing  to  Euclid 
the  proof  of  propositions  which,  with  the  new  definition  of  the 
surfaces,  became  self-evident.  The  further  definitions  given  by 
Archimedes  may  be  explained  on  the  same  principle.  Thus  the 
axis,  as  defined  by  him,  has  special  reference  to  his  definition  of 
the  surfaces,  since  it  means  the  axis  of  revolution,  whereas  the 
axis  of  a  conic  is  for  Archimedes  a  diameter.  The  enveloping  cone 
of  the  hyperboloid,  which  is  generated  by  the  revolution  of  the 
asymptotes  about  the  axis,  and  the  centre  regarded  as  the  point 
of  intersection  of  the  asymptotes  were  useful  to  Archimedes'  dis- 
cussion of  the  surfaces,  but  need  not  have  been  brought  into 
Euclid's  description  of  the  surfaces  as  loci.  Similarly  with  the 
axis  and  vertex  of  a  segment  of  each  surface.  And,  generally,  it 
seems  to  me  that  all  the  definitions  given  by  Archimedes  can  be 
explained  in  like  manner  without  prejudice  to  the  supposed  dis- 
covery of  three  of  the  surfaces  by  Euclid. 

I  think,  then,  that  we  may  still  regard  it  as  possible  that 
Euclid's  Surface-loci  was  concerned,  not  only  with  cones,  cylinders 
and  (probably)  spheres,  but  also  (to  a  limited  extent)  with  three 
other  surfaces  of  revolution  of  the  second  degree,  viz.  the  paraboloid, 
the  hyperboloid  and  the  prolate  spheroid.  Unfortunately  however 
we  are  confined  to  the  statement  of  possibilities;  and  certainty 
can  hardly  be  attained  unless  as  the  result  of  the  discovery  of 
fresh  documents. 
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§  5.    Two  mean  proportionals  in  continued  proportion. 

Archimedes  assumes  the  construction  of  two  mean  proportionals 
in  two  propositions  {On  the  Sphere  and  Cylinder  ii.  1,  5).  Perhaps 
he  was  content  to  use  the  constructions  given  by  Archytas, 
Menaechmus*,  and  Eudoxus.  It  is  worth  noting,  however,  that 
Archimedes  does  not  introduce  the  two  geometric  means  where 
they  are  merely  convenient  but  not  necessary ;  thus,  when  {On  the 

where   ^  >  y,    a   ratio  between  lines,  and  it   is   sujQ&cient   for   his 

may  be  less,  he  takes  two  arithmetic  means  between  /?,  y,  as  8,  c, 
and  then  assumes!  as  a  known  result  that 


Sphere  and  Cylinder  i.  34)  he  has  to  substitute  for  a  ratio    f- j   , 
where   ^  >  y,    a   ratio  between  lines,  and  it   is   sujQ&cient   for   his 

— )    but 


/3'     ^ 
^      y- 

*  The  constructions  of  Archytas  and  Menaechmus  are  given  by  Eutocius 
[Archimedes,  Vol.  in.  pp.  92 — 102] ;  or  see  Apollonius  of  Perga,  pp.  xix— xxiii. 

t  The  proposition  is  proved  by  Eutocius;  see  the  note  to  On  the  Sphere 
and  Cylinder  i.  34  (p.  42). 
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CHAPTER  IV. 

ARITHMETIC   IN   ARCHIMEDES. 

Two  of  the  treatises,  the  Measurement  of  a  circle  and  the 
Sand-reckoner^  are  mostly  arithmetical  in  content.  Of  the  Sand- 
reckoner  nothing  need  be  said  here,  because  the  system  for  expressing 
numbers  of  any  magnitude  which  it  unfolds  and  applies  cannot  be 
better  described  than  in  the  book  itself ;  in  the  Measurement  of  a 
circle^  however,  which  involves  a  great  deal  of  manipulation  of 
numbers  of  considerable  size  though  expressible  by  means  of  the 
ordinary  Greek  notation  for  numerals,  Archimedes  merely  gives  the 
results  of  the  various  arithmetical  operations,  multiplication,  extrac- 
tion of  the  square  root,  etc.,  without  setting  out  any  of  the  operations 
themselves.  Yarious  interesting  questions  are  accordingly  involved, 
and,  for  the  convenience  of  the  reader,  I  shall  first  give  a  short 
account  of  the  Greek  system  of  numerals  and  of  the  methods  by 
which  other  Greek  mathematicians  usually  performed  the  various 
operations  included  under  the  general  term  Aoyto-TtKi/  (the  art  of 
calculating),  in  order  to  lead  up  to  an  explanation  (1)  of  the  way  in 
which  Archimedes  worked  out  approximations  to  the  square  roots  of 
large  numbers,  (2)  of  his  method  of  arriving  at  the  two  approximate 
values  of  n/3  which  he  simply  sets  down  without  any  hint  as  to  how 
they  were  obtained*. 

*  In  writing  this  chapter  I  have  been  under  particular  obligations  to  Hultsch's 
articles  Arithmetica  and  Archimedes  in  Pauly-Wissowa's  Beal-Encyclopadie,  ii. 
1,  as  well  as  to  the  same  scholar's  articles  (1)  Die  Ndherungswerthe  irrationaler 
Quadratwurzeln  bei  Archimedes  in  the  Nachrichten  von  der  kgl.  Gesellschaft  der 
Wissenschaften  zu  Gottingen  (1893),  pp.  367  sqq.,  and  (2)  Zur  Kreismessung  des 
Archimedes  in  the  Zeitschrift  fUr  Math.  u.  Physik  (Hist.  litt.  Ahtheilung)  xxxix, 
(1894),  pp.  121  sqq.  and  161  sqq.  I  have  also  made  use,  in  the  earlier  part 
of  the  chapter,  of  Nesselmann's  work  Die  Algebra  der  Griechen  and  the  histories 
of  Cantor  and  Gow. 
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§  1.    Greek  numeral  system. 

It  is  well  known  that  the  Greeks  expressed  all  numbers  from  1 
to  999  by  means  of  the  letters  of  the  alphabet  reinforced  by  the 
addition  of  three  other  signs,  according  to  the  following  scheme,  in 
which  however  the  accent  on  each  letter  might  be  replaced  by  a 
short  horizontal  stroke  above  it,  as  a. 

a,  I3\  y,  8',  €',  r',  r,  v\  0'  are  1,  2,  3,  4,  5,  6,  7,  8,  9  respectively. 

L,  k\  \\  /,  v',  r,  o',  tt',  q'  „    10,  20,  30,  90 

p\  or',  t\  v\  <t>\  x',  f,  ^\  ^',,    100,  200,  300, 900 

Intermediate  numbers  were  expressed  by  simple  juxtaposition 
(representing  in  this  case  addition),  the  largest  number  being  placed 
on  the  left,  the  next  largest  following  it,  and  so  on  in  order.  Thus 
the  number  153  would  be  expressed  by  pvy  or  pvy.  There  was  no 
sign  for  zero,  and  therefore  780  was  i/ttt',  and  306  rr'  simply. 

Thousands  (xtXtaScs)  were  taken  as  units  of  a  higher  order,  and 
1,000,  2,000,  ...  up  to  9,000  (spoken  of  as  xt'^to^  8tcrxtA.tot,  k.t.X.)  were 
represented  by  the  same  letters  as  the  first  nine  natural  numbers 
but  with  a  small  dash  in  front  and  below  the  line ;  thus  e.g.  S'  was 
4,000,  and,  on  the  same  principle  of  juxtaposition  as  before,  1,823  was 
expressed  by  awKy  or  awKy^  1,007  by  a^,  and  so  on. 

Above  9,999  came  a  myriad  {fivpLaq),  and  10,000  and  higher 
numbers  were  expressed  by  using  the  ordinary  numerals  with  the 
substantive  fjivpidSes  taken  as  a  new  denomination  (though  the  words 
[xvpLoi,  StcTjLtvptoi,  TpL(Tp.vpLOij  K.T.X.  are  also  found,  following  the 
analogy  of  x^Atot,  Slo-x^Xlol  and  so  on).  Various  abbreviations  were 
used  for  the  word  /utvptas,  the  most  common  being  M  or  Mv ;  and, 
where  this  was  used,  the  number  of  myriads,  or  the  multiple  of 
10,000,  was  generally  written  over  the  abbreviation,  though  some- 

times  before  it  and  even  after  it.     Thus  349,450  was  MOvv^. 

Fractions  (XeTrra)  were  written  in  a  variety  of  ways.  The  most 
usual  was  to  express  the  denominator  by  the  ordinary  numeral  with 
two  accents  affixed.  When  the  numerator  was  unity,  and  it  was 
therefore  simply  a  question  of  a  symbol  for  a  single  word  such  as 

*  Diophantus  denoted  myriads  followed  by  thousands  by  the  ordinary  signs 
for  numbers  of  units,  only  separating  them  by  a  dot  from  the  thousands.  Thus 
for  3,069,000  he  writes  t^.I,  and  Vy.^at^o?  for  331,776.  Sometimes  myriads 
were  represented  by  the  ordinary  letters  with  two  dots  above,  as  p  =  100  myriads 
(1,000,000),  and  myriads  of  myriads  with  two  pairs  of  dots,  as  t  for  10  myriad- 
myriads  (1,000,000,000). 
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TptTov,  1^,  there  was  no  need  to  express  the  numerator,  and  the 
symbol  was  y";  similarly  r"  =  |^,  te'^^j^  and  so  on.  When  the 
numerator  was  not  unity  and  a  certain  number  of  fourths,  fifths, 
etc.,  had  to  be  expressed,  the  ordinary  numeral  was  used  for  the 
numerator;  thus  $'  ta"  =  Y\,  l  oa'  =  ^.  In  Heron's  Geometry  the 
denominator  was  written  twice  in  the  latter  class  of  fractions ;  thus 
§  (Bvo  TrifiwTa)  was  /S^c^'c",  |^§  (XeTTTo,  rpiaKoaTOTpiTa  Ky  or  flKocrirpia 
TpLaKoaTOTpLTo)  was  Ky  \y'  Xy".  The  sign  for  J,  rjfiio-v,  is  in 
Archimedes,  Diophantus  and  Eutocius  L",  in  Heron  C  or  a  sign 
similar  to  a  capital  S*. 

A  favourite  way  of  expressing  fractions  with  numerators  greater 
than  unity  was  to  separate  them  into  component  fractions  with 
numerator  unity,  when  juxtaposition  as  usual  meant  addition.  Thus 
f  was  written  L"r=J  +  l;  if  was  CS'VV  =  J  + i  +  l  +  xV  ^ 
Eutocius  writes  U''^ S"  or  |  +  /^  for  ff ,  and  so  on.  Sometimes  the 
same  fraction  was  separated  into  several  different  sums ;  thus  in 
Heron  (p.  119,  ed.  Hultsch)  iff  is  variously  expressed  as 
{a)  l^-\^j\- 
(6)  l  +  i+^V- 
and  (c)   1  +  1+ 2T^ 

Sexagesimal  fractions.  This  system  has  to  be  mentioned  because 
the  only  instances  of  the  working  out  of  some  arithmetical  operations 
which  have  been  handed  down  to  us  are  calculations  expressed  in 
terms  of  such  fractions;  and  moreover  they  are  of  special  interest 
as  having  much  in  common  with  the  modern  system  of  decimal 
fractions,  with  the  difference  of  course  that  the  submultiple  is  60 
instead  of  10.  The  scheme  of  sexagesimal  fractions  was  used  by  the 
Greeks  in  astronomical  calculations  and  appears  fully  developed  in 
the  orvvraits  of  Ptolemy.  The  circumference  of  a  circle,  and  along 
with  it  the  four  right  angles  subtended  by  it  at  the  centre,  are 
divided  into  360  parts  (r/xif/jtara  or  iiolpai)  or  as  we  should  say  degrees, 
each  fxolpa  into  60  parts  called  {first)  sixtieths,  (Trpwra)  k^r^Koa-rd, 
or  minutes  (XcTrra),  each  of  these  again  into  Scvrcpa  e^rjKoa-Ta  (seconds), 
and  so  on.     A  similar  division  of  the  radius  of  the  circle  into  60 

*  Diophantus  has  a  general  method  of  expressing  fractions  which  is  the 
exact  reverse  of    modern    practice;    the   denominator   is  written   above   the 

y  K€  a.  wtr 

numerator,  thus  7=6/3,  /m  =  21/25,  and  pK^.  ^^t?  =  1,270,568/10,816.  Some- 
times he  writes   down  the  numerator  and  then  introduces  the  denominator 

with  h  fioplip  or  fjLoplov,  e.g.  ri.^fJLop,  X7.  axposr  =  8,069,000/331,776. 


1 

112 

+  224> 

1^1 

3^  +  H2» 

1 

+  ^k- 
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parts  {rfxriiJLara)  was  also  made,  and  these  were  each  subdivided  into 
sixtieths,  and  so  on.  Thus  a  convenient  fractional  system  was 
available  for  general  arithmetical  calculations,  expressed  in  units  of 
any  magnitude  or  character,  so  many  of  the  fractions  which  we 
should  represent  by  ^^^,  so  many  of  those  which  we  should  write 
(^V)^>  {^ofy  ^^^  ®^  ^^  ^^  ^^y  extent.  It  is  therefore  not  surprising 
that  Ptolemy  should  say  in  one  place  "  In  general  we  shall  use  the 
method  of  numbers  according  to  the  sexagesimal  manner  because  of 
the  inconvenience  of  the  [ordinary]  fractions."  For  it  is  clear  that 
the  successive  submultiples  by  60  formed  a  sort  of  frame  with  fixed 
compartments  into  which  any  fractions  whatever  could  be  located, 
and  it  is  easy  to  see  that  e.g.  in  additions  and  subtractions  the 
sexagesimal  fractions  were  almost  as  easy  to  work  with  as  decimals 
are  now,  60  units  of  one  denomination  being  equal  to  one  unit  of 
the  next  higlier  denomination,  and  "carrying"  and  "borrowing" 
being  no  less  simple  than  it  is  when  the  number  of  units  of  one 
denomination  necessary  to  make  one  of  the  next  higher  is  10  instead 
of  60.  In  expressing  the  units  of  the  circumference,  degrees,  ^olpai 
or  the  symbol  /x  was  generally  used  along  with  the  ordinary  numeral 
which  had  a  stroke  above  it ;  minutes^  seconds,  etc.  were  expressed 
by  one,  two,  etc.  accents  affixed  to  the  numerals.  Thus  pLft  =  2°, 
fiotpiov  fjL^  fjL/3'  fji!'  =  47°  42'  40".  Also  where  there  was  no  unit  in  any 
particular  denomination  O  was  used,  signifying  ov8e/xta  fxotpa,  ovBiv 
k^riKocTTov  and  the  like  ;  thus  O  a  ji"  O'"  =  0°  1'  2"  0'".  Similarly,  for 
the  units  representing  the  divisions  of  the  radius  the  word  rfiyfiara 
or  some  equivalent  was  used,  and  the  fractions  were  represented  as 
before ;  thus  TfxrjfxdTMv  i^  8'  vc"  =  67  (units)  4'  55''. 

§  2.    Addition  and  Subtraction. 

There  is  no  doubt  that,  in  writing  down  numbers  for  these 
purposes,  the  several  powers  of  10  were  kept  separate  in  a  manner 
corresponding  practically  to  our  system  of  numerals,  and  the 
hundreds,  thousands,  etc.,  were  written  in  separate  vertical  rows. 
The  following  would  therefore  be  a  typical  form  of  a  sum  in  addition  ; 

avKh'=    1424 
'  p    y'  103 

M/3o-7ra'      12281 
M      X'        30030 


M^ycoX  V     43838 
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and  the  mental  part  of  the  work  would  be  the  same  for  the  Greek  as 
for  us. 

Similarly  a  subtraction  would  be  represented  as  follows : 

M,rxXr'=  93636 
M^yv  0'     23409 

M    o-kC     70227 

§  3.    Multiplication. 

A  number  of  instances  are  given  in  Eutocius'  commentary  on 
the  Measuremevit  of  a  circle,  and  the  similarity  to  our  procedure  is 
just  as  marked  as  in  the  above  cases  of  addition  and  subtraction. 
The  multiplicand  is  written  first,  and  below  it  the  multiplier  preceded 
by  €7rt  (="into").  Then  the  highest  power  of  10  in  the  multiplier 
is  taken  and  multiplied  into  the  terms  containing  the  separate 
multiples  of  the  successive  powers  of  10,  beginning  with  the  highest 
and  descending  to  the  lowest ;  after  which  the  next  highest  power 
of  10  in  the  multiplier  is  multiplied  into  the  various  denominations 
in  the  multiplicand  in  the  same  order.  The  same  procedure  is 
followed  where  either  or  both  of  the  numbers  to  be  multiplied 
contain  fractions.  Two  instances  from  Eutocius  are  appended  from 
which  the  whole  procedure  will  be  understood. 
(1)  i/ttt'  780 

iirl  xj/tt'  X  780 


fid  € 

MM^s-'        490000  56000 

M,r,rv'       56000   6400 


ofiovMrjv  sum   608400 

(2) 

^yty  L'T  3013|J[-3013|] 

iirl  ;yii  VIT X  30131 1 

^  y 
MM.ea4>ipv'  9,000,000     30,000     9,000     1500     750 

M/oX€'/3'  'J'                                30,000  100  30  5  2 J 

fikffa' L"  WT                        9,000  30  9  1^  J  +  J 

^acjb'cV  UTi)"                          1,500  5  l|  I  1 

^v'P'  L"  UT-n'^^'' 750  2|  l  +  l  I  tV 

[6/xoi}]  Mfi^O'is-"     [9,041,250  +  30,137J  +  9,041^  +  1506  + 1  + 1  +  i 

-,753  +  i  +  |  +  3-V] 
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One  instance  of  a  similar  multiplication  of  numbers  involving 
fractions  may  be  given  from  Heron  (pp.  80,  81).  It  is  only  one  of 
many,  and,  for  brevity,  the  Greek  notation  will  be  omitted.  Heron 
has  to  find  the  product  of  4f |  and  7f  J,  and  proceeds  as  follows  : 

4  .  7  =  28, 

A      62  _  248 

3  3      7  _  231 

^ 4  .   <    -  -ig-4-j 

3  3      e2_2046        1_31,62        1 
^¥  •  "S"4  —  ~^4 ■"  •  ¥T  -  ■6"4  "^  ^T  •  IHk' 

The  result  is  accordingly 

9Q,510,62        1     _9fti7.62,62        1 

^c5  +  -gr4-  +  ^4  .  -g-x  -  ^o  +  <  +  g-T  +  ¥4  •  ¥4 

=  35  +  ^1  + 1-| .  -/^. 

The  multiplication  of  37°  4'  55"  (in  the  sexagesimal  system)  by 
itself  is  performed  by  Theon  of  Alexandria  in  his  commentary  on 
Ptolemy's  (rwrafis  in  an  exactly  similar  manner. 

§  4.    Division. 

The  operation  of  dividing  by  a  number  of  one  digit  only  was 
easy  for  the  Greeks  as  for  us,  and  what  we  call  "long  division"  was 
with  them  performed,  mutatis  mutandis,  in  the  same  way  as  now 
with  the  help  of  multiplication  and  subtraction.  Suppose,  for 
instance,  that  the  operation  in  the  first  case  of  multiplication  given 

above  had  to  be  reversed  and  that  Mrjv  (608,400)  had  to  be  divided 
by  xf/TT  (780).  The  terms  involving  the  difierent  powers  of  10  would 
be  mentally  kept  separate  as  in  addition  and  subtraction,  and  the 
first  question  would  be,  how  many  times  will  7  hundreds  go  into  60 
myriads,  due  allowance  being  made  for  the  fact  that  the  7  hundreds 
have  80  behind  them  and  that  780  is  not  far  short  of  8  hundreds'? 
The  answer  is  7  hundreds  or  \p\  and  this  multiplied  by  the  divisor 

\f/7r'  (780)  would  give  M/  (546,000)  which,  subtracted  from  Mr]v 

(608,400),  leaves  the  remainder  M^^v  (62,400).  This  remainder  has 
then  to  be  divided  by  780  or  a  number  approaching  8  hundreds,  and 
8  tens  or  ir'  would  have  to  be  tried.  In  the  particular  case  the 
result  would  then  be  complete,  the  quotient  being  i^tt'  (780),  and 
there  being  no  remainder,  since  tt'  (80)  multiplied  by  ^w  (780)  gives 

the  exact  figure  M^pv  (62,400). 
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An  actual  case  of  long  division  where  the  dividend  and  divisor 
contain  sexagesimal  fractions  is  described  by  Theon.  The  problem 
is  to  divide  1515  20'  15''  by  25  12'  10",  and  Theon's  account  of  the 
process  comes  to  this. 


Divisor 

Dividend 

Quotient 

25  12'  10" 

1515 
25.60  =  1500 
Remainder      15  = 

20' 

:r900' 

15" 

First  term  60 

Sum 

920' 

12'.  60  = 

720' 

Remainder 

200' 

10".  60  = 

10' 

Remainder 
25.7'  = 

190' 
175' 
15'  = 

=  900" 

Second  term  7' 

Sum 

915" 

12'.  r 

84" 

Remainder 

831" 

10".  7' 

Remainder 

25 .  33" 

1" 

829" 
825" 

10'" 
50"' 

Third  term  33" 

Remainder 

4" 

50'"  = 

290'" 

12'.  33" 

396'" 

(too  great  by)  106'" 

Thus  the  quotient  is  something  less  than  60  7'  33".  It  vi^ill  be 
observed  that  the  difference  between  this  operation  of  Theon's  and 

that  followed  in  dividing  M^rjv  (608,400)  by  xj/tt'  (780)  as  above  is 
that  Theon  makes  three  subtractions  for  one  term  of  the  quotient, 
whereas  the  remainder  was  arrived  at  in  the  other  case  after  one 
subtraction.  The  result  is  that,  though  Theon's  method  is  quite 
clear,  it  is  longer,  and  moreover  makes  it  less  easy  to  foresee  what 
will  be  the  proper  figure  to  try  in  the  quotient,  so  that  more  time 
would  be  apt  to  be  lost  in  making  unsuccessful  trials. 

§  5.    Extraction  of  the  square  root. 

We  are  now  in  a  position  to  see  how  the  operation  of  extracting 
the  square  root  would  be  likely  to  be  attacked.  First,  as  in  the  case 
of  division,  the  given  whole  number  whose  square  root  is  required 
would  be  separated,  so  to  speak,  into  compartments  each  containing 
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such  and  such  a  number  of  units  and  of  the  separate  powers  of  10. 
Thus  there  would  be  so  many  units,  so  many  tens,  so  many  hundreds, 
etc.,  and  it  would  have  to  be  borne  in  mind  that  the  squares  of 
numbers  from  1  to  9  would  lie  between  1  and  99,  the  squares  of 
numbers  from  10  to  90  between  100  and  9900,  and  so  on.  Then  the 
first  term  of  the  square  root  would  be  some  number  of  tens  or 
hundreds  or  thousands,  and  so  on,  and  would  have  to  be  found  in 
much  the  same  way  as  the  first  term  of  a  quotient  in  a  "long 
division,"  by  trial  if  necessary.  If  A  is  the  number  whose  square 
root  is  required,  while  a  represents  the  first  term  or  denomination  of 
the  square  root  and  x  the  next  term  or  denomination  still  to  be 
found,  it  would  be  necessary  to  use  the  identity  (a  +  xf  =  a^+  2ax  +  oi? 
and  to  find  x  so  that  2o^aj  +  x^  might  be  somewhat  less  than  the 
remainder  A  —  aJ^.  Thus  by  trial  the  highest  possible  value  of  x 
satisfying  the  condition  would  be  easily  found.  If  that  value  were 
6,  the  further  quantity  2ah  +  If  would  have  to  be  subtracted  from 
the  first  remainder  A  -  a^,  and  from  the  second  remainder  thus  left 
a  third  term  or  denomination  of  the  square  root  would  have  to  be 
derived,  and  so  on.  That  this  was  the  actual  procedure  adopted  is 
clear  from  a  simple  case  given  by  Theon  in  his  commentary  on  the 
o-wTttft?.  Here  the  square  root  of  144  is  in  question,  and  it  is 
obtained  by  means  of  Eucl.  ii.  4.  The  highest  possible  denomina- 
tion (i.e.  power  of  10)  in  the  square  root  is  10  ;  10^  subtracted  from 
144  leaves  44,  and  this  must  contain  not  only  twice  the  product  of 
10  and  the  next  term  of  the  square  root  but  also  the  square  of  that 
next  term  itself.  Now,  since  2  .  10  itself  produces  20,  the  division 
of  44  by  20  suggests  2  as  the  next  term  of  the  square  root ;  and 
this  turns  out  to  be  the  exact  figure  required,  since 

2.20  +  2^  =  44. 

The  same  procedure  is  illustrated  by  Theon's  explanation  of 
Ptolemy's  method  of  extracting  square  roots  according  to  the 
sexagesimal  system  of  fractions.  The  problem  is  to  find  approxi- 
mately the  square  root  of  4500  /xotpat  or  degrees,  and  a  geometrical 
figure  is  used  which  makes  clear  the  essentially  Euclidean  basis  of 
the  whole  method.  Nesselmann  gives  a  complete  reproduction  of 
the  passage  of  Theon,  but  the  following  purely  arithmetical  represen- 
tation of  its  purport  will  probably  be  found  clearer,  when  looked  at 
side  by  side  with  the  figure. 

Ptolemy  has  first  found  the  integral  part  of  \^4500  to  be  67. 
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Now  67^  =  4489,  so  that  the  remainder  is  11.  Suppose  now  that 
the  rest  of  the  square  root  is  expressed  by  means  of  the  usual 
sexagesimal  fractions,  and  that  we  may  therefore  put 


s/4500=V6r-fll  =  67+^  +  ^|, 


2.67i» 


where  x,  y  are  yet  to  be  found.     Thus  x  must  be  such  that      ,^ 

60 

11^0 

2.67 


is  somewhat  less  than  11,  ox  x  must  be  somewhat  less  than 


330 


or  ~^,  which  is  at  the  same  time  greater  than  4.  On  trial,  it 
turns  out  that  4  will  satisfy  the  conditions  of  the  problem,  namely 
that  f  67  +  g^  j  must  be  less  than  4500,  so  that  a  remainder  will 
be  left  by  means  of  which  y  may  be  found. 


67« 
4489 

4' 
268' 

55" 

4'                   268' 

16" 

55"                  3688"  40'" 

X 

2.  67.  4      /  4  \2 
Now  11 ~-~^ /  ^  j   is  the  remainder,  and  this  is  equal  to 

11.60'-2.67.4..60-16     7424 


60^ 


60^^ 


/         4  \    V  7424 

Thus  we  must  suppose  that  ^  ( ^^  +  ^  )  z»a2  approximates  to  -^^  , 

or  that  8048y  is  approximately  equal  to  7424  .  60. 
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Therefore  y  is  approximately  equal  to  55.  We  have  then  to 
subtract 

o/«>7      ^\^^      /^5\'  442640     3025 

from  the  remainder  ~^r^  above  found. 

mi         ..      ^.        .  442640  „         7424     .        2800        46      40 
The  subtraction  of  ~^^^  from  -^  gives  -^,  or  -,  ,-  -3 ; 

but  Theon  does  not  go  further  and  subtract  the  remaining  ~^^  , 

instead   of   which    he    merely   remarks    that    the    square   of     — 

60^ 
.      ,  46      40 

approximates  to  ^^  +  ^--3 .     As  a  matter  of  fact,  if  we  deduct  the 

3025    .  2800  ,     .       , 

gQ4     trom    ---—- ,   so   as   to   obtain   the   correct   remainder,  it   is 

„        .  ^    ^    164975 
found  to  be  —^^ . 

To  show  the  power  of  this  method  of  extracting  square  roots  by 
means  of  sexagesimal  fractions,  it  is  only  necessary  to  mention  that 

-D,  T  .        103      55       23  ,  ,- 

rtolemy  gives  -^  +  —  +  r^  as  an  approximation  to  V3,  which 

approximation  is  equivalent  to  1*7320509  in  the  ordinary  decimal 
notation  and  is  therefore  correct  to  6  places. 

But  it  is  now  time  to  pass  to  the  question  how  Archimedes 
obtained  the  two  approximations  to  the  value  of  \/3  which  he 
assumes  in  the  Measurement  of  a  circle.  In  dealing  with  this 
subject  I  shall  follow  the  historical  method  of  explanation  adopted 
by  Hultsch,  in  preference  to  any  of  the  mostly  a  priori  theories 
which  the  ingenuity  of  a  multitude  of  writers  has  devised  at 
different  times. 


§  6.    Early  investigations  of  surds  or  incommensurables. 

From  a  passage  in  Proclus'  commentary  on  Eucl.  i.  *  we  learn 
that  it  was  Pythagoras  who  discovered  the  theory  of  irrationals 
(yj  rwv  d\6y(j)v  Trpayfxareta).  Further  Plato  says  (Theaetetus  147d), 
"On  square  roots  this  Theodorus  [of   Cyrene]  wrote  a  work   in 

*  p.  65  (ed.  Friedlein). 
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which  he  proved  to  us,  with  reference  to  those  of  3  or  5  [square]  feet 
that  they  are  incommensurable  in  length  with  the  side  of  one  square 
foot,  and  proceeded  similarly  to  select,  one  by  one,  each  [of  the  other 
incommensurable  roots]  as  far  as  the  root  of  17  square  feet,  beyond 
which  for  some  reason  he  did  not  go."  The  reason  why  \/2  is  not 
mentioned  as  an  incommensurable  square  root  must  be,  as  Cantor 
says,  that  it  was  before  known  to  be  such.  We  may  therefore 
conclude  that  it  was  the  square  root  of  2  which  was  geometrically 
constructed  by  Pythagoras  and  proved  to  be  incommensurable  with 
the  side  of  a  square  in  which  it  represented  the  diagonal.  A  clue 
to  the  method  by  which  Pythagoras  investigated  the  value  of  v2 
is  found  by  Cantor  and  Hultsch  in  the  famous  passage  of  Plato 
{Rep,  VIII.  546  b,  c)  about  the  *  geometrical '  or  *  nuptial '  number. 
Thus,  when  Plato  contrasts  the  p-qrrj  and  app-qros  8ta/u,€Tpo9  rrj<; 
?r€ju,7ra8o5,  he  is  referring  to  the  diagonal  of  a  square  whose  side 
contains  ^yq  units  of  length ;  the  appyfro^  StajitcTpos,  or  the  irrational 
diagonal,  is  then  v50  itself,  and  the  nearest  rational  number  is 
/s/50-1,  which  is  the  p-qri^  Stajaerpos.  We  have  herein  the 
explanation  of  the  way  in  which  Pythagoras  must  have  made  the 
first  and  most  readily  comprehensible  approximation  to  s/2 ;  he 
must  have  taken,  instead  of  2,  an  improper  fraction  equal  to  it  but 
such  that  the  denominator  was  a  square  in  any  case,  while  the 
numerator  was  as  near  as  possible  to  a  complete  square.     Thus 

Pythagoras    chose    ^,   and  the  first  approximation   to    \/2    was 

7  -    7  . 

accordingly  ^ ,   it   being  moreover  obvious  that   \/2  >  - .     Again, 

Pythagoras  cannot  have  been  unaware  of  the  truth  of  the 
proposition,  proved  in  Eucl.  ii.  4,  that  {a  +  by  =  a^  +  2ab  +  b^,  where 
a,  b  are  any  two  straight  lines,  for  this  proposition  depends  solely 
upon  propositions  in  Book  i.  which  precede  the  Pythagorean 
proposition  i.  47  and  which,  as  the  basis  of  i.  47,  must  necessarily 
have  been  in  substance  known  to  its  author.  A  slightly  different 
geometrical  proof  would  give  the  formula  {a-bf  =  aP  —  2ab  +  b^, 
which  must  have  been  equally  well  known  to  Pythagoras.  It  could 
not  therefore  have  escaped  the  discoverer  of  the  first  approximation 
\/50  —  1  for  /s/50  that  the  use  of  the  formula  with  the  positive  sign 

would  give  a  much  nearer  approximation,  viz.  7  +  r-j ,  which  is  only 
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greater  than  J 50  to  the  extent  of  (^7)  .     Thus  we  may  properly 
assign  to  Pythagoras  the  discovery  of  the  fact  represented  by 

7~>x/50>7. 
14 

The    consequential    result    that    \/2  >  ^  \/50  - 1    is    used    by 

Aristarchus  of   Samos  in  the  7th  proposition  of  his  work  On  the 
size  and  distances  of  the  sun  and  moon*. 

With  reference  to  the  investigations  of  the  values  of  J3,  \/5, 

vB, \/l7    by   Theodorus,    it   is    pretty    certain    that    \/3    was 

geometrically  represented  by  him,  in  the  same  way  as  it  appears 

*  Part  of  the  proof  of  this  proposition  was  a  sort  of  foretaste  of  the  first  part 
of  Prop.  3  of  Archimedes'  Measurement  of  a 
circle,  and  the  substance  of  it  is  accordingly 
appended  as  reproduced  by  Hultsch. 

ABEK  is  a  square,  KB  a  diagonal,  l  HBE 
=:^  Z  KBE,  I  FBE  =  S°,  and  ^C  is  perpendicu- 
lar  to  BF  so  that  the  triangles  A  CB,  BEF  are 
similar. 

Aristarchus  seeks  to  prove  that 
AB  :  BC  >  IS:  1. 
If  R  denote  a  right   angle,  the  angles  KBE, 
HBE,  FBE  are  respectively  f^i?,  |fi?,  /^22. 

Then        HE  :  FE  >  i  HBE  :  L  FBE. 

[This  is  assumed  as  a  known  lemma  by  Aristarchus  as  well  as  Archimedes.] 

Therefore  HE  :  FE  >  15  :  2 (a). 

Now,  by  construction,  BK^=2BE^. 


Also  [Eucl.  VI.  3] 
whence 

And,  since 
so  that 


BK:BE=KH:HE; 
KH=s/2HE. 


V2 


n/ 


50-1 


25 


KH'.HE>1:  6, 
KE  :EH>  12  :  5 

From  (a)  and  (j8),  ex  aequali, 

KEiFE^lQ  :  1. 

Therefore,  since 


•(|3). 


so  that,  by  similar  triangles, 


BF  >  BE  (or  KE), 
BF:FE:>  IS:  1, 


AB  :BG>  IS  I  1. 
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afterwards  in  Archimedes,  as  the  perpendicular  from  an  angular 
point  of  an  equilateral  triangle  on  the  opposite  side.  It  would 
thus  be  readily  comparable  with  the  side  of  the  "  1  square  foot " 
mentioned  by  Plato.  The  fact  also  that  it  is  the  side  of  three 
&qaa.Ye/eet  {rpiwovs  8wa/xts)  which  was  proved  to  be  incommensurable 
suggests  that  there  was  some  special  reason  in  Theodorus'  proof  for 
specifying  feet,  instead  of  units  of  length  simply;  and  the  ex- 
planation is  probably  that  Theodoras  subdivided  the  sides  of  his 
triangles  in  the  same  way  as  the  Greek  foot  was  divided  into 
halves,    fourths,    eighths   and    sixteenths.      Presumably   therefore, 

exactly  as   Pythagoras  had  approximated   to    J2   by  putting   -^— 

48 
for  2,  Theodorus  started  from  the  identity  3  =  r-^  .     It  would  then 

be  clear  that 


V3<y 


48  +  1     .      7 
I.e.  -, 


16     '  4' 

To  investigate  v48  further,  Theodorus  would  put  it  in  the  form 
\/49  —  1,  as  Pythagoras  put  \/50  into  the  form  \/49  +  1,  and  the 
result  would  be 

1 


V48(=.V49-1)<7-^, 

We  know  of   no  further  investigations  into  incommensurable 
square  roots  until  we  come  to  Archimedes. 

§  7.    Archimedes'  approximations  to  VS. 

Seeing  that  Aristarchus  of  Samos  was  still  content  to  use  the 

first  and  very  rough  approximation  to  \/2  discovered  by  Pythagoras, 

it  is  all  the  more  astounding  that  Aristarchus'  younger  contemporary 

Archimedes  should  all  at  once,  without  a  word  of  explanation,  give 

out  that 

1351       ,^     265 
>  si  6  > 


780      ^153' 

as  he  does  in  the  Measurement  of  a  circle. 

In  order  to  lead  up  to  the  explanation  of  the  probable  steps  by 
which  Archimedes  obtained  these  approximations,  Hultsch  adopts 
the  same  method  of  analysis  as  was  used  by  the  Greek  geometers  in 
solving  problems,  the  method,  that  is,  of  supposing  the  problem 
solved  and  following  out  the  necessary  consequences.     To  compare 
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265  1351 

the  two  fractions  ^c^  and     ^^  ,  we  first  divide  both  denominators 

into  their  smallest  factors,  and  we  obtain 

780  =  2.2.3.5.13, 

153  =  3.3.17. 

We  observe  also  that  2 .  2  .  13  =  52,  while  3  .  17  =  51,  and  we  may 
therefore  show  the  relations  between  the  numbers  thus, 

780  =  3.5.52, 
153  =  3.51. 

For   convenience   of   comparison  we  multiply  the  numerator  and 

265 
denominator  of  j^  by  5  ;  the  two  original  fractions  are  then 

1351         ,    1325 
and 


15.52  15.51' 

so  that  we  can  put  Archimedes'  assumption  in  the  form 

1351     ,^  ro     1325 
^^>15s/3>   ^, 

and  this  is  seen  to  be  equivalent  to 

26-l>15V3>264. 

Now   26-^  =  ^  26^^  —  1  +  (^j  ,    and  the  latter   expression 
is  an  approximation  to  \/26^-L 

We  have  then  ^^  ~  50  >  n/26'-1. 

As   26  —  ^^  was   compared  with   15^/3,  and  we  want  an   ap- 
proximation  to  J 3  itself,  we  divide  by  15  and  so  obtain 

\/3,   and    it    follows 


But 

i./26'. 

-          /676-1          7675 
"■  V      225     ~  V  225 

that 

U^'-My-/'- 

The  lower  limit  for  \/3  was  given  by 

^»>i(^«4). 

H.  A.  / 
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and  a  glance  at  this  suggests  that  it  may  have  been  arrived  at  by 
simply  substituting  (52—1)  for  52. 

Now  as  a  matter  of  fact  the  following  proposition  is  true.  If 
a? ±h  18  a  whole  number  vjhich  is  not  a  square,  while  o?  is  the  nearest 
square  numher  (above  or  below  the  first  number,  as  the  case  may  be), 
then 

^  ±  o~~  ^  "^^^  —  ^  >  <^  ±  < 


'2a  -  ''2a±l' 

Hultsch  proves  this  pair  of  inequalities  in  a  series  of  propositions 
formulated  after  the  Greek  manner,  and  there  can  be  little  doubt 
that  Archimedes  had  discovered  and  proved  the  same  results  in 
substance,  if  not  in  the  same  form.  The  following  circumstances 
confirm  the  probability  of  this  assumption. 

(1)     Certain   approximations  given   by   Heron   show   that   he 
knew  and  frequently  used  the  formula 

\/a^ ±bcoa±-=i- , 
2a 

(where  the  sign  co  denotes  "is  approximately  equal  to"). 
Thus  he  gives  \/50  co  7  + 


n/63cn5  8- 
V75co8  + 


14' 

1_ 

16' 

11 

16' 


(2)     The  formula  \la^  +  bo^a  +  ^ r   is  used  by  the  Arabian 

Alkarkhi  (11th  century)  who  drew  from  Greek  sources  (Cantor, 

p.  719  sq.). 

It  can  therefore  hardly  be  accidental  that  the  formula 

b        i-z — T  ^ 

flt  +       >  ^^«  ±o>a±  fT-T-T 
2a  2a  ±1 

gives  us  what  we  want  in  order  to  obtain  the  two  Archimedean 
approximations  to  -s/S,  and  that  in  direct  connexion  with  one 
another*. 

*  Most  of  the  a  priori  theories  as  to  the  origin  of  the  approximations  are 
open  to  the  serious  objection  that,  as  a  rule,  they  give  series  of  approximate 
values  in  which  the  two  now  in  question  do  not  follow  consecutively,  but  are 
separated  by  others  which  do  not  appear  in  Archimedes.  Hultsch's  explanation 
is  much  preferable  as  being  free  from  this  objection.  But  it  is  fair  to  say  that 
the  actual  formula  used  by  Hultsch  appears  in  Hunrath's  solution  of  the  puzzle 
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We  are  now  in  a  position  to  work  out  the  synthesis  as  follows. 
From  the  geometrical  representation  of  \/3  as  the  perpendicular 
from  an  angle  of  an  equilateral  triangle  on  the  opposite  side  we 
obtain  \IV  —\~  \/3  and,  as  a  first  approximation, 

2-7>n/3. 
4 

Using  our  formula  we  can  transform  this  at  once  into 

(1\        5 
2  —  ^  j,  or  ^,  and  would  obtain 

-^  ,  which  he  would  compare  with  3,  or  -q-  ;   i.e.    he  would   put 
V3  =  .  /  "^~-- "  and  would  obtain 


|(5  4)>Ai...||>V3. 


3' 

To  obtain  a  still  nearer  approximation,  he  would  proceed  in  the 

,  /26y        676      ...       675      , 

same  manner  and  compare  (  y^  j  ,  or  ^^ ,  with  3,  or  -^  ,  whence  it 

would  appear  that  \/3  =  ^  ~  ^^^  - , 

and  therefore  that  ^5  f  26  —  —  j  >  J\ 

.       .  1351       /H 

that  IS,  -Y^>slo, 

The  application  of  the  formula  would  then  give  the  result 

,,    _  ,-     1326-1  265 

that  IS,  V3>-^g-g^,or  jgg. 

The  complete  result  would  therefore  be 

1351       /r     265 
^->V3>^3. 

{Die  Berechnung  irrationaler  Quadratwurzeln  vor  der  Herrschaft  der  Decimal- 
hrUche,  Kiel,  1884,  p.  21;  of.  Ueber  das  Ausziehen  der  Quadratwurzel  bei 
Gnechen  und  Indern,  Hadersleben,  1883),  and  the  same  formula  is  implicitly 
used  in  one  of  the  solutions  suggested  by  Tannery  {Sur  la  mesure  du  cerele 
d'Archimede  in  Mimoires  de  la  sociiU  des  sciences  physiques  et  naturelles  de 
Bordeaux,  2^  s6rie,  iv.  (1882),  p.  313-337). 

/2 
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Thus  Archimedes  probably  passed  from  the  first  approximation 
-r  to  ^ ,  from  Q  *<^  tr  »  *^^  from  j^  directly  to    ^^^  ,  the  closest 

approximation  of  all,  from  which  again  he  derived  the  less  close 

265 
approximation    ^    .     The  reason  why  he  did  not  proceed  to  a  still 

1351 
nearer  approximation  than    ^^^  is  probably  that  the  squaring  of 

this  fraction  would  have  brought  in  numbers  much  too  large  to  be 

conveniently  used  in  the  rest  of  his  calculations.     A  similar  reason 

5  7 

will  account  for  his  having  started  from  ^  instead  of  j;  if  he  had 

used  the  latter,  he  would  first  have  obtained,  by  the  same  method, 

_        /49  —  i  7 ^~-        —  97        — 

V^3  =  >/  ,  and  thence    — ~M>v/3,  or   ^>n/3;  the  squaring 

97                                          ~     ^972  _  T 
of  ^   would   have   given    J 3  = ^ — ,   and   the   corresponding 

approximation  would  have  given  -^ — r^-r ,  where  again  the  numbers 
are  inconveniently  large  for  his  purpose. 

§  8.  Approximations  to  the  square  roots  of  large 
numbers. 

Archimedes  gives  in  the  Measurement  of  a  circle  the  following 
approximate  values : 

(1)  3013|>V9082321, 

(2)  1838^9_.>  ^3380929, 

(3)  ^  1009|>n/1018405, 

(4)  2017i>^/4069284^V> 

(5)  591i<N/349450, 

(6)  1172|<x/l373943ff, 

(7)  2339J  <  n/5472  i  32tV 

There  is  no  doubt  that  in  obtaining  the  integral  portion 
of  the  square  root  of  these  numbers  Archimedes  used  the  method 
based  on  the  Euclidean   theorem  {a  +  bf  =  a^+  2ab  +  6*  which  has 
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already  been  exemplified  in  the  instance  given  above  from  Theon, 
where  an  approximation  to  n/4500  is  found  in  sexagesimal  fractions. 
The  method  does  not  substantially  differ  from  that  now  followed;  but 
whereas,  to  take  the  first  case,  \/908232T,  we  can  at  once  see  what 
will  be  the  number  of  digits  in  the  square  root  by  marking  off  pairs 
of  digits  in  the  given  number,  beginning  from  the  end,  the  absence 
of  a  sign  for  0  in  Greek  made  the  number  of  digits  in  the  square 
root  less  easy  to  ascertain  because,  as  written  in  Greek,  the  number 

MpTKa  only  contains  six  signs  representing  digits  instead  of  seven. 
Even  in  the  Greek  notation  however  it  would  not  be  difficult  to  see 
that,  of  the  denominations,  units,  tens,  hundreds,  etc.  in  the  square 
root,  the  units  would  correspond  to  Ka  in  the  original  number,  the 

tens  to  Pt,  the  hundreds  to  M,  and  the  thousands  to  M.  Thus  it 
would  be  clear  that  the  square  root  of  9082321  must  be  of  the  form 

1000a; +IOO2/ 4- 10:2; +  w?, 

where  x,  y,  z,  w  can  only  have  one  or  other  of  the  values  0,  1,  2, ...  9. 
Supposing  then  that  x  is  found,  the  remainder  iV~(1000aj)^  where 
N  is  the  given  number,  must  next  contain  2 .  1000a;.  lOOy  and 
(IOOt/Y,  then  2  (1000a;  + lOOy) .  10;s  and  (lO^;)^  after  which  the 
remainder  must  contain  two  more  numbers  similarly  formed. 

In  the  particular  case  (1)  clearly  a;  =  3.  The  subtraction  of 
(3000)'  leaves  82321,  which  must  contain  2 .  3000 .  lOOy.  But,  even 
if  2/  is  as  small  as  1,  this  product  would  be  600,000,  which  is  greater 
than  82321.  Hence  there  is  no  digit  representing  hundreds  in  the 
square  root.     To  find  z,  we  know  that  82321  must  contain 

2,3000  AOz-¥{lOzy, 

and  z  has  to  be  obtained  by  dividing  82321  by  60,000.  Therefore 
«=  1.     Again,  to  find  w,  we  know  that  the  remainder 

(82321 -2.  3000. 10- 10^), 

or  22221,  must  contain  2 .  SOlOw -h  u^,  and  dividing  22221  by 
2.3010  we  see  that  w  =  3.  Thus  3013  is  the  integral  portion  of 
the  square  root,  and  the  remainder  is  22221 -(2.  3010.  3 +  3^),  or 
4152. 

The  conditions  of  the  proposition  now  require  that  the  approxi- 
mate value  to  be  taken  for  the  square  root  must  not  be  less  than 
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the  real  value,  and  therefore  the  fractional  part  to  be  added  to  3013 

must  be  if  anything  too  great.     Now  it  is  easy  to  see  that  the 

1  1     /1\^ 

fraction  to  be  added  is  greater  than  ^  because  2.3013.^  +  f^)  is 

less  than  the  remainder  4152.     Suppose   then   that   the   number 

required  (which   is   nearer   to   3014   than   to   3013)  is  3014--, 

and  -  has  to  be  if  anything  too  small. 

Now     (3014)^  -  (3013)'  +  2 .  3013  +  1  =  (3013)'  +  6027 
=  9082321  -  4152  +  6027, 
whence  9082321  =  (3014)'  -  1875. 

By  applying  Archimedes'  formula  sjc^ ±h<a±  —  ^  we  obtain 
3014-.i^>x/9082321. 

The  required  value  ~  has  therefore  to  be  not  greater  than  ttttk^  . 
q  6028 

V  1 

It  remains  to  be  explained  why  Archimedes  put  for  -  the  value  j 

which  is  equal  to  ^  ^    .     In  the  first  place,  he  evidently  preferred 

fractions   with   unity  for   numerator   and    some    power   of    2   for 

denominator  because  they  contributed  to  ease  in  working,  e.g.  when 

two  such  fractions,  being  equal  to  each  other,  had  to  be  added. 

9  1 

(The  exceptions,  the  fractions  jj  and  ^,  are  to  be  explained  by 

exceptional  circumstances  presently  to  be  mentioned.)  Further,  in 
the  particular  case,  it  must  be  remembered  that  in  the  subsequent 

work  2911  had  to  be  added  to  3014 --  and  the  sum  divided  by  780, 

or  2.  2.  3 .  5. 13.  It  would  obviously  lead  to  simplification  if  a 
factor  could  be  divided  out,  e.g.  the  best  for  the  purpose,  13.  Now, 
dividing  2911  +3014,  or  5925,  by  13,  we  obtain  the  quotient  455, 

and  a  remainder  10,  so  that  10--  remains  to  be  divided  by  13. 

Therefore  -  has  to  be  so  chosen  that  10^~  jo  is  divisible  by  13,  while 

p  .  ,       .  ,         1875      ^,         ,     . 

-  approximates  to,  but  is  not  greater  than,  ^tt^.     The  solution 

j3  =  l,  5^5=4  would  therefore  be  natural  and  easy. 
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(2)  V3380929. 

The  usual  process  for  extraction  of  the  square  root  gave  as  the 
integral  part  of  it  1838,  and  as  the  remainder  2685.  As  before,  it 
was  easy  to  see  that  the  exact  root  was  nearer  to  1839  than  to  1838, 
and  that 

V3380929  =  1838^  +  2685  =  1839^  -  2 .  1838  -  1  +  2685 

=  1839^-992. 

The  Archimedean  formula  then  gave 

1839-^-^^3Q>V3380929. 

It  could  not  have  escaped  Archimedes  that  j  was  a  near  approxima- 

..       ^     992         1984     .        1      1839         ,1         ,^  ^  .  ^   , 

tion  to  n^Yk  ^^  7356 '  ^^"^^^  I  ~  r^Ka '  *^^  I  "^^uld  have  satisfied 

the  necessary  condition  that  the  fraction  to  be  taken  must  be  less 

than  the  real  value.     Thus  it  is  clear  that,  in  taking  —r  as  the 

approximate  value  of  the  fraction,  Archimedes  had  in  view  the 
simplification  of  the  subsequent  work  by  the  elimination  of  a  factor. 

If  the  fraction  be  denoted  by  -,  the  sum  of  1839--  and  1823,  or 

3662  -^ ,  had  to  be  divided  by  240,  i.e.  by  6 .  40.  Division  of  3662 
by  40  gave  22  as  remainder,  and  then  p,  q  had  to  be  so  chosen  that 
22--  was  conveniently  divisible  by  40,  while  -  was  less  than  but 

992 
approximately  equal  to  ^^s^  .     The  solution  jp  =  2,  ^=11  was  easily 

seen  to  satisfy  the  conditions. 

(3)  n/1018405. 

The  usual  procedure  gave  1018405  =  1009^  +  324  and  the  ap- 
proximation 

004.         

1009^>n/1018405. 

324 
It  was  here  necessary  that  the  fraction  to  replace  KcyTo  sbould  be 

greater  but  approximately  equal  to  it,  and  -x  satisfied  the  conditions, 
while  the  subsequent  work  did  not  require  any  change  in  it. 
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(4)  N/4d69284^. 

The  usual  process  gave  4069284^V  =  2017' +  995/^;  it  followed 
that 

and  2017:1  was  an   obvious  value   to   take   as   an   approximation 
somewhat  greater  than  the  left  side  of  the  inequality. 

(5)  x/3^450. 

In  the  case  of  this  and  the  two  following  roots  an  approximation 
had  to  be  obtained  which  was  less^  instead  of  greater,  than  the  true 
value.     Thus  Archimedes  had  to  use  the  second  part  of  the  formula 

b  ,2~i  ^ 

2a     ^  2a  ±1 

In  the  particular  case  of  ^349450  the  integral  part  of  the  root  is 
591,  and  the  remainder  is  169.     This  gave  the  result 

and  since  169  =  13^  while  2.  591  +  1  =  7  .  13^  it  resulted  without 
further  calculation  that 

^349450  >  591|. 

Why  then  did  Archimedes  take,  instead  of  this  approximation, 
another  which  was  not  so  close,  viz.  59 1|-?  The  answer  which  the 
subsequent  working  and  the  other  approximations  in  the  first  part  of 
the  proof  suggest  is  that  he  preferred,  for  convenience  of  calculation, 

to  use  for  his  approximations  fractions  of  the  form  ^  only.     But  he 

could  not  have  failed  to  see  that  to  take  the  nearest  fraction  of  this 

form,  -,  instead  of  =  might  conceivably  affect  his  final  result  and 

o  7 

make  it  less  near  the  truth  than  it  need  be.  As  a  matter  of  fact, 
as  Hultsch  shows,  it  does  not  affect  the  result  to  take  591^  and  to 
work  onwards  from  that  figure.  Hence  we  must  suppose  that 
Archimedes  had  satisfied  himself,  by  taking  591^  and  proceeding  on 
that  basis  for  some  distance,  that  he  would  not  be  introducing  any 
appreciable  error  in  taking  the  more  convenient  though  less  accurate 
approximation  59 1|^. 
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(6)  Vr373943|f. 

In  this  case  the  integral  portion  of  the  root  is  1172,  and  the 
remainder  359f  f .     Thus,  if  R  denote  the  root, 

359 

359 
Now  2.1172  +  1  =  2345;    the  fraction  accordingly  becomes  oqTk> 

and  -=  (=okTo)  satisfies  the  necessary  conditions,  viz.  that  it  must 

be  approximately  equal  to,  but  not  greater  than,  the  given  fraction. 
Here  again  Archimedes  would  have  taken  1172^  as  the  approximate 
value  but  that,  for  the  same  reason  as  in  the  last  case,  1172|^  was 
more  convenient. 

(7)  N/5i72r323-V. 

The  integral  portion  of  the  root  is  here  2339,  and  the  remainder 
1211y\^,  ®^  that,  if  R  is  the  exact  root, 

>  2339^,  a  fortiori, 

A  few  words  may  be  added  concerning  Archimedes'  ultimate 
reduction  of  the  inequalities 

'^'"46731^'' ^•'  +  20171 
to  the  simpler  result  3  -  >  tt  >  3  ^  . 

As  a  matter  of  fact  -  =  A^^ ,  so  that  in  the  first  fraction  it  was 
only  necessary  to  make  the  small  change  of  diminishing  the  de- 
nominator by  I  in  order  to  obtain  the  simple  3  =  . 

2844-      1137 
As  regards  the  lower  limit  for  tt,  we  see  that  sht^  =  gnfiQ'  ^^^ 

Hultsch  ingeniously  suggests  the  method  of  tr}dng  the  effect  of 
increasing  the  denominator   of  the  latter  fraction    by   I.      This 
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1137        379 
produces  ^j:— -r  or  '^^^ ;  and,  if  we  divide  2690  by  379,  the  quotient 

is  between  7  and  8,  so  that 

1       379       1 
7  "^  2690  ^  8  • 
Now  it  is  a  known  proposition  (proved  in  Pappus  vii.  p.  689) 

that,  if  F  >  -» »  then  j  >  ^^ — , . 

Similarly  it  may  be  proved  that 

b  +  d     d' 


It  follows  in  the  above  case  that 


379       379  +  1       1 

>   7T, 


2690     2690  +  8     8' 

which  exactly  gives  sr  ^  q  > 

71      o 

10  379  1 

and  7=7^  is  very  much  nearer  to  ^tt^ct,  than  -tt  is. 
71  -^  2690  8 


I^ote  on  alternative  hypotheses  with  regard  to  the 
approximations  to  v3. 

For  a  description  and  examination  of  all  the  various  theories  put 
forward,  up  to  the  year  1882,  for  the  purpose  of  explaining  Archimedes' 
approximations  to  ^/S  the  reader  is  referred  to  the  exhaustive  paper  by 
Dr  Siegmund  Gunther,  entitled  Die  quadratischen  Irrationalitaten  der  Alten 
und  deren  EvUwichelungsTnethoden  (Leipzig,  1882).  The  same  author  gives 
further  references  in  his  Ahriss  der  Geschichte  der  Mathematik  und  der  Natur- 
idssenschaften  im  Altertum  forming  an  Appendix  to  Vol.  v.  Pt.  1  of  Iwan  von 
MuUer's  Handlmch  der  klassischen  Altertums-ivissenschaft  (Miinchen,  1894). 

Gunther  groups  the  different  hypotheses  under  three  general  heads  : 

(1)  those  which  amount  to  a  more  or  less  disguised  use  of  the 
method  of  continued  fractions  and  under  which  are  included  the  solutions 
of  De  Lagny,  MoUweide,  Hauber,  Buzengeiger,  Zeuthen,  P.  Tannery  (first 
solution),  Heilermannj 

(2)  those  which  give  the  approximations  in  the  form  of  a  series 

of  fractions  such  ma-h 1 1 h . . . ;  under  this  class  come  the 

solutions  of  Kadicke,  v.  Pessl,  Eodet  (with  reference  to  the  ^Ivastltras), 
Tannery  (second  solution) ; 
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(3)  those  which  locate  the  incommensurable  surd  between  a  greater 
and  lesser  limit  and  then  proceed  to  draw  the  limits  closer  and  closer. 
This  class  includes  the  solutions  of  Oppermann,  Alexejeff,  Schonborn, 
Hxmrath,  though  the  first  two  are  also  connected  by  GUnther  with  the 
method  of  continued  fractions. 

Of  the  methods  so  distinguished  by  GUnther  only  those  need  be  here 
referred  to  which  can,  more  or  less,  claim  to  rest  on  a  historical  basis 
in  the  sense  of  representing  applications  or  extensions  of  principles  laid 
down  in  the  works  of  Greek  mathematicians  other  than  Archimedes  which 
have  come  down  to  us.  Most  of  these  quasi-historical  solutions  connect 
themselves  with  the  system  of  side-  and  diagonal-numbers  {ttXcvpikoI  and 
8tafX€TpiKo\  dpiBfioi)  explained  by  Theon  of  Smyrna  (c.  130  a.!).)  in  a  work 
which  was  intended  to  give  so  much  of  the  principles  of  mathematics  as 
was  necessary  for  the  study  of  the  works  of  Plato. 

The  side-  and  diagonal-numbers  are  formed  as  follows.  We  start  with 
two  units,  and  (a)  from  the  sum  of  them,  (b)  from  the  sum  of  twice 
the  first  unit  and  once  the  second,  we  form  two  new  numbers ;  thus 

1.1  +  1  =  2,        2.1  +  1  =  3. 

Of  these  numbers  the  first  is  a  side-  and  the  second  a  diagonal-number 
respectively,  or  (as  we  may  say) 

a2=2,        cs?2=3. 
In  the  same  way  as  these  numbers  were  formed  from  ai=l,  c?jl=1,  suc- 
cessive pairs  of  numbers  are  formed  from  ag?  <^2>  ^^^  so  on,  in  accordance 
with  the  formula 

«n  +  l  =  Otn  +  ^n,  C?„  +  i  =  2a^  +  (i„, 

whence  we  have 

%=1. 2+3=5,  <i3=2. 2  +  3  =  7, 

^4=  1.5  +  7  =  12,        0^4=2.5  +  7  =  17, 
and  so  on. 

Theon  states,  with  reference  to  these  numbers,  the  general  proposition 
which  we  should  express  by  the  equation 

dn^==2aj±h 
The  proof  (no  doubt  omitted  because  it  was  well-known)  is  simple.    For 
we  have 

d^^-2aJ=^{2an-,  +  d^,,Y-2{a^.^+d^^,f 

=  -«.,2^2a,_i2) 

=  +  (<4-.2^  ""  2a„-.2^),  and  so  on, 
while  di^  —  2ai^=  - 1  ;  whence  the  proposition  is  established. 

Cantor  has  pointed  out  that  any  one  familiar  with  the  truth  of  this 
proposition  could  not  have  failed  to  observe  that,  as  the  numbers  were 
successively  formed,  the  value  of  d^^/aj  would  approach  more  and  more 
nearly  to  2,  and  consequently  the  successive  fractions  c?„/a«  would  give 
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nearer  and  nearer  approximations  to  the  value  of  V2,  or  in  other  words  that 

1     3     7     17     41 

1'    2'    5'    12'    29' 

are  successive  approximations  to  V2.     It  is  to  be  observed  that  the  third 

7 
of  these  approximations,  -,   is  the  Pythagorean   approximation  which 
o 

appears  to  be  hinted  at  by  Plato,  while  the  above  scheme  of  Theon, 

amounting  to  a  method  of  finding  all  the  solutions  in  positive  integers  of 

the  indeterminate  equation 

and  given  in  a  work  designedly  introductory  to  the  study  of  Plato, 
distinctly  suggests,  as  Tannery  has  pointed  out,  the  probability  that  even 
in  Plato^s  lifetime  the  systematic  investigation  of  the  said  equation  had 
already  begun  in  the  Academy.  In  this  connexion  Proclus'  commentary 
on  Eucl.  I.  47  is  interesting.  It  is  there  explained  that  in  isosceles 
right-angled  triangles  "it  is  not  possible  to  find  numbers  corresponding  to 
the  sides ;  for  there  is  no  square  number  which  is  double  of  a  square 
except  in  the  sense  of  approximately  double,  e.g.  7^  is  double  of  5^  less  1." 
When  it  is  remembered  that  Theon's  process  has  for  its  object  the  finding 
of  any  number  of  squares  differing  only  by  unity  from  double  the  squares 
of  another  series  of  numbers  respectively,  and  that  the  sides  of  the  two 
sets  of  squares  are  called  diagonal-  and  side-rnxmberB  respectively,  the 
conclusion  becomes  almost  irresistible  that  Plato  had  such  a  system  in 
mind  when  he  spoke  of  pr^rri  Sia/ucrpoy  {rational  diagonal)  as  compared 
with  apprjTOi  BiafjLerpos  {irrational  diagonal)  r^s  ireimabos  (cf.  p.  Ixxviii  above). 
One  supposition  then  is  that,  following  a  similar  line  to  that  by  which 
successive  approximations  to  V2  could  be  obtained  from  the  successive 
solutions,  in  rational  numbers,  of  the  indeterminate  equations  2^^  _y2_.  +  x, 
Archimedes  set  himself  the  task  of  finding  all  the  solutions,  in  rational 
numbers,  of  the  two  indeterminate  equations  bearing  a  similar  relation 
to  Vs,  viz. 

Zeuthen  appears  to  have  been  the  first  to  connect,  eo  nomine^  the  ancient 
approximations  to  s/Z  with  the  solution  of  these  equations,  which  are  also 
made  by  Tannery  the  basis  of  his  first  method.  But,  in  substance,  the 
same  method  had  been  used  as  early  as  1723  by  De  Lagny,  whose 
hypothesis  will  be,  for  purposes  of  comparison,  described  after  Tannery's 
which  it  so  exactly  anticipated. 

Zeuthen^s  solution. 

After  recalling  the  fact  that,  even  before  Euclid's  time,  the  solution 
of  the  indeterminate  equation  ^^  4.^2  ^^2  by  means  of  the  substitutions 

£C=mn,        y= — 5 — ,        2= — 5 — 
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was  well    known,  Zeuthen    concludes   that  there  could  have  been  no 
difficulty  in  deducing  from  Eucl.  ii.  5  the  identity 


from  which,  by  multiplying  up,  it  was  easy  to  obtain  the  formula 
3  (2mn)2 + {m^  -  Zn^f = {m^ + 2n^)K 
If  therefore  one  solution  m^-Zn^=l  was  known,  a  second  could  at  once 
be  found  by  putting 

Now  obviously  the  equation 

m2-37i2=l 

is  satisfied  by  the  values  wi  =  2,  n—\\   hence  the  next  solution  of  the 
equation 

is  .-^1  =  22  +  3. 1  =  7,        j/i  =  2.2.1=4; 

and,  proceeding  in  like  manner,  we  have  any  number  of  solutions  as 

^2=72+3.42=97,        ^2  =  2.7.4=56, 

^•3=972  +  3  .  562=18817,        ^3=2.  97  .  56  =  10864, 
and  so  on. 

Next,  addressing  himself  to  the  other  equation 

Zeuthen  uses  the  identity 

(m + 3w)2  ~  3  (m  +  n)2  =  -  2  (m2  -  3/i2). 
Thus,  if  we  know  one  solution  of  the  equation  m2  — 3?i2=l,  we  can  proceed 
to  substitute 

^=m  +  3n,        y=w+^. 

Suppose  ?n=2,  ^  =  1,  as  before  ;  we  then  have 

^i=5»        ^1  =  3. 

If  we  put  ^g^-^i+^^i^^l^j  y 2— ^1+^1=^5  ^®  obtain 

^2  __  1^  _  "7 
F2~"8"~4 

(and  m=7,  n^A  is  seen  to  be  a  solution  of  m2- 3^2—1)^ 

Starting  again  from  ^2>  ^2?  w®  ^^^^ 

■^3=38,        ^3  =  22, 

and  -^  =  -- 

(m=19,  n=ll  being  a  solution  of  the  equation  w2-3«2=  -2); 

^4=104,        ^4=60, 

,  X.     26 

whence  -2  =  —- 
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(and  m=26,  71= 15  satisfies  m^-Zn^=^l)f 

or  _&  = 

n     41 


c,.    .,    ,     ^«     97     ^f.     265         , 
Similarly  —  =  ^^ ,   —  =  t¥^  ,  and  so  on. 
^  1/q     56'    3^y     153' 

This  naethod  gives  all  the  successive  approximations  to  V^,  taking 
account  as  it  does  of  both  the  equations 

^2^3/= -2. 

TannQryh  first  solution. 

Tannery  asks  himself  the  question  how  Diophantus  would  have  set 
about  solving  the  two  indeterminate  equations.  He  takes  the  first  equation 
in  the  generalised  form 

and  then,  assuming  one  solution  (p,  q)  of  the  equation  to  be  known,  he 
supposes 

Then  p^  -  aq^  s  w?x^  -  2mp^  +  jo^  —  aoo^ — "^aqx  —  aq^  =  1 , 

whence,  since^2_^^2^x,  by  hypothesis, 


{m^+a)p-{-'2,amq  2mp'^(m^-{-a)q 

so  that  p-i  — 5  ,     Qi 0       ~~^ —  , 

^^  m^  —  a  ^^  TYif  —  a 

and  p-^~aq^=il. 

The  values  of  jp^,  q^  so  found  are  rational  but  not  necessarily  integral; 
if  integral  solutions  are  wanted,  we  have  only  to  put 

p^  =  (^2  ^  ^^2)  p  ^  ^auvq^        qi  =  ^puv  +  {u^ + a^^)  ^^ 

where  {n^  v)  is  another  integral  solution  of  cc^  -  a?/2= 1. 
Generally,  if  ( j9,  g)  be  a  known  solution  of  the  equation 

suppose  jt?j= op  ^-^g',  S'l— 'yP+Sg',  and  "il  suffit  pour  determiner  a,  ft  y,  d  de 

connaltre  les  trois  groupes  de  solutions  les  plus  simples  et  de  r^soudre 

deux  couples  d'^quations  du  premier  degr^  h.  deux  inconnues."    Thus 

(1)  for  the  equation 

^2^3y2=l, 

the  first  three  solutions  are 

(p=l,g=0),    (p=2,^=l),    (^=7,^=4), 


7=2a4-|iJl 
4=2y+a/ 
so  that  a^%  ^=3,  7=1,  d=2, 


^^^^^^  l=y}^''^4=2y+a/' 
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and  it  follows  that  the  fourth  solution  is  given  by 

p  =  2. 7  +  3. 4  =  26, 

^  =  1.7  +  2.4  =  15; 

(2)  for  the  equation  x^  -  3y2=  _  2, 

the  first  three  solutions  being  (1,  1),  (5,  3),  (19,  11),  we  have 

6  =  a+^\        ,  19  =  5a  +  30\ 
3=y  +  aj    ^"""^  ll  =  5y+3$J' 

whence  a  =  2,  j3=3,  ^=1,  h  —  %  and  the  next  solution  is  given  by 

^  =  2.19  +  3.11  =  71, 

^=1.19+2.11  =  41, 
and  so  on. 

Therefore,  by  using  the  two  indeterminate  equations  and  proceeding  as 
shown,  all  the  successive  approximations  to  ^3  can  be  found. 

Of  the  two  methods  of  dealing  with  the  equations  it  will  be  seen  that 
Tannery's  has  the  advantage,  as  compared  with  Zeuthen's,  that  it  can  be 
applied  to  the  solution  of  any  equation  of  the  form  x^  -  ay^^r. 

Be  Lagny's  method. 

The  argument  is  this.  If  \/3  could  be  exactly  expressed  by  an  im- 
proper fraction,  that  fraction  would  fall  between  1  and  2,  and  the  square  of 
its  numerator  would  be  three  times  the  square  of  its  denominator.  Since 
this  is  impossible,  two  numbers  have  to  be  sought  such  that  the  square  of 
the  greater  differs  as  little  as  possible  from  3  times  the  square  of  the 
smaller,  though  it  may  be  either  greater  or  less.  De  Lagny  then  evolved 
the  following  successive  relations, 

22=3.12+1,    52=3.32-2,     72=3.42+1,     192=3.112-2, 

262=3.152  +  1,     712=3.412-2,  etc. 

From  these  relations  were  derived  a  series  of  fractions  greater  than  V3, 

viz.  Y ,  - ,  —  J  ©tc,  and  another  series  of  fractions  less  than  ^3,  viz. 

s  5  TT »  TT 1  etc.    The  law  of  formation  was  found  in  each  case  to  be  that,  if 
3'  11'  41' 

■^  was  one  fraction  in  the  series  and  —.  the  next,  then 

jt?^^2jQ  +  3^ 

9''      JP  +  2^  ' 
This  led  to  the  results 

2     7     26     97     362      1351  /- 

1^4^15^56^209^780  '••^^^' 

5     19     71      265^989^3691      ^   ,^ 
and  3<n<41<153"^57T^2l3i*--^'^^' 
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while  the  law  of  formation  of  the  successive  approximations  in  each  series 
is  precisely  that  obtained  by  Tannery  as  the  result  of  treating  the  two 
indeterminate  equations  by  the  Diophantine  method. 

HeUerTnanrCs  method. 

This  method  needs  to  be  mentioned  because  it  also  depends  upon  a 
generalisation  of  the  system  of  side-  and  diagonal-wimb^YB  given  by  Theon 
of  Smyrna. 

Theon's  rule  of  formation  was 

and  Heilermann  simply  substitutes  for  2  in  the  second  relation  any 
arbitrary  number  a,  developing  the  following  scheme, 


It  follows  that 

By  subtraction,         Dn^-aSn^:=={l-a){Dn-^^-'aSn-i^) 

=(1  -  a)2  {D^_^^--aSn-^^\  similarly, 


This  corresponds  to  the  most  general  form  of  the  "  Pellian"  equation 
x^  -  ay^ = (const.). 
If  now  we  put  i)o=>S^o=l>  we  have 

i)„2_(l -«)»*! 

from  which  it  appears  that,  where  the  fraction  on  the  right-hand  side 
approaches  zero  as  n  increases,  -~  is  an  approximate  value  for  si  a. 
Clearly  in  the  case  where  a=3,  i)o=2,  /%=!  we  have 

S^'^V    S^'^Z'    iS^'^  S      4'    /^3      IV    S^     30     15' 

S^'^AV    8^"' in     56'    S^      153' 
and  so  on. 
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But  the  method  is,  as  shown  by  Heilermann,  more  rapid  if  it  is  used  to 

find,  not  ^Ja,  but  hsja,  where  h  is  so  chosen  as  to  make  5%  (which  takes 

27 
the  place  of  a)  somewhat  near  to  unity.    Thus  suppose  a~  — ,  so  that 

—     3     — 

\/a  =  -^d,  and  we  then  have  (putting  Dq=zSq=1) 

52         1/^5   26  26 


,S,  =  2,     i).  =  ^,andV3~:^.^^, 


or 


25'  '         3*25'        15' 

^      102  ^      54+52      106         .     /«       ^    106          265 

^2=25'  ^^=^-"2^-==^'^^^  ^^"^3-102'  ^'  153' 

208  102.27      106^  5404 

3-25'  3"  25.25  "^  25  "25.  25' 

,  /-         5404     5          1351 

^^^  ^^"*2~57208-3'^"l8Cr- 

This  is  one  of  the  very  few  instances  of  success  in  bringing  out  the  two 
Archimedean  approximations  in  immediate  sequence  without  any  foreign 
values  intervening.  No  other  methods  appear  to  connect  the  two  values 
in  this  direct  way  except  those  of  Hunrath  and  Hultsch  depending  on  the 
formula 

2a  2a+l 

We  now  pass  to  the  second  class  of  solutions  which  develops  the 
approximations  in  the  form  of  the  sum  of  a  series  of  fractions,  and  under 
this  head  comes 

Tannery' 8  second  method. 

This  may  be  exhibited  by  means  of  its  application  (1)  to  the  case  of  the 
square  root  of  a  large  number,  e.g.  V349450  or  V^Tl'^^-f- 23409,  the  first  of 
the  kind  appearing  in  Archimedes,  (2)  to  the  case  of  V3- 

(1)    Using  the  formula 

we  try  the  effect  of  putting  for  VstTH  23409  the  expression 

23409 


571  + 


1142 


It  turns  out  that  this  gives  correctly  the  integral  part  of  the  root,  and  we 
now  suppose  the  root  to  be 

571  +  20  +  i. 

m 

Squaring  and  regarding  —^  as  negligible,  we  have 

1 1 42     40 
5712+400  +  22840  +  ^      +—=5712  +  23409, 
m        m 

H.  A.  a 
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1.  1182     ,^^ 

whence  =  169, 

m  ' 

o„^                                                      1       169       1 
and  —  = >  ~ . 

M     1182-^7* 

so  that  V349450 >591  ^ . 

(2)     Bearing  in  mind  that 

h 


'\Ja^'\-hooa  + 


2a+l' 


we  have  a/3  =  \/1H2cv31+o  -, — ^ 

~1+-,  org. 
Assuming  then  that  Vs  =  (^  +  —  j ,  squaring  and  neglecting  — ^ ,  we  obtain 

9  ^Zm"^' 
whence  m=15,  and  we  get  as  the  second  approximation 

5      1  2Q 

3"^I5>"^15- 
We  have  now  262- 3 .  15^=  1, 

and  can  proceed  to  find  other  approximations  by  means  of  Tannery's  first 
method. 


(2      1       1\2 
1  +  -  +  —  +  -)  =3, 
o        lO        TlJ 


and,  neglecting  —^ ,  we  get 


262      52_ 
162+15^1"*^' 


V3c.(n.|  +  ^-^^ 


whence  7i=  — 15.52=  —  780,  and 

1351\ 

780""  7807* 

1351 
It  is  however  to  be  observed  that  this  method  only  connects  -~^jr  with 

780 
2B  265 

r^  and  not  with  the  intermediate  approximation  .^- ,  to  obtain  which 

lo  iDt5 

Tannery  implicitly  uses  a  particular  case  of  the  formula  of  Hunrath  and 
Hultsch. 

Rodefs  method  was  apparently  invented  to  explain  the  approximation 
in  the  ^ulvasQtras'^ 


3^3.4     3.4.34' 

*  See  Cantor,  Vorlesungen  ilher  Gesch.  d.  Math,  p.  600  sq. 
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4 
but,  given  the  approximation  - ,  the  other  two  successive  approximations 

indicated  by  the  formula  can  be  obtained  by  the  method  of  squaring  just 
described*  without  such  elaborate  work  as  that  of  Rodet,  which,  when 
applied  to  \/3,  only  gives  the  same  results  as  the  simpler  method. 

Lastly,  with  reference  to  the  third  class  of  solutions,  it  may  be 
mentioned 

(1)  that  Oppermann  used  the  formula 

2        /—     3 

which  gave  successively  j  >  v  3  >  ^ , 

but  only  led  to  one  of  the  Archimedean  approximations,  and  that  by 
combining  the  last  two  ratios,  thus 

97 +  168     265 
56  +  97  ~I53' 

(2)  that  Schonborn  came  somewhat  near  to  the  formula  successfully  used 
by  Hunrath  and  Hultsch  when  he  proved  t  that 

b         I  „    V  b 

a±~->sja^±b>a± 


■2c&  •"  ~2a±V& 

^  Cantor  had  already  pointed  this  out  in  his  first  edition  of  1880. 
t  Zeitschrift  fur.Math,  u.  Phijsik  (Hist,  litt.  Abtheilung)  xxviii.  (1883), 
p.  169  sq. 
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CHAPTER  V. 

ON  THE  PROBLEMS  KNOWN  AS  NETSEIS. 

The  word  vevo-t^,  commonly  inclinatio  in  Latin,  is  difficult  to 
translate  satisfactorily,  but  its  meaning  will  be  gathered  from  some 
general  remarks  by  Pappus  having  reference  to  the  two  Books  of 
ApoUonius  entitled  vcwcts  (now  lost).  Pappus  says*,  "A  line  is 
said  to  verge  {veo^iv)  towards  a  point  if,  being  produced,  it  reach  the 
point,"  and  he  gives,  among  particular  cases  of  the  general  form  of 
the  problem,  the  following. 

"Two  lines  being  given  in  position,  to  place  between  them  a 
straight  line  given  in  length  and  verging  towards  a  given  point/' 

"If  there  be  given  in  position  (1)  a  semicircle  and  a  straight 
line  at  right  angles  to  the  base,  or  (2)  two  semicircles  with  their 
bases  in  a  straight  line,  to  place  between  the  two  lines  a  straight 
line  given  in  length  and  verging  towards  a  corner  (ywi'tW)  of  a 
semicircle," 

Thus  a  straight  line  has  to  be  laid  across  two  lines  or  curves  so 
that  it  passes  through  a  given  point  and  the  intercept  on  it  between 
the  lines  or  curves  is  equal  to  a  given  length  t. 

§  1.  The  following  allusions  to  particular  vcvVcts  are  found  in 
Archimedes.  The  proofs  of  Props.  5,  6,  7  of  the  book  On  Spirals 
use  respectively  three  particular  cases  of  the  general  theorem  that, 

*  Pappus  (ed.  Hultsch)  vii.  p.  670. 

t  In  the  German  translation  of  Zeuthen's  work,  Die  Lehre  von  den 
Kegelschnitten  im  Altertum^  pedffis  is  translated  by  "  Einschiebung,"  or  as  we 
might  say  "  insertion,"  but  this  fails  to  express  the  condition  that  the  required 
line  must  pass  through  a  given  point,  just  as  inclinatio  (and  for  that  matter  the 
Greek  term  itself)  fails  to  express  the  other  requirement  that  the  intercept  on 
the  line  must  be  of  given  length. 
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if  A  he  any  point  on  a  circle  and  BC  any  diameter,  it  is  possible  to 
draw  through  A  a  straight  line,  meeting  the  circle  again  in  P  and 
BC  produced  in  J?,  such  that  the  intercept  PR  is  equal  to  any  given 


length.     In  each  particular  case  the  fact  is  merely  stated  as  true 
without  any  explanation  or  proof,  and 

(1)  Prop.  5  assumes  the  case  where  the  tangent  at  A  is  parallel 
to  BG, 

(2)  Prop.  6  the  case  where  the  points  A,  P  in  the  figure  are 
interchanged, 

(3)  Prop.  7  the  case  where  J,  P  are  in  the  relative  positions 
shown  in  the  figure. 

Again,  (4)  Props.  8  and  9  each  assume  (as  before,  without  proof, 
and  without  giving  any  solution  of  the 
implied  problem)  that,  if  AE,  BC  he  two 
chords  of  a  circle  intersecting  at  right 
angles  in  a  point  B  such  tJvat  BD  >  DC, 
then  it  is  possible  to  draw  through  A 
another  line  ARP,  meeting  BC  in  R  and 
the  circle  a^ain  in  P,  such  tJiat  PR  -  BE, 

Lastly,  with  the  assumptions  in  Props. 
5,  6,  7  should  be  compared  Prop.  8  of  the 
Liher  Assumptorum,  which  may  well  be 
due  to  Archimedes,  whatever  may  be  said  of  the  composition  of  the 
whole  book.  This  proposition  proves  that,  if  in  the  first  figure 
APR  is  so  drawn  that  PR  is  equal  to  the  radius  OP,  then  the  arc 
AB  is  three  times  the  arc  PC,  In  other  words,  if  an  arc  AB  oi  b» 
circle  be  taken  subtending  any  angle  at  the  centre  0,  an  arc  equal 
to  one-third  of  the  given  arc  can  be  found,  i,e,  the  given  angle  can  be 
trisected,  if  only  APR  can  he  drawn  through  A  in  such  a  manner 
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that  the  intercept  PR  between  the  circle  and  BO  produced  is  equal  to 
the  radius  of  the  circle.  Thus  the  trisection  of  an  angle  is  reduced  to 
a  vcrcrts  exactly  similar  to  those  assumed  as  possible  in  Props.  6,  7 
of  the  book  On  Spirals, 

The  v€vo'€Ls  so  referred  to  by  Archimedes  are  not,  in  general, 
capable  of  solution  by  means  of  the  straight  line  and  circle  alone, 
as  may  be  easily  shown.  Suppose  in  the  first  figure  that  x 
represents  the  unknown  length  OR,  where  0  is  the  middle  point 
of  BC,  and  that  k  is  the  given  length  to  which  PR  is  to  be  equal ; 
also  let  OB  =  a,  AD  =  6,  BG  =  2c.  Then,  whether  BG  be  a  diameter 
or  (more  generally)  any  chord  of  the  circle,  we  have 

AR,RP=:BR.RO, 

and  therefore  k  sf¥  +  (ce  —  a)^  ~x^  -  cK 

The  resulting  equation,  after  rationalisation,  is  an  equation  of  the 
fourth  degree  in  x]  or,  if  we  denote  the  length  of  ^i?  by  3/,  we  have, 
for  the  determination  of  x  and  ^,  the  two  equations 

ky^aP-c'  J ^  ^' 

In  other  words,  if  we  have  a  rectangular  system  of  coordinate 
axes,  the  values  of  x  and  y  satisfying  the  conditions  of  the  problem 
can  be  determined  as  the  coordinates  of  the  points  of  intersection  of 
a  certain  rectangular  hyperbola  and  a  certain  parabola. 

In  one  particular  case,  that  namely  in  which  I)  coincides  with  0 
the  middle  point  of  BCy  or  in  which  A  is  one  extremity  of  the 
diameter  bisecting  BG  at  right  angles,  a  =  0,  and  the  equations 
reduce  to  the  single  equation 

y^  ^ky-F-^  c^, 

which  is  a  quadratic  and  can  be  geometrically  solved  by  the 
traditional  method  of  application  of  areas ;  for,  if  u  be  substituted 
for  y-k,  so  that  u  =  AP,  the  equation  becomes 

ih  {k-hu)  =  b^  +  c% 

and  we  have  simply  "to  apply  to  a  straight  line  of  length  k  a 
rectangle  exceeding  by  a  square  figure  and  equal  to  a  given 
area  (6^  +  0^)." 

The  other  vevo-is  referred  to  in  Props.  8  and  9  can  be  solved  in 
the  more  general  form  where  k,  the  given  length  to  which  PR 
is  to  be  equal,  has  any  value  within  a  certain  maximum  and  is  not 
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necessarily  equal  to  DE,  in  exactly  the  saifie  manner ;  and  the  two 
equations  corresponding  to  (a)  will  be  for  the  second  figure 
f-^{a-  xY  -f-  ¥  \ 
ky  =  c'-x'  J ^^^* 

Here,  again,  the  problem  can  be  solved  by  the  ordinary  method 
of  application  of  areas  in  the  particular  case  where  AU  is  the 
diameter  bisecting  BC  at  right  angles ;  and  it  is  interesting  to  note 
that  this  particular  case  appears  to  be  assumed  in  a  fragment 
of  Hippocrates*  Quadrature  of  lunes  preserved  in  a  quotation 
by  Simplicius*  from  Eudemus'  History  of  Geometry,  while  Hippo- 
crates flourished  probably  as  early  as  450  B.C. 

Accordingl}^  we  find  that  Pappus  distinguishes  difiPerent  classes 
of  v€v(T€i%  corresponding  to  his  classification  of  geometrical  problems 
in  general.  According  to  him,  the  Greeks  distinguished  three  kinds 
of  problems,  some  being  plane,  others  solid,  and  others  linear.  He 
proceeds  thusf :  **  Those  which  can  be  solved  by  means  of  a  straight 
line  and  a  circumference  of  a  circle  may  properly  be  called  plane 
(cirtVcSa) ;  for  the  lines  by  means  of  which  such  problems  are 
solved  have  their  origin  in  a  plane.  Those  however  which  are 
solved  by  using  for  their  discovery  (cvpco-tv)  one  or  more  of  the 
sections  of  the  cone  have  been  called  solid  {(rr€p€d) ;  for  the 
construction  requires  the  use  of  surfaces  of  solid  figures,  namely, 
those  of  cones.  There  remains  a  third  kind  of  problem,  that 
which  is  called  linear  (ypa/A/xiKov) ;  for  other  lines  [curves]  besides 
those  mentioned  are  assumed  for  the  construction  whose  origin 
is  more  complicated  and  less  natural,  as  they  are  generated  from 
more  irregular  surfaces  and  intricate  movements."  Among  other 
instances  of  the  linear  class  of  curves  Pappus  mentions  spirals,  the 
curves  known  as  quadratrices,  conchoids  and  cissoids.  He  adds 
that  "it  seems  to  be  a  grave  error  which  geometers  fall  into 
whenever  any  one  discovers  the  solution  of  a  plane  problem  by 
means  of  conies  or  linear  curves,  or  generally  solves  it  by  means  of 
a  foreign  kind,  as  is  the  case,  for  example,  (1)  with  the  problem  in 
the  fifth  Book  of  the  Conies  of  Apollonius  relating  to  the  parabola  J, 

*  Simplicius,  CommenL  in  Aristot,  Phys,  pp.  61—68  (ed.  Diels).  The  whole 
quotation  is  reproduced  by  Bretschneider,  Die  Geometrie  und  die  Geometer  vor 
Euhlidesy  pp.  109—121.  As  regards  the  assumed  construction  see  particularly 
p.  64  and  p.  xxiv  of  Diels'  edition;  cf.  Bretschneider,  pp.  114, 115,  and  Zeuthen, 
Die  Lehre  von  den  KegeUchnitten  im  Altertwrij  pp.  269,  270. 

t  Pappus  IV.  pp.  270—272. 

t  Cf.  Apollonius  of  Perga,  pp.  cxxviii.  cxxix. 


CIV  INTRODUCTION. 

and  (2)  when  Archimedes  assumes  in  his  work  on  the  spiral  a 
v€t}(rt9  of  a  solid  character  with  reference  to  a  circle;  for  it  is 
possible  without  calling  in  the  aid  of  anything  solid  to  find  the 
[proof  of  the]  theorem  given  by  the  latter  [Archimedes],  that  is,  to 
prove  that  the  circumference  of  the  circle  arrived  at  in  the  first 
revolution  is  equal  to  the  straight  line  drawn  at  right  angles  to  the 
initial  line  to  meet  the  tangent  to  the  spiral." 

The  "  solid  v€v<ns  "  referred  to  in  this  passage  is  that  assumed  to 
be  possible  in  Props.  8  and  9  of  the  book  On  Spirals,  and  is  mentioned 
again  by  Pappus  in  another  place  where  he  shows  how  to  solve  the 
problem  by  means  of  conies*.  This  solution  will  be  given  later,  but, 
when  Pappus  objects  to  the  procedure  of  Archimedes  as  unorthodox, 
the  objection  appears  strained  if  we  consider  what  precisely  it  is  that 
Archimedes  assumes.  It  is  not  the  actual  solution  which  is  assumed, 
but  only  its  possibility ;  and  its  possibility  can  be  perceived  without 
any  use  of  conies.  For  in  the  particular  case  it  is  only  necessary, 
as  a  condition  of  possibility,  that  D£!  in  the  second  figure  above 
should  not  be  the  maximum  length  which  the  intercept  PR  could 
have  as  APR  revolves  about  A  from  the  position  ADE  in  the 
direction  of  the  centre  of  the  circle;  and  that  DE  is  not  the 
maximum  length  which  PR  can  have  is  almost  self-evident.  In 
fact,  if  P,  instead  of  moving  along  the  circle,  moved  along  the 
straight  line  through  E  parallel  to  BG,  and  if  ARP  moved  from  the 
position  ADE  in  the  direction  of  the  centre,  the  length  of  PR  would 
continually  increase,  and  a  fortiori,  so  long  as  P  is  on  the  arc  of  the 
circle  cut  oflf  by  the  parallel  through  E  to  BG,  PR  must  be  greater 
in  length  than  DE ;  and  on  the  other  hand,  as  ARP  moves  further 
in  the  direction  of  B,  it  must  sometime  intercept  a  length  PR 
equal  to  DE  before  P  reaches  J5,  when  PR  vanishes.  Since,  then, 
Archimedes'  method  merely  depends  upon  the  theoretical  possibility 
of  a  solution  of  the  vcwtg,  and  this  possibility  could  be  inferred 
from  quite  elementary  considerations,  he  had  no  occasion  to  use 
conic  sections  for  the  purpose  immediately  in  view,  and  he  cannot 
fairly  be  said  to  have  solved  a  plane  problem  by  the  use  of  conies. 

At  the  same  time  we  may  safely  assume  that  Archimedes 
was  in  possession  of  a  solution  of  the  i^cvo-ts  referred  to.  But  there 
is  no  evidence  to  show  how  he  solved  it,  whether  by  means  of  conies, 
or  otherwise.     That  he  would  have  been  able  to  effect  the  solution, 

*  Pappus  IV.  p.  298  sq. 
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as  Pappus  does,  by  the  use  of  conies  cannot  be  doubted.  A  precedent 
for  the  introduction  of  conies  where  a  "  solid  problem  "  had  to  be 
solved  was  at  hand  in  the  determination  of  two  mean  proportionals 
between  two  unequal  straight  lines  by  Menaechmus,  the  inventor  uf 
the  conic  sections,  who  used  for  the  purpose  the  intersections  of  a 
parabola  and  a  rectangular  hyperbola.  The  solution  of  the  cubic 
equation  on  which  the  proposition  On  the  Sphere  and  Cylinder  ii.  4 
depends  is  also  effected  by  means  of  the  intersections  of  a  parabola 
with  a  rectangular  hyperbola  in  the  fragment  given  by  Eutocius 
and  by  him  assumed  to  be  the  work  of  Archimedes  himself*. 

Whenever  a  problem  did  not  admit  of  solution  by  means  of  the 
straight  line  and  circle,  its  solution,  where  possible,  by  means  of 
conies  was  of  the  greatest  theoretical  importance.  First,  the 
possibility  of  such  a  solution  enabled  the  problem  to  be  classified 
as  a  "solid  problem";  hence  the  importance  attached  by  Pappus 
to  solution  by  means  of  conies.  But,  secondly,  the  method  had 
other  great  advantages,  particularly  in  view  of  the  requirement  that 
the  solution  of  a  problem  should  be  accompanied  by  a  Stopto-ftos 
giving  the  criterion  for  the  possibility  of  a  real  solution.  Often  too 
the  Sto/awr/jios  involved  (as  frequently  in  Apollonius)  the  determination 
of  the  number  of  solutions  as  well  as  the  limits  for  their  possibility. 
Thus,  in  any  case  where  the  solution  of  a  problem  depended  on  the 
intersections  of  two  conies,  the  theory  of  conies  afforded  an  effective 
means  of  investigating  SLopur/xoL 

§  2.  But  though  the  solution  of  "  solid  problems  "  by  means  of 
conies  had  such  advantages,  it  was  not  the  only  method  open  to 
Archimedes.  An  alternative  would  be  the  use  of  some  mechanical 
construction  such  as  was  often  used  by  the  Greek  geometers  and  is 
recognised  by  Pappus  himself  as  a  legitimate  substitute  for  conies, 
which  are  not  easy  to  draw  in  a  planet.  Thus  in  Apollonius' 
solution  of  the  problem  of  the  two  mean  proportionals  as  given  by 
Eutocius  a  ruler  is  supposed  to  be  moved  about  a  point  until  the 
points  at  which  the  ruler  crosses  two  given  straight  lines  at  right 
angles  are  equidistant  from  a  certain  other  fixed  point;  and  the 
same  construction  is  also  given  under  Heron's  name.  Another 
version  of  Apollonius'  solution  is  that  given  by  loannes  Philoponus, 
which   assumes   that,  given   a  circle  with  diameter  OC  and  two 

*  See  note  to  On  the  Sphere  and  Cylinder^  ii.  4. 
t  Pappus  III.  p.  54. 
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straight  lines  OB,  OE  through  0  and  at  right  angles  to  one 
another,  a  line  can  be  drawn  through  (7,  meeting  the  circle  again 
in  F  and  the  two  lines  in  i>,  E  respectively,  such  that  the  in- 
tercepts (7I>,  FE  are  equal.  This  solution  was  no  doubt  discovered 
by  means  of  the  intersection  of  the  circle  with  a  rectangular  hyper- 
bola drawn  with  OB,  OE  as  asymptotes  and  passing  through  C; 
and  this  supposition  accords  with  Pappus'  statement  that  Apollonius 
solved  the  problem  by  means  of  the  sections  of  the  cone*.  The 
equivalent  mechanical  construction  is  given  by  Eutocius  as  that 
of  Philo  Byzantinus,  who  turns  a  ruler  about  C  until  CD,  FE  are 
equal  t. 

Now  clearly  a  similar  method  could  be  used  for  the  purpose  of 
effecting  a  vcvcrts.  We  have  only  to  suppose  a  ruler  (or  any  object 
with  a  straight  edge)  with  two  marks  made  on  it  at  a  distance 
equal  to  the  given  length  which  the  problem  requires  to  be 
intercepted  between  two  curves  by  a  line  passing  through  the 
fixed  point;  then,  if  the  ruler  be  so  moved  that  it  always  passes 
through  the  fixed  point,  while  one  of  the  marked  points  on  it  follows 
the  course  of  one  of  the  curves,  it  is  only  necessary  to  move  the 
ruler  until  the  second  marked  point  falls  on  the  other  curve.  Some 
such  operation  as  this  may  have  led  Nicomedes  to  the  discovery  of 
his  curve,  the  conchoid,  which  he  introduced  (according  to  Pappus) 
into  his  doubling  of  the  cube,  and  by  which  he  also  trisected  an 
angle  (according  to  the  same  authority).  From  the  fact  that 
Nicomedes  is  said  to  have  spoken  disrespectfully  of  Eratosthenes' 
mechanical  solution  of  the  duplication  problem,  and  therefore  must 
have  lived  later  than  Eratosthenes,  it  is  concluded  that  his  date 
must  have  been  subsequent  to  200  B.C.,  while  on  the  other  hand 
he  must  have  written  earlier  than  70  B.C.,  since  Geminus  knew  the 
name  of  the  curve  about  that  date;  Tannery  places  him  between 
Archimedes  and  Apollonius  J.  While  therefore  there  appears  to 
be  no  evidence  of  the  use,  before  the  time  of  Nicomedes,  of  such 
a  mechanical  method  of  solving  a  i/cvcrts,  the  interval  between 
Archimedes  and  the  discovery  of  the  conchoid  can  hardly  have 
been  very  long.  As  a  matter  of  fact,  the  conchoid  of  Nicomedes 
can  be  used  to  solve  not  only  all  the  revo-cts  mentioned  in  Archimedes 
but  any  case  of  such  a  problem  where  one  of  the  curves  is  a  straight 

*  Pappus  III.  p.  56. 

+  For  fuller  details  see  Apollonim  of  Pergaj  pp.  cxxv — cxxvii. 

X  Bulletin  des  Sciences  MatMmatiqueSj  2®  s6rie  vii.  p.  284. 
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line.     Both  Pappus  and  Eutocius  attribute  to  Nicomedes  the  inven- 
tion of  a  machine  for  drawing  his  conchoid.     ^^  is  supposed  to  be 


a  ruler  with  a  slot  in  it  parallel  to  its  length,  FE  a  second  ruler  at 
right  angles  to  the  first  with  a  fixed  peg  in  it,  C,  This  peg  moves 
in  a  slot  made  in  a  third  ruler  parallel  to  its  length,  while  this 
ruler  has  a  fixed  peg  on  it,  i>,  in  a  straight  line  with  the  slot  in 
which  C  moves  ;  and  the  peg  D  can  move  along  the  slot  in  AB,  If 
then  the  ruler  PD  moves  so  that  the  peg  D  describes  the  length  of 
the  slot  in  AB  on  each  side  of  F^  the  extremity  of  the  ruler,  P, 
describes  the  curve  which  is  called  a  conchoid.  Nicomedes  called 
the  straight  line  AB  the  ruler  (Kavwv),  the  fixed  point  G  the  pole 
(ttoXos),  and  the  length  FD  the  distance  {BLda-TYjfia) ;  and  the 
fundamental  property  of  the  curve,  which  in  polar  coordinates 
would  now  be  denoted  by  the  equation  r  =  a  +  6  sec  0,  is  that,  if 
any  radius  vector  be  drawn  from  C  to  the  curve,  as  (7P,  the  length 
intercepted  on  the  radius  vector  between  the  curve  and  the  straight 
line  AB  is  constant.  Thus  any  vcOcrts  in  which  one  of  the  two 
given  lines  is  a  straight  line  can  be  solved  by  means  of  the 
intersection  of  the  other  line  with  a  certain  conchoid  whose  pole 
is  the  fixed  point  to  which  the  required  straight  line  must  verge 
(v€V€tv).  In  practice  Pappus  tells  us  that  the  conchoid  was  not 
always  actually  drawn,  but  that  "some,"  for  greater  convenience, 
moved  the  ruler  about  the  fixed  point  until  by  trial  the  intercept 
was  made  equal  to  the  given  length*. 

§  3.  The  following  is  the  way  in  which  Pappus  applies 
conic  sections  to  the  solution  of  the  vcvcrt?  referred  to  in  Props.  8,  9 
of  the  book  On  Spirals.     He  begins  with  two  lemmas. 

*  Pappus  IV.  p.  246. 
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(1)  If  from  a  given  point  A  any  straight  line  be  drawn  meeting 
a  straight  line  BC  given  in  position  in  i?,  and  if  RQ  be  drawn 
perpendicular  to  BC  and  bearing  a  given  ratio  to  AE^  the  locus  of 
^  is  a  hyperbola. 


For  draw  AI)  perpendicular  to  BGy  and  on  AJD  produced  take  A' 
such  that 

QE  :  BA  =  A'D  :  DA  =  (the  given  ratio). 

Measure  DA"  along  DA  equal  to  DA\ 
Then,  if  QW  be  perpendicular  to  AN'y 

(AE^  -  AD')  :  (QE'  -  A'D')  =  (const), 

or  QJSf'  :  A'JSr .  A'^JST -  (const.) 

(2)     If  BC  be  given  in  length,  and  if  EQ,  a  straight  line  drawn 
at  right  angles  to  BC  from  any  point  E  on  it,  be  such  that 

BE  ,  EC  =  k,  EQ, 

where  ^  is  a  straight  line  of  given  length,  then  the  locus  of  ^  is  a 
parahola. 

Let  0  be  the  middle  point  of  BC,  and  let  OK  be  drawn  at  right 
angles  to  it  and  of  such  length  that 

OC'  =  k,  KO. 

Draw  ^if'  perpendicular  to  OK, 

Then  QF'^  =  OE'  =  OC  ~~  BE  .  EC 

=  k .  {KO  -  EQ),  by  hypothesis, 

=  k .  KN', 
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In  the  particular  case  referred  to  by  Archimedes  (with  the  slight 
generalisation  that  the  given  length  k  to  which  PR  is  to  be  equal  is 
not  necessarily  equal  to  DE)  we  have 

(1)  the  given  ratio  RQ  :  AR  is  unity,  or  RQ  =  AR,  whence  A" 
coincides  wdth  A,  and,  by  the  first  lemma, 

so  that  Q  lies  on  a  rectangular  hyperbola, 

(2)  BR,  RC  =  AR,  RP  =  h.  AR  =  k,  RQ,  and,  by  the  second 
lemma,  Q  lies  on  a  certain  parabola. 

If  now  we  take  0  as  origin,  OC  as  axis  of  x  and  OK  as  axis  of  y, 
and  if  we  put  OD  =  a,  AD~b,  BC  =  2c,  the  hyperbola  and  parabola 
determining  the  position  of  Q  are  respectively  denoted  by  the 
equations 

(a  -  xf  =  2/^  —  6^, 

c^  —x^  =  ky, 

which  correspond  exactly  to  the  equations  (j8)  above  obtained  by 
purely  algebraical  methods. 

Pappus  says  nothing  of  the  Stoptor/xos  which  is  necessary  to  the 
complete  solution  of  the  generalised  problem,  the  Stopwr/^ios  namely 
which  determines  the  maximum  value  of  k  for  which  the  solution  is 
possible.  This  maximum  value  would  of  course  correspond  to  the 
case  in  which  the  rectangular  hyperbola  and  the  parabola  touch  one 
another.  Zeuthen  has  shown*  that  the  corresponding  value  of  k  can 
be  determined  by  means  of  the  intersection  of  two  other  hyperbolas  or 
of  a  hyperbola  and  a  parabola,  and  there  is  no  doubt  that  ApoUonius, 
with  his  knowledge  of  conies,  and  in  accordance  with  his  avowed 
object  in  giving  the  properties  useful  and  necessary  for  8topto-/u,ot, 
would  have  been  able  to  work  out  this  particular  Stopttr/Aos  by  means 
of  conies ;  but  there  is  no  evidence  to  show  that  Archimedes  investi- 
gated it  by  the  aid  of  conies,  or  indeed  at  all,  it  being  clear,  as  shown 
above,  that  it  was  not  necessary  for  his  immediate  purpose. 

This  chapter  may  fitly  conclude  with  a  description  of  (1)  some 
important  applications  of  v€vo-€ts  given  by  Pappus,  and  (2)  certain 
particular  cases  of  the  same  class  of  problems  which  are  plane,  that 
is,  can  be  solved  by  the  aid  of  the  straight  line  and  circle  only,  and 
which  were  (according  to  Pappus)  shown  by  the  Greek  geometers  to 
be  of  that  character. 

*  Zeuthen,  Die  Lehre  von  den  Kegelschnitten  im  Altertum,  pp.  273 — 5. 
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§  4.  One  of  the  two  important  applications  of  ^ solid'  vcvcrcts  was 
discovered  by  Nicomedes,  the  inventor  of  the  conchoid,  who  intro- 
duced that  curve  for  solving  a  vevcns  to  which  he  reduced  the  problem 
of  doubling  the  cube*  or  (what  amounts  to  the  same  thing)  the  Jinding 
of  two  mean  proportionals  between  two  given  unequal  straight  lines. 

Let  the  given  unequal  straight  lines  be  placed  at  right  angles  as 
CL,  LA.  Complete  the  parallelogram  ABGL,  and  bisect  AB  at  i>, 
and  BG  at  B.  Join  LD  and  produce  it  to  meet  CB  produced  in  //. 
From  U  draw  EF  at  right  angles  to  BCy  and  take  a  point  F  on  FF 
such  that  CF  is  equal  to  AD.  Join  HF,  and  through  C  draw  CG 
parallel  to  ffF.     If  we  produce  BG  to  K,  the  straight  lines  GG,  GK 


A -^ 

E  C 


form  an  angle,  and  we  now  draw  from  the  given  point  F  a  straight 
line  FGK,  meeting  GG^  GK  in  G^  K  respectively,  such  that  the 
intercept  GK  is  equal  to  AD  or  FG.  (This  is  the  vcvo-ts  to  which 
the  problem  is  reduced,  and  it  can  be  solved  by  means  of  a  conchoid 
with  #as  pole.) 

Join  KL  and  produce  it  to  meet  BA  produced  in  M. 

Then  shall  GK,  AM  be  the  required  mean  proportionals  between 

GL,  LA.  or 

GL  :  GK=^GK  :  AM^AM  :  AL. 

We  have,  by  Eucl.  ii.  6, 

BK.  KG-hGE^^EK'. 
If  we  add  EF^  to  each  side, 

BK.KG-¥GF^^FK\ 
Now,  by  parallels, 

MA  :AB  =  ML:LK 

=^BG  :GK; 

*  Pappus  IV.  p.  242  sq.  and  in.  p.  58  sq. ;  Eutocius  on  Archimedes,  On  the 
Sphere  and  Cylinder,  u.  I  (Vol.  iii.  p.  114  sq.) 
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and,  since  AB  =  2AD,  and  BG  =  ^HC, 

MA:AD=^HG:  CK 

=:FG  :  GK,  by  parallels, 
whence,  componendo, 

MB  :An=^FK:  GK 

But  GK=AD',  therefore  MD  =  FK,  and  MD^  =  FK\ 

Again,  MB''  =  BM  .  MA -h  AB', 

and  FK'  =  BK  .  KG  +  GF\  from  above, 

while  MB '  =  FK\  and  ^i)  ^  =  GF' ; 

therefore  BM.  MA=BK  ,  KG, 

Hence  GK  :  MA  =  BM  :  BK 

~LC  •  GKj'  ^^  parallels, 
that  is,  LG  :  GK=  GK  :  MA  =  MA  :  AL, 

§  5.  The  second  important  problem  which  can  be  reduced  to 
a  *  solid '  vcvcrts  is  the  trisection  of  any  angle.  One  method  of 
reducing  it  to  a  v€v<n%  has  been  mentioned  above  as  following  from 
Prop.  8  of  the  Liber  Assumptorum.  This  method  is  not  mentioned 
by  Pappus,  who  describes  (iv.  p.  272  sq.)  another  way  of  effecting 
the  reduction,  introducing  it  with  the  words,  "The  earlier 
geometers,  when  they  sought  to  solve  the  aforesaid  problem  about 
the  [trisection  of  the]  angle,  a  problem  by  nature  *  solid,'  by 
*  plane'  methods,  were  unable  to  discover  the  solution;  for  they 
were  not  yet  accustomed  to  the  use  of  the  sections  of  the  cone, 
and  were  for  that  reason  at  a  loss.  Later,  however,  they  trisected 
an  angle  by  means  of  conies,  having  used  for  the  discovery  of  it 
the  following  vcvcn?." 

tyihe  vcvcrtg  is  thus  enunciated  :  Given  a  rectangle  ABGB,  let  it 
be  required  to  draw  through  A  a  straight  line  AQR^  meeting  GB  in 
Q  and  BG  produced  in  7?,  such  that  the  intercept  QR  is  equal  to  a 
given  length,  k  suppose. 

Suppose  the  problem  solved,  QR  being  equal  to  k.  Draw  BP 
parallel  to  QR  and  RP  parallel  to  Oi),  meeting  in  P.  Then,  in  the 
parallelogram  BR,  BP  =  QR  =  k. 

Hence  P  lies  on  a  circle  with  centre  B  and  radius  k. 

Again,  by   Eucl.  i.    43    relating  to   the   complements   of    the 
parallelograms  about  the  diagonal  of  the  complete  parallelogram, 
BG .  GB  =  BR.  QB 

..  cD  =PR.RB; 

«'■■  "■"■    ^      z.^- 
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and,  since  BC .  CD  is  given,  it  follows  that  P  lies  on  a  rectangular 
hyperbola  with  BR,  BA  as  asymptotes  and  passing  through  D, 


Therefore,  to  effect  the  construction,  we  have  only  to  draw  this 
rectangular  hyperbola  and  the  circle  with  centre  D  and  radius  equal 
to  k.  The  intersection  of  the  two  curves  gives  the  point  P,  and  R 
is  determined  by  drawing  PR  parallel  to  DC,     Thus  AQR  is  found. 

[Though  Pappus  makes  ABCD  a  rectangle,  the  construction 
applies  equally  if  ABCD  is  any  parallelogram.] 

Now  suppose  ABC  to  be  any  acute  angle  which  it  is  required  to 
trisect.  Let  AC  he  perpendicular  to  BC.  Complete  the  parallelo- 
gram ADBC,  and  produce  DA. 

Suppose  the  problem  solved,  and  let  the  angle  CBE  be  one-third 
of  the  angle  ABC.  Let  BE  meet  AC  in  B  and  DA  produced  in  F. 
Bisect  BF  in  II,  and  join  Aff. 

Then,  since  the  angle  ABE  is  equal  to  twice  the  angle  EBC  and, 
by  parallels,  the  angles  EBC,  EFA  are  equal, 

lABE=2lAFH==lAEB. 
Therefore 


and 


AB  =  AE=ffF, 

EF^'lHF 

=  2AB. 


Hence,  in  order  to  trisect  the  angle  ABC,  we  have  only  to  solve 
the  following   vcvo-ts:    Given   the  rectangle  ADBC  whose  diagonal 
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is  AB,  to  draw  through  B  a  straight  line  BEF,  meeting  AG  in  E  and 
DA  'produced  in  F^  such  that  EF  may  he  equal  to  twice  AB ;  and  this 
v€vo-ts  is  solved  in  the  manner  just  shown. 

These  methods  of  doubling  the  cube  and  trisecting  any  acute 
angle  are  seen  to  depend  upon  the  application  of  one  and  the  same 
vcvo-ts,  which  may  be  stated  in  its  most  general  form  thus.  Given 
any  two  straight  lines  forming  an  angle  and  any  fixed  point 
which  is  not  on  either  line,  it  is  required  to  draw  through  the 
fixed  point  a  straight  line  such  that  the  portion  of  it  intercepted 
between  the  fixed  lines  is  equal  to  a  given  length.     If  AE,  AG  h^ 


the  fixed  lines  and  B  the  fixed  point,  let  the  parallelogram  ACBD 
be  completed,  and  suppose  that  BQR^  meeting  GA  in  Q  and  ^jE'  in 
R,  satisfies  the  conditions  of  the  problem,  so  that  QR  is  equal  to 
the  given  length.  If  then  the  parallelogram  GQRP  is  completed, 
we  may  regard  P  as  an  auxiliary  point  to  be  determined  in  order 
that  the  problem  may  be  solved ;  and  we  have  seen  that  P  can  be 
found  as  one  of  the  points  of  intersection  of  (1)  a  circle  with  centre 
G  and  radius  equal  to  k,  the  given  length,  and  (2)  the  hyperbola 
which  passes  through  G  and  has  DE,  DB  for  its  asymptotes. 

It  remains  only  to  consider  some  particular  cases  of  the  problem 
which  do  not  require  conies  for  their  solution,  but  are  *  plane' 
problems  requiring  only  the  use  of  the  straight  line  and  circle. 

§  6.  We  know  from  Pappus  that  Apollonius  occupied  him- 
self, in  his  two  Books  of  v€uo-€t9,  with  problems  of  that  type 
which  were  capable  of  solution  by  ^plane^  methods.  As  a  matter 
of  fact,  the  above  vcvo-t?  reduces  to  a  *  plane'  problem  in  the 
particular  case  where  B  lies  on  one  of  the  bisectors  of  the  angle 
between  the  two  given  straight  lines,  or  (in  other  words)  where  the 
parallelogram  AGBD  is  a  rhombus  or  a  square.  Accordingly  we 
find   Pappus  enunciating,  as  one  of  the  *  plane'  cases  which  had 

H.  A.  h 
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been  singled  out  for  proof  on  account  of  their  greater  utility  for 
many  purposes,  the  following*:  Given  a  rhombus  with  one  side 
produced,  to  fit  into  the  exterior  angle  a  straight  line  given  in 
length  and  verging  to  the  opposite  angle ;  and  he  gives  later  on,  in 
his  lemmas  to  Apollonius'  work,  a  theorem  bearing  on  the  problem 
with  regard  to  the  rhombus,  and  (after  a  preliminary  lemma) 
a  solution  of  the  i^cwts  with  reference  to  a  square. 

The  question  therefore  arises,  how  did  the  Greek  geometers 
discover  these  and  other  particular  cases,  where  a  problem  which 
is  in  general  *  solid,'  and  therefore  requires  the  use  of  conies  (or  a 
mechanical  equivalent),  becomes  *  plane '  ?  Zeuthen  is  of  opinion  that 
they  were  probably  discovered  as  the  result  of  a  study  of  the  general 
solution  by  means  of  conies  f.  I  do  not  feel  convinced  of  this,  for 
the  following  reasons. 

(1)  The  authenticated  instances  appear  to  be  very  rare  in 
which  we  should  be  justified  in  assuming  that  the  Greeks  used 
the  properties  of  conies,  in  the  same  way  as  we  should  combine 
and  transform  two  Cartesian  equations  of  the  second  degree,  for 
the  purpose  of  proving  that  the  intersections  of  two  conies  also 
lie  on  certain  circles  or  straight  lines.  It  is  true  that  we  may 
reasonably  infer  that  ApoUonius  discovered  by  a  method  of  this  sort 
his  solution  of  the  problem  of  doubling  the  cube  where,  in  place 
of  the  parabola  and  rectangular  hyperbola  used  by  Menaechmus, 
he  employs  the  same  hyperbola  along  with  the  circle  which  passes 
through  the  points  common  to  the  hyperbola  and  parabola  J ;  but 
in  the  only  propositions  contained  in  his  conies  which  offer  an 
opportunity  for  making  a  similar  reduction§,  ApoUonius  does  not 
make  it,  and  is  blamed  by  Pappus  for  not  doing  so.  In  the  pro- 
positions referred  to  the  feet  of  the  normals  to  a  parabola  drawn 
from  a  given  point  are  determined  as  the  intersections  of  the 
parabola  with  a  certain  rectangular  hyperbola,  and  Pappus  objects 

*  Pappus  VII,  p.  670. 

t  "Mit  dieser  selben  Aufgabe  ist  namlich  ein  wiohtiges  Beispiel  dafiir 
verkniipft,  dass  man  bemiiht  war  solche  Falle  zu  entdecken,  in  denen  Aufgaben, 
zu  deren  Losung  im  allgemeinen  Kegelschnitte  erforderlich  sind,  sich  mittels 
Zirkel  und  Lineal  losen  lassen.  Da  nun  das  Studium  der  allgemeinen  Losung 
durch  Kegelschnitte  das  beste  Mittel  gewahrfc  solche  Falle  zu  entdecken,  so  ist 
es  ziemlich  wahrscheinlich,  dass  man  wirklich  diesen  Weg  eingeschlagen  hat." 
Zeuthen,  op,  cit,  p.  280. 

:|:  ApoUonius  o/Perga,  p.  cxxv,  cxxvi. 

§  Ibid,  p.  cxxviii  and  pp.  182,  186  {Conies,  v.  58,  62 


ON   THE   PROBLEMS   KNOWN   AS   NETSEIS.  CXV 

to  this  method   as   an  instance  of  discovering  the  solution  of  a 

*  plane'  problem  by  means  of  conies*,  the  objection  having  reference 
to  the  use  of  a  hyperbola  where  the  same  points  could  be  obtained 
as  the  intersections  of  the  parabola  with  a  certain  circle.  Now  the 
proof  of  this  latter  fact  would  present  no  difficulty  to  Apollonius, 
and  Pappus  must  have  been  aware  that  it  would  not ;  if  therefore 
he  objects  in  the  circumstances  to  the  use  of  the  hyperbola,  it  is  at 
least  arguable  that  he  would  equally  have  objected  had  Apollonius 
brought  in  the  hyperbola  and  used  its  properties  for  the  purpose 
of  proving  the  problem  to  be  *  plane '  in  the  particular  case. 

(2)  The  solution  of  the  general  problem  by  means  of  conies 
brings  in  the  auxiliary  point  P  and  the  straight  line  CP.  We 
should  therefore  naturally  expect  to  find  some  trace  of  these  in  the 
particular  solutions  of  the  vcvorts  for  a  rhombus  and  square;  but 
they  do  not  appear  in  the  corresponding  demonstrations  and  figures 
given  by  Pappus. 

Zeuthen  considers  that  the  veijcrts  with  reference  to  a  square  was 
probably  shown  to  be  *  plane'  by  means  of  the  same  investigation 
which  showed  that  the  more  general  case  of  the  rhombus  was  also 
capable  of  solution  with  the  help  of  the  straight  line  and  circle 
only,  i.e.  by  a  systematic  study  of  the  general  solution  by  means  of 
conies.  This  supposition  seems  to  him  more  probable  than  the  view 
that  the  discovery  of  the  plane  construction  for  the  square  may  have 
been  accidental ;  for  (he  says)  if  the  same  problem  is  treated  solely 
by  the  aid  of  elementary  geometrical  expedients,  the  discovery  that 
it  is  'plane'  is  by  no  means  a  simple  matter f.  Here,  again,  I  am 
not  convinced  by  Zeuthen's  argument,  as  it  seems  to  me  that  a 
simpler  explanation  is  possible  of  the  way  in  which  the  Greeks  were 
led  to  the  discovery  that  the  particular  vcvVct?  were  plane.  L^Hfey 
knew  in  the  first  place  that  the  trisection  of  a  right  angle  was  a 

*  plane'  problem,  and  therefore  that  half  a  right  angle  could  be 
trisected  by  means  of  the  straight  line  and  circle.     It  followed 


*  Pappus  IV.  p.  270.    Cf.  p.  eiii  above. 

t  "  Die  Ausfiihrbarkeit  kann  dann  auf  die  zuerst  angedeutete  Weise  gefunden 
sein,  die  den  allgemeinen  Fall,  wo  der  Winkel  zwischen  den  gegebenen  Geraden 
beliebig  ist,  in  sich  begreift.  Dies  scheint  mir  viel  wahrscheinlicher  als  die 
Annahme,  dass  die  Entdeckung  dieser  ebenen  Konstruction  zufallig  sein  soUte ; 
denn  wenn  man  dieselbe  Aufgabe  nur  mittels  rein  elementar-geometrischer 
Hiilfsmittel  behandelt,  so  liegt  die  Entdeckung,  dass  sie  eben  ist,  ziemlich  fern." 
Zeuthen,  op,  ciU  p.  282. 
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therefore  that  the  corresponding  vcvo-ts,  i.e.  that  for  a  square,  was 
a  *  plane'  problem  in  the  particular  case  where  the  given  length 
to  which  the  required  intercept  was  to  be  equal  was  double  of 
the  diagonal  of  the  square.  This  fact  would  naturally  suggest 
the  question  whether  the  problem  was  still  plane  if  k  had 
any  other  value;  and,  when  once  this  question  was  thoroughly 
investigated,  the  proof  that  the  problem  was  'plane,'  and  the 
solution  of  it,  could  hardly  have  evaded  for  long  the  pursuit  of 
geometers  so  ingenious  as  the  Greeks.  This  will,  I  think,  be 
clear  when  the  solution  given  by  Pappus  and  reproduced  below 
is  examined.  Again,  after  it  had  been  proved  that  the  vcvo-ts  with 
reference  to  a  square  was  *  plane, 'what  more  natural  than  the  further 
inquiry  as  to  whether  the  intermediate  case  between  that  of  the 
square  and  parallelogram,  that  of  the  rhombus,  might  perhaps  be  a 
*  plane '  problem  1 

As  regards  the  actual  solution  of  the  plane  vcvo-cts  with  respect 
to  the  rhombus  and  square,  i.e.  the  cases  in  general  where  the  fixed 
point  B  lies  on  one  of  the  bisectors  of  the  angles  between  the  two 
given  straight  lines,  Zeuthen  says  that  only  in  one  of  the  cases  have 
we  a  positive  statement  that  the  Greeks  solved  the  vcGo-ts  by  means 
of  the  circle  and  ruler,  the  case,  namely,  where  ACBD  is  a  square'^. 
This  appears  to  be  a  misapprehension,  for  not  only  does  Pappus 
mention  the  case  of  the  rhombus  as  one  of  the  plane  vcwcts  which 
the  Greeks  had  solved,  but  it  is  clear,  from  a  proposition  given  by 
him  later,  how  it  was  actually  solved.  The  proposition  is  stated 
by  Pappus  to  be  "  involved  "  (Tra/oa^ccopov/xcvov,  meaning  presumably 
"the  subject  of  concurrent  investigation")  in  the  8th  problem  of 
Apollonius'  first  Book  of  vcucrct?,  and  is  enunciated  in  the  following 
form  f.  Given  a  rhombus  AD  with  diameter  BG  'produced  to  JE,  if  EF 
he  a  mean  proportional  between  BE^  ECy  and,  if  a  circle  he  described 
with  centre  E  and  radius  EF  cutting  CD  in  K  and  A  C  produced  in 
Hi  BKH  shall  he  a  straight  line.     The  proof  is  as  follows. 

Let  the  circle  cut  AG  in  L,  and  join  HE,  KE,  LE,  Let  LK 
meet  BG  in  if. 


*  "Indessen  besitzen  wir  doch  nur  in  einem  einzelnen  hierher  gehorigen 
Falle  eine  positive  Angabe  dariiber,  dass  die  Griechen  die  Einschiebung  mittels 
Zirkel  und  Lineal  ausgefiihrt  haben,  wenn  uamlich  die  gegebenen  Geraden 
zugleich  rechte  Winkel  bilden,  AIBC  also  ein  Quadrat  wird."  Zeuthen,  op.  cit. 
p.  281. 

t  Pappus  VII.  p.  778. 
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Since,  from  the  property  of  the  rhombus,  the  angles  LOM,  KCM 
are  equal,  and  therefore  GL^  CK  make  equal  angles  with  the  diameter 
FG  of  the  circle,  it  follows  that  GL  =  GK, 


Also  EK  =  EL^  and  GE  is  common  to  the  triangles  EGK,  EGL, 
Therefore  the  said  triangles  are  equal  in  all  respects,  and 

lGKE^lGLE^lGHE. 
Kow,  by  hypothesis, 

EB\EF=^EF\EG, 
or  EB  :  EK  =  EK :  EG        (since  EF  -  EK), 

and  the  angle  CEK  is  common  to  the  triangles  JBEK^  KEG ;  there- 
fore the  triangles  BEK,  KEG  are  similar,  and 

lGBK^lGKE 

=  L  GHE,  from  above. 
Again,  L  HGE  ^lAGB=^l.  BGK 

Thus  in   the  triangles   GBK,  GEE  two  angles  are  equal  re- 
spectively ; 
therefore  ^  GEH  =  l  GKB, 

But,  since  l  GKE  =  l  GHE,  from  above,  the  points  X,  (7,  E^  H 
are  concyclic. 

Hence  l  GEH  +  l  GKE  =  (two  right  angles). 

Accordingly,  since  L  GEE  =  L  GKB, 

L  GKE  +  L  GKB  =  (two  right  angles), 
and  BKE  is  a  straight  line. 
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Now  the  form  of  the  proposition  at  once  suggests  that,  in  the 
8th  problem  referred  to,  Apollonius  had  simply  given  a  construction 
involving  the  drawing  of  a  circle  cutting  CD  and  AC  produced  in 
the  points  JT,  H  respectively,  and  Pappus'  proof  that  BKH  is  a 
straight  line  is  intended  to  prove  that  HK  verges  towards  B,  or  (in 
other  words)  to  verify  that  the  construction  given  by  Apollonius 
solves  a  certain  vcvo-ts  requiring  BKH  to  he  drawn  so  that  KH  is 
equal  to  a  given  length. 

The  analysis  leading  to  the  construction  must  have  been  worked 
out  somewhat  as  follows. 

Suppose  BKH  drawn  so  that  KE  is  equal  to  the  given  length  k 
Bisect  KH  at  N,  and  draw  NK  at  right  angles  to  KH  meeting  BC 
produced  in  K. 

Draw  KM  perpendicular  to  BC  and  produce  it  to  meet  CA  in  L, 
Then,  from  the  property  of  the  rhombus,  the  triangles  KCMy  LCM 
are  equal  in  all  respects. 

Therefore  KM=ML\  and  accordingly,  if  MN  be  joined,  JOT, 
LH  are  parallel. 

Now,  since  the  angles  at  J/,  N  are  right,  a  circle  can  be  described 
about  EMKK 

Therefore  l  CEK  -  l  MNK,  in  the  same  segment, 

=  L  CHK,  by  parallels. 

Hence  a  circle  can  be  described  about  CEHK     It  follows  that 

lBCD=^lCEK^lCKE 

^lCHK^lGHE 

^lEHK^lEKH, 

Therefore  the  triangles  EKH,  BBC  are  similar. 

Lastly,  L  CKN  =  l  CBK  +  l  BCK  ; 

and,  subtracting  from  these  equals  the  equal  angles  EKN^  BCK 

respectively,  we  have 

L EKC = L EBK 

Hence  the  triangles  EBK,  EKC  are  similar,  and 

BE:EK^EK:EC, 

QY  BE,EC^EK\ 

But,  by  similar  triangles,  EK :  KH=^  DC  :  CB, 

and  the  ratio  DC  :  CB  is  given,  while  KH  is  also  given  (=  k). 
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Therefore  EK  is  given,  and,  in  order  to  find  E^  we  have  only,  in 
the  Greek  phrase,  to  **  apply  to  BC  a  rectangle  exceeding  by  a  square 
figure  and  equal  to  the  given  area  EK^." 

Thus  the  construction  given  by  Apollonius  was  clearly  the 
following*. 

Ifkhe  the  given  length,  take  a  straight  line  p  such  that 

p:k  =  AB:BC, 
Apply  to  BO  a  rectangle  exceeding  by  a  square  figure  and  equal  to 
the  area  p^.     Let  BE .  EC  he  this  rectangle^  and  with  E  as  centre  and 
radius  equal  to  p  describe  a  circle  cutting  AG  produced  in  H  and 
CD  in  Z. 

HK  is  then  equal  to  k,  and  verges  towards  B,  as  proved  by 
Pappus;   the  problem  is  therefore  solved. 

The  construction  used  by  Apollonius  for  the  *  plane '  vtvan^i  with 
reference  to  the  rhombus  having  been  thus  restored  by  means  of  the 
theorem  given  by  Pappus,  we  are  enabled  to  understand  the  purpose 

*  This  construction  was  suggested  to  me  by  a  careful  examination  of 
Pappus'  proposition  without  other  aid ;  but  it  is  no  new  discovery. 
Samuel  Horsley  gives  the  same  construction  in  his  restoration  of  ApoUonii 
Pergaei  Inclinationum  libri  duo  (Oxford,  1770);  he  explains,  however,  that 
he  went  astray  in  consequence  of  a  mistake  in  the  figure  given  in  the  mss., 
and  was  unable  to  deduce  the  construction  from  Pappus's  proposition  until  he 
was  recalled  to  the  right  track  by  a  solution  of  the  same  problem  by  Hugo 
d'Omerique.  This  solution  appears  in  a  work  entitled,  Analysis  gernnetrica^  sive 
nova  et  vera  methodus  resolvendi  tarn  prohlemata  geometrica  quam  arithmeticas 
quaestioneSf  published  at  Cadiz  in  1698.  D'Omerique's  construction,  which  is 
practically  identical  with  that  of  Apollonius,  appears  to  have  been  evolved  by 
means  of  an  independent  analysis  of  his  own,  since  he  makes  no  reference  to 
Pappus,  as  he  does  in  other  cases  where  Pappus  is  drawn  upon  (e.g.  when  giving 
the  construction  for  the  case  of  the  square  attributed  by  Pappus  to  one 
Heraclitus).  The  construction  differs  from  that  given  above  only  in  the  fact 
that  the  circle  is  merely  used  to  determine  the  point  K,  after  which  BK  is  joined 
and  produced  to  meet  ^<7  in  H.  Of  other  solutions  of  the  same  problem  two 
may  here  be  mentioned.  (1)  The  solution  contained  in  Marino  Ghetaldi's 
posthumous  work  De  Besolutione  et  Compositione  Mathematica  Libri  quinque 
(Kome,  1630),  and  included  among  the  solutions  of  other  problems  all  purporting 
to  be  solved  "methodo  qua  antiqui  utebantur,"  is,  though  geometrical,  entirely 
different  from  that  above  given,  being  effected  by  means  of  a  reduction  of  the 
problem  to  a  simpler  plane  veOais  of  the  same  character  as  that  assumed  by 
Hippocrates  in  his  Quadrature  of  lunes,  (2)  Christian  Huygens  {De  circuli 
magnitudine  inventa;  accedunt  problematum  quorundam  illustrium  constructiones, 
Lugduni  Batavorum,  1654)  gave  a  rather  complicated  solution,  which  may  be 
described  as  a  generalisation  of  Heraclitus'  solution  in  the  case  of  a  square. 
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for  which  Pappus,  while  still  on  the  subject  of  the  "  8th  problem  " 
of  Apollonius,  adds  a  solution  for  the  particular  case  of  the  square 
(which  he  calls  a  "  problem  after  Heraclitus  ")  with  an  introductory 
lemma.  It  seems  clear  that  Apollonius  did  not  treat  the  case  of  the 
square  separately  from  the  rhombus  because  the  solution  for  the 
rhombus  was  equally  applicable  to  the  square,  and  this  supposition 
is  confirmed  by  the  fact  that,  in  setting  out  the  main  problems 
discussed  in  the  i^cvorct?,  Pappus  only  mentions  the  rhombus  and  not 
the  square.  Being  however  acquainted  with  a  solution  by  one 
Heraclitus  of  the  vewis  relating  to  a  square  which  was  not  on  the 
same  lines  as  that  of  Apollonius,  while  it  was  not  applicable  to  the 
case  of  the  rhombus,  Pappus  adds  it  as  an  alternative  method  for 
the  square  which  is  worth  noting*.  This  is  no  doubt  the  explanation 
of  the  heading  to  the  leinma  prefixed  to  Heraclitus'  problem  which 
Hultsch  found  so  much  difficulty  in  explaining  and  put  in  brackets 
as  an  interpolation  by  a  writer  who  misunderstood  the  figure 
and  the  object  of  the  theorem.  The  words  mean  **  Lemma  useful 
for  the  [problem]  with  reference  to  squares  taking  the  place 
of  the  rhombus"  (literally  "having  the  same  property  as  the 
rhombus"),   i.e.  a   lemma   useful   for   Heraclitus'  solution   of   the 

*  This  view  of  the  matter  receives  strong  support  from  the  following 
facts.  In  Pappus'  summary  (p.  670)  of  the  contents  of  the  »'ei5(retj  of  Apollonius 
"two  cases"  of  the  vevtns  with  reference  to  the  rhombus  are  mentioned  last 
among  the  particular  problems  given  in  the  first  of  the  two  Books.  As  we  have 
seen,  one  case  (that  given  above)  was  the  subject  of  the  **8th  problem"  of 
Apollonius,  and  it  is  equally  clear  that  the  other  case  was  dealt  with  in  the 
*'  9th  problem."  The  other  case  is  clearly  that  in  which 
the  line  to  be  drawn  through  B,  instead  of  crossing  the 
exterior  angle  of  the  rhombus  at  C,  lies  across  the  angle 
C  itself,  i.e.  meets  CA^  CD  both  produced.  In  the  former 
case  the  solution  of  the  problem  is  always  possible  what- 
ever be  the  length  of  k;  but  in  the  second  case  clearly 
the  problem  is  not  capable  of  solution  if  fe,  the  given 
length,  is  lees  than  a  certain  minimum.  Hence  the 
problem  requires  a  biopicrfAbt  to  determine  the  minimum 
length  of  k.  Accordingly  we  find  Pappus  giving,  after 
the  interposition  of  the  case  of  the  square,  a  "  lemma  useful  for  the  SiopKrfios  of 
the  9th  problem,"  which  proves  that,  if  CJFf  =  CK  and  B  be  the  middle  point  of 
HKf  then  HK  is  the  least  straight  line  which  can  be  drawn  through  B  to  meet 
CHf  CK,  Pappus  adds  that  the  8topt<r/t^s  for  the  rhombus  is  then  evident ;  if 
HK  be  the  line  drawn  through  B  perpendicular  to  CB  and  meeting  CA,  CD 
produced  in  H,  JfiT,  then,  in  order  that  the  problem  may  admit  of  solution,  the 
given  length  k  must  be  not  less  than  HK, 
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vcrorts    in  the   particular   case   of    a   square*.     The  lemma   is  as 
follows. 

ABGD  being  a  square,  suppose  BHE  drawn  so  as  to  meet  CD  in 
H  and  AD  produced  in  E,  and  let  EF  he  drawn  perpendicular  to  BE 
meeting  BC  produced  in  F.     To  prove  tliat 
CF^^BC^'-vHE^ 

Suppose  EG  drawn  parallel  to  DC  meeting  OF  in  G,     Then 
since  BEF  is  a  right  angle,  the  angles  HBC,  FEG  are  equal. 


Therefore  the  triangles  BGE,  EGF  are  equal  in  all  respects,  and 

EF=^  BH, 
Now  BF'  =  BE^  +  EF\ 

or  BC  .  BF^BF,  FC  =  BH .  BE  +  BE,EH^EF\ 

But,  the  angles  HCF,  HEF  being  right,  the  points  (7,  H,  E,  F 
are  concyclic,  and  therefore 

BC,BF=^BH.BE, 
Subtracting  these  equals,  we  have 

BF.FC-^BE.EE-vEF^ 
s.BE,EH+BH' 
=  Bff,HE+EH'-^BH' 
=  EB.BH-^EH' 
^FB.BC-^  EH\ 


*  Hultsch  translates  the  words  Xij/x/xa  xP'fl<ff-f^ov  els  rb  iirl  TCTpaydviav  iroio{/vT<>)v 
Tk  aurd  t<?  l>6fip(fi  (p.  780)  thus,  **  Lemma  utile  ad  prohlema  de  quadratis  quorum 
summa  rhombo  aequalis  est,"  and  has  a  note  in  his  Appendix  (p.  1260)  explaining 
what  he  supposes  to  be  meant.  The  *  squares'  he  takes  to  be  the  given  square 
and  the  square  on  the  given  length  of  the  intercept,  and  the  rhombus  to  be  one 
for  which  he  indicates  a  construction  but  which  is  not  shown  in  Pappus'  figure. 
Thus  he  is  obliged  to  translate  ry  ft6fi^(fi  as  "  a  rhombus,"  which  is  one  objec- 
tion to  his  interpretation,  while  "whose  squares  are  equal"  scarcely  seems  a 
possible  rendering  of  woi.o^vtu>v  rd  a^rd. 
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Take  away  the  common  part  BC .  CF,  and 
CF^  =  BC  +  FE\ 

Heraclitus'  analysis  and  construction  are  now  as  follows. 

Suppose  that  we  have  drawn  BHF  so  that  ffE  has  a  given 
length  k. 

Since  CF'  =  BC  +  EE',  or  BC  +  k', 

and  BG  and  k  are  both  given, 

CF  is  given,  and  therefore  BF  is  given. 

Thus  the  semicircle  on  BF  as  diameter  is  given,  and  therefore 
also  F,  its  intersection  with  the  given  line  ADF ;  hence  BF  is 
given. 

To  effect  the  construction,  we  first  find  a  square  equal  to  the 
sum  of  the  given  square  and  the  square  on  k.  We  then  produce 
BO  to  F  so  that  CF  is  equal  to  the  side  of  the  square  so  found.  If 
a  semicircle  be  now  described  on  BF  as  diameter,  it  will  pass  above 
J)  (since  CF:>  CD,  and  therefore  BC  .  CF^  CD'),  and  will  therefore 
meet  AD  produced  in  some  point  E. 

Join  BE  meeting  CD  in  H, 

Then  HE  =  k,  and  the  problem  is  solved. 


CHAPTER  VI. 

CUBIC   EQUATIONS. 

It  has  often  been  explained  how  the  Greek  geometers  were  able 
to  solve  geometrically  all  forms  of  the  quadratic  equation  which  give 
positive  roots ;  while  they  could  take  no  account  of  others  because 
the  conception  of  a  negative  quantity  was  unknown  to  them.  The 
quadratic  equation  was  regarded  as  a  simple  equation  connecting 
areas,  and  its  geometrical  expression  was  facilitated  by  the  methods 
which  they  possessed  of  transforming  any  rectilineal  areas  whatever 
into  parallelograms,  rectangles,  and  ultimately  squares,  of  equal 
area ;  its  solution  then  depended  on  the  principle  of  application  of 
areas,  the  discovery  of  which  is  attributed  to  the  Pythagoreans. 
Thus  any  plane  problem  which  could  be  reduced  to  the  geometrical 
equivalent  of  a  quadratic  equation  with  a  positive  root  was  at  once 
solved.  A  particular  form  of  the  equation  was  the  pure  quadratic, 
which  meant  for  the  Greeks  the  problem  of  finding  a  square  equal 
to  a  given  rectilineal  area.  This  area  could  be  transformed  into  a 
rectangle,  and  the  general  form  of  the  equation  thus  became  o(?  =  ah, 
so  that  it  was  only  necessary  to  find  a  mean  proportional  between  a 
and  h.  In  the  particular  case  where  the  area  was  given  as  the 
sum  of  two  or  more  squares,  or  as  the  diflFerence  of  two  squares, 
an  alternative  method  depended  on  the  Pythagorean  theorem  of 
Euci.  I.  47  (applied,  if  necessary,  any  number  of  times  successively). 
The  connexion  between  the  two  methods  is  seen  by  comparing 
Eucl.  VI.  13,  where  the  mean  proportional  between  a  and  h  is 
found,  and  Eucl.  ii.  14,  where  the  same  problem  is  solved  without 
the  use  of  proportions  by  means  of  i.  47,  and  where  in  fact  the 
formula  used  is 


-■-'■c-f'y-c-i^)' 
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The  choice  between  the  two  methods  was  equally  patent  when  the 
equation  to  be  solved  was  x^  =  pd^,  where  j9  is  any  integer ;  hence 
the  ^multiplication^  of  squares  was  seen  to  be  dependent  on  the 
finding  of  a  mean  proportional.  The  equation  x^  =  W  was  the 
simplest  equation  of  the  kind,  and  the  discovery  of  a  geometrical 
construction  for  the  side  of  a  square  equal  to  twice  a  given  square 
was  specially  important,  as  it  was  the  beginning  of  the  theory  of 
incommensurables  or  'irrationals'  (dXoywi/  Trpay/xarcta)  which  was 
invented  by  Pythagoras.  There  is  every  reason  to  believe  that  this 
successful  doubling  of  the  square  was  what  suggested  the  question 
whether  a  construction  could  not  be  found  for  the  doubling  of  the 
cube,  and  the  stories  of  the  tomb  erected  by  Minos  for  his  son  and 
of  the  oracle  bidding  the  Delians  to  double  a  cubical  altar  were  no 
doubt  intended  to  invest  the  purely  mathematical  problem  with  an 
element  of  romance.  It  may  then  have  been  the  connexion  between 
the  doubling  of  the  square  and  the  finding  of  one  mean  proportional 
which  suggested  the  reduction  of  the  doubling  of  the  cube  to  the 
problem  of  finding  two  mean  j^roportiortals  between  two  unequal 
straight  lines.  This  reduction,  attributed  to  Hippocrates  of  Chios, 
showed  at  the  same  time  the  possibility  of  multiplying  the  cube 
b}*^  any  ratio.     Thus,  if  x,  y  are  two  mean  proportionals  between 

a,  6,  we  have 

a  \  x-=^x  \  y  ^y  \b, 

and  we  derive  at  once 

a  \b-d^  \  Q(?, 

whence  a  cube  (o;^)  is  obtained  which  bears  to  oH'  the  ratio  b  :  a, 

while  any  fraction  -  can  be  transformed  into  a  ratio  between  lines 

of  which  one  (the  consequent)  is  equal  to  the  side  a  of  the  given 
cube.  Thus  the  finding  of  two  mean  proportionals  gives  the  solution 
of  any  pure  cubic  equation,  or  the  equivalent  of  extracting  the  cube 
root,  just  as  the  single  mean  proportional  is  equivalent  to  extracting 
the  square  root.  For  suppose  the  given  equation  to  be  a:^  =  bed. 
We  have  then  only  to  find  a  mean  proportional  a  between  c  and  o?, 

and  the  equation  becomes  a?^  =  a^ .  6  =  a® .  -  which  is  exactly  the 

multiplication  of  a  cube  by  a  ratio  between  lines  which  the  two 
mean  proportionals  enable  us  to  effect. 

As  a  matter  of  fact,  we  do  not  find  that  the  great  geometers 
were  in  the  habit  of  reducing  problems  to  the  multiplication  of  the 
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cube  eo  nomine,  but  to  the  equivalent  problem  of  the  two  mean 
proportionals ;  and  the  cubic  equation  x^  =  a^b  is  not  usually  stated 
in  that  form  but  as  a  proportion.  Thus  in  the  two  propositions  On 
the  Sphere  and  Cylinder  ii.  1,  5,  where  Archimedes  uses  the  two 
mean  proportionals,  it  is  required  to  find  x  where 

a^  :  x^  =  x  :  b ; 
he  does  not  speak  of  finding  the  side  of  a  cube  equal  to  a  certain 
parallelepiped,  as  the  analogy  of  finding  a  square  equal  to  a  given 
rectangle  might  have  suggested.  So  far  therefore  we  do  not  find 
any  evidence  of  a  general  system  of  adding  and  subtracting  solids 
by  transforming  parallelepipeds  into  cubes  and  cubes  into  parallel- 
epipeds which  we  should  have  expected  to  see  in  operation  if  the 
Greeks  had  systematically  investigated  the  solution  of  the  general 
form  of  the  cubic  equation  by  a  method  analogous  to  that  of  the 
application  of  areas  employed  in  dealing  with  quadratic  equations. 

The  question  then  arises,  did  the  Greek  geometers  deal  thus 
generally  with  the  cubic  equation 

x^  ±  ax^  ±Bx±V  =  0, 

which,  on  the  supposition  that  it  was  regarded  as  an  independent 
problem  in  Solid  geometry,  would  be  for  them  a  simple  equation 
between  solid  figures,  x  and  a  both  representing  linear  magnitudes, 
jB  an  area  (a  rectangle),  and  T  a  volume  (a  parallelepiped)  1  And 
was  the  reduction  of  a  problem  of  an  order  higher  than  that  which 
could  be  solved  by  means  of  a  quadratic  equation  to  the  solution  of 
a  cubic  equation  in  the  form  shown  above  a  regular  and  recognised 
method  of  dealing  with  such  a  problem  1  The  only  direct  evidence 
pointing  to  such  a  supposition  is  found  in  Archimedes,  who  reduces 
the  problem  of  dividing  a  sphere  by  a  plane  into  two  segments 
whose  volumes  are  in  a  given  ratio  (On  the  Sphere  and  Cylinder  ii.  4) 
to  the  solution  of  a  cubic  equation  which  he  states  in  a  form 
equivalent  to 

4:a':x'=^(3a-x)  :  -"^a (1), 

^  ^     m-^71  ^  ^ 

where  a  is  the  radius  of  the  sphere,  m  :  n  the  given  ratio  (being  a 
ratio  between  straight  lines  of  which  m->n),  and  x  the  height  of  the 
greater  of  the  required  segments.  Archimedes  explains  that  this  is 
a  particular  case  of  a  more  general  problem,  to  divide  a  straight 
line  (a)  into  two  parts  (x,  a-x)  such  that  one  part  {a  —  x)  is  to  an- 
other given  straight  line  (c)  as  a  given  area  (which  for  convenience' 
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sake  we  suppose  transformed  into  a  square,  ¥)  is  to  the  square  on 
the  other  part  {x\  i.e.  so  that 

{a~x)  :  c  =  }f  :  ar.  (2). 

He  further  explains  that  the  equation  (2)  stated  thus  generally 
requires  a  Stoptcr^os,  i.e.  that  the  limits  for  the  possibility  of  a  real 
solution,  etc.,  require  to  be  investigated,  but  that  the  particular  case 
(with  the  conditions  obtaining  in  the  particular  proposition)  requires 
no  Stoptor^o?,  i.e.  the  equation  (1)  will  always  give  a  real  solution. 
He  adds  that  "the  analysis  and  synthesis  of  both  these  problems 
will  be  given  at  the  end."  That  is,  he  promises  to  give  separately  a 
complete  investigation  of  the  equation  (2),  which  is  equivalent  to  the 
cubic  equation 

x'  {a-'x)=::b'c (3) 

and  to  apply  it  to  the  particular  case  (1). 

Wherever  the  solution  was  given,  it  was  temporarily  lost,  having 
apparently  disappeared  even  before  the  time  of  Dionysodorus  and 
Diodes  (the  latter  of  whom  lived,  according  to  Cantor,  not  later 
than  about  100  B.C.) ;  but  Eutocius  describes  how  he  found  an 
old  fragment  which  appeared  to  contain  the  original  solution  of 
Archimedes,  and  gives  it  in  full.  It  will  be  seen  on  reference  to 
Eutocius'  note  (which  I  have  reproduced  immediately  after  the 
proposition  to  which  it  relates.  On  the  Sphere  and  Cylinder  ii.  4) 
that  the  solution  (the  genuineness  of  which  there  seems  to  be  no 
reason  to  doubt)  was  effected  by  means  of  the  intersection  of  a 
parabola  and  a  rectangular  hyperbola  whose  equations  may  re- 
spectively be  written  thus, 

(a  —x)y  =  ac. 

The  BiopiCTfios  takes  the  form  of  investigating  the  maodmum 
possible  value  of  x^  (a  —  x),  and  it  is  proved  that  this  maximum 

2 
value  for  a  real  solution  is  that  corresponding  to  the  value  x~~a. 

o 
4 
This  is  established  by  showing  that,  if  b^c  =  -^  a^,  the  curves  touch 

Ml 

2  4 

at  the  point  for  which  x=^^a.     If  on  the  other  hand  ¥c  <  ^  a\  it 

is  proved  that  there  are  two  real  solutions.  In  the  particular  case 
(1)  it  is  clear  that  the  condition  for  a  real  solution  is  satisfied,  for 
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the  expression  in  (1)  corresponding  to  6*c  in  (2)  is  4a^,  and  it 

is  only  necessary  that 

which  is  obviously  true. 

Hence  it  is  clear  that  not  only  did  Archimedes  solve  the  cubic 
equation  (3)  by  means  of  the  intersections  of  two  conies,  but  he  also 
discussed  completely  the  conditions  under  which  there  are  0,  1  or  2 
roots  lying  between  0  and  a.  It  is  to  be  noted  further  that  the 
SiopwTftos  is  similar  in  character  to  that  by  which  ApoUonius 
investigates  the  number  of  possible  normals  that  can  be  drawn 
to  a  conic  from  a  given  point*.  Lastly,  Archimedes'  method  is 
seen  to  be  an  extension  of  that  used  by  Menaechmus  for  the  solution 
of  the  pure  cubic  equation.     This  can  be  put  in  the  form 

which  can  again  be  put  in  Archimedes'  form  thus, 

a?  ',  x^  =  x  \h, 
and  the  conies  used  by  Menaechmus  are  respectively 

Qif  =z  ay,  xy  =  ah, 
which  were  of   course  suggested   by  the  two  mean  proportionals 
satisfying  the  equations 

a  :  x  —  x  I  y~y  '.h. 

The  case  above  described  is  not  the  only  one  where  we  may 
assume  Archimedes  to  have  solved  a  problem  by  first  reducing  it 
to  a  cubic  equation  and  then  solving  that.  At  the  end  of  the 
preface  to  the  book  On  Conoids  and  Spheroids  he  says  that  the 
results  therein  obtained  may  be  used  for  discovering  many  theorems 
and  problems,  and,  as  instances  of  the  latter,  he  mentions  the 
following,  "from  a  given  spheroidal  figure  or  conoid  to  cut  off, 
by  a  plane  drawn  parallel  to  a  given  plane,  a  segment  which  shall 
be  equal  to  a  given  cone  or  cylinder,  or  to  a  given  sphere."  Though 
Archimedes  does  not  give  the  solutions,  the  following  considerations 
may  satisfy  us  as  to  his  method. 

(1)  The  case  of  the  *  right-angled  conoid'  (the  paraboloid  of 
revolution)  is  a  *  plane '  problem  and  therefore  does  not  concern  us 
here. 

*  Cf.  ApoUonius  of  Perga,  p.  168  sqq. 
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(2)  In  the  case  of  the  spheroid,  the  volume  of  the  whole 
spheroid  could  be  easily  ascertained,  and,  by  means  of  that,  the 
ratio  between  the  required  segment  and  the  remaining  segment; 
after  which  the  problem  could  be  solved  in  exactly  the  same  way 
as  the  similar  one  in  the  case  of  the  sphere  above  described, 
since  the  results  in  On  Conoids  and  Spheroids^  Props.  29 — 32, 
correspond  to  those  of  On  the  Sphere  and  Cylinder  ii.  2.  Or 
Archimedes  may  have  proceeded  in  this  case  by  a  more  direct 
method,  which  we  may  represent  thus.  Let  a  plane  be  drawn 
through  the  axis  of  the  spheroid  perpendicular  to  the  given 
plane  (and  therefore  to  the  base  of  the  required  segment).  This 
plane  will  cut  the  elliptical  base  of  the  segment  in  one  of  its 
axes,  which  we  will  call  ^y.  Let  x  be  the  length  of  the  axis 
of  the  segment  (or  the  length  intercepted  within  the  segment 
of  the  diameter  of  the  spheroid  passing  through  the  centre  of  the 
base  of  the  segment).  Then  the  area  of  the  base  of  the  segment  will 
vary  as  y^  (since  all  sections  of  the  spheroid  parallel  to  the  given 
plane  must  be  similar),  and  therefore  the  volume  of  the  cone  which 
has  the  same  vertex  and  base  as  the  required  segment  will  vary  as 
y^x.  And  the  ratio  of  the  volume  of  the  segment  to  that  of  the 
cone  is  {On  Conoids  and  Spheroids^  Props.  29 — 32)  the  ratio 
(3a  -  x)  :  {2a  —  x\  where  2a  is  the  length  of  the  diameter  of  the 
spheroid  which  passes  through  the  vertex  of  the  segment.  There- 
fore 

where  C  is  a  known  volume.  Further,  since  x,  y  are  the  coordinates 
of  a  point  on  the  elliptical  section  of  the  spheroid  made  by  the  plane 
through  the  axis  perpendicular  to  the  cutting  plane,  referred  to  a 
diameter  of  that  ellipse  and  the  tangent  at  the  extremity  of  the 
diameter,  the  ratio  y^\x(2a  —  x)  is  given.     Hence   the   equation 

can  be  put  in  the  form 

a?  (3a  -  jk)  =  6% 

and  this  again  is  the  same  equation  as  that  solved  in  the  fragment 
given  by  Eutocius.  A  8topt<r/Aos  is  formally  necessary  in  this  case, 
though  it  only  requires  the  constants  to  be  such  that  the  volume 
to  which  the  segment  is  to  be  equal  must  be  less  than  that  of  the 
whole  spheroid. 

(3)  For  the  *  obtuse-angled  conoid '  (hyperboloid  of  revolution) 
it  would  be  necessary  to  use  the  direct  method  just  described  for 
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the  spheroid,  and,  if  the  notation  be  the  same,  the  corresponding 
equations  will  be  found,  with  the  help  of  On  Conoids  and  Spheroids, 
Props.  25,  2^,  to  be 

^       2a +  x 
and,  since  the  ratio  y^  :  x  (2a  +  x)  is  constant, 

cc^  (3a  +  oj)  =  b^c. 

If  this  equation  is  written  in  the  form  of  a  proportion  like  the 
similar  one  above,  it  becomes 

h^  :  x^  =  (3a  +  x)  :  c. 

There  can  be  no  doubt  that  Archimedes  solved  this  equation  as 
well  as  the  similar  one  with  a  negative  sign,  i.e.  he  solved  the  two 
equations 

x^  ±  ax^  +  h^c  =  0, 

obtaining  all  their  positive  real  roots.  In  other  words,  he  solved 
completely,  so  far  as  the  real  roots  are  concerned,  a  cubic  equation 
in  which  the  term  in  x  is  absent,  although  the  determination  of  the 
positive  and  negative  roots  of  one  and  the  same  equation  meant  for 
him  two  separate  problems.  And  it  is  clear  that  all  cubic  equations 
can  be  easily  reduced  to  the  type  which  Archimedes  solved. 

We  possess  one  other  solution  of  the  cubic  equation  to  which 
the  division  of  a  sphere  into  segments  bearing  a  given  ratio  to  one 
another  is  reduced  by  Archimedes.  This  solution  is  by  Dionysodorus, 
and  is  given  in  the  same  note  of  Eutocius*.  Dionysodorus  does  not 
generalise  the  equation,  however,  as  is  done  in  the  fragment  quoted 
above ;  he  merely  addresses  himself  to  the  particular  case, 

4a^  :  x^  =  (3a  —  x)  :  — — -  a, 
^  ^    m  +  n 

thereby  avoiding  the  necessity  for  a  Stoptcr/Aos.  The  curves  which  he 
uses  are  the  parabola 

m 


m  +  n 
and  the  rectangular  hyperbola 

m 


a  (3a  —  x)  =  i 
2a^  =  xy. 


m  +  n 
When  we  turn  to  Apollonius,  we  find  him  emphasising  in  his 

*  On  the  Sphere  and  Cylinder  ii.  4  (note  at  end). 
H.  A.  i 
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preface  to  Book  iv.  of  the  Conies*  the  usefulness  of  investigations 
of  the  possible  number  of  points  in  which  conies  may  intersect  one 
another  or  circles,  because  "  they  at  all  events  afford  a  more  ready 
means  of  observing  some  things,  e.g.  that  several  solutions  are 
possible,  or  that  they  are  so  many  in  number,  and  again  that  no 
solution  is  possible " ;  and  he  shows  his  mastery  of  this  method 
of  investigation  in  Book  v.,  where  he  determines  the  number  of 
normals  that  can  be  drawn  to  a  conic  through  any  given  point,  the 
condition  that  two  normals  through  it  coincide,  or  (in  other  words) 
that  the  point  lies  on  the  evolute  of  the  conic,  and  so  on.  For  these 
purposes  he  uses  the  points  of  intersection  of  a  certain  rectangular 
hyperbola  with  the  conic  in  question,  and  among  the  cases  we  find 
(v.  51,  58,  62)  some  which  can  be  reduced  to  cubic  equations,  those 
namely  in  which  the  conic  is  a  parabola  and  the  axis  of  the  parabola 
is  parallel  to  one  of  the  asymptotes  of  the  hyperbola.  Apollonius 
however  does  not  bring  in  the  cubic  equation ;  he  addresses  himself 
to  the  direct  geometrical  solution  of  the  problem  in  hand  without 
reducing  it  to  another.  This  is  after  all  only  natural,  because  the 
solution  necessitated  the  drawing  of  the  rectangular  hyperbola  in 
the  actual  fiigure  containing  the  conic  in  question ;  thus,  e.g.  in  the 
case  of  the  problem  leading  to  a  cubic  equation,  Apollonius  can,  so 
to  speak,  compress  two  steps  into  one,  and  the  introduction  of  the 
cubic  as  such  would  be  mere  surplusage.  The  case  was  different 
with  Archimedes,  when  he  had  no  conic  in  his  original  figure ;  and 
the  fact  that  he  set  himself  to  solve  a  cubic  somewhat  more  general 
than  that  actually  involved  in  the  problem  made  separate  treatment 
with  a  number  of  new  figures  necessary.  Moreover  Apollonius  was 
at  the  same  time  dealing,  in  other  propositions,  with  cases  which  did 
not  reduce  to  cubics,  but  would,  if  put  in  an  algebraical  form,  lead 
to  biquadratic  equations,  and  these,  expressed  as  such,  would  have 
had  no  meaning  for  the  Greeks ;  there  was  therefore  the  less  reason 
in  the  simpler  case  to  introduce  a  subsidiary  problem. 

As  already  indicated,  the  cubic  equation,  as  a  subject  of  syste- 
matic and  independent  study,  appears  to  have  been  lost  sight  of 
within  a  century  or  so  after  the  death  of  Archimedes.  Thus  Diodes, 
the  discoverer  of  the  cissoid,  speaks  of  the  problem  of  the  division  of 
the  sphere  into  segments  in  a  given  ratio  as  having  been  reduced 
by  Archimedes  "to  another  problem,  which  he  does  not  solve  in 
his  work  on  the  sphere  and  cylinder";  and  he  then  proceeds  to 
*  Apollonius  of  Ferga,  p.  Ixxiii. 
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solve  the  original  problem  directly,  without  in  any  way  bringing 
in  the  cubic.  This  circumstance  does  not  argue  any  want  of 
geometrical  ability  in  Diodes ;  on  the  contrary,  his  solution  of  the 
original  problem  is  a  remarkable  instance  of  dexterity  in  the  use  of 
conies  for  the  solution  of  a  somewhat  complicated  problem,  and  it 
proceeds  on  independent  lines  in  that  it  depends  on  the  intersection 
of  an  ellipse  and  a  rectangular  hyperbola,  whereas  the  solutions  of 
the  cubic  equation  have  accustomed  us  to  the  use  of  the  parabola 
and  the  rectangular  hyperbola.  I  have  reproduced  Diodes'  solution 
in  its  proper  place  as  part  of  the  note  of  Eutocius  on  Archimedes' 
proposition;  but  it  will,  I  think,  be  convenient  to  give  here  its 
equivalent  in  the  ordinary  notation  of  analytical  geometry,  in 
accordance  with  the  plan  of  this  chapter.  Archimedes  had  proved 
[On  the  Sphere  and  Cylinder  ii.  2]  that,  if  k  be  the  height  of  a 
segment  cut  off  by  a  plane  from  a  sphere  of  radius  a,  and  if  h  be 
the  height  of  the  cone  standing  on  the  same  base  as  that  of  the 
segment  and  equal  in  volume  to  the  segment,  then 

{U-k)  :  {2a-k)  =  h  :  k. 

Also,  if  h"  be  the  height  of  the  cone  similarly  related  to  the 
remaining  segment  of  the  sphere, 

(a  +  k)  :k  =  h'  :  {2a-k). 
From  these  equations  we  derive 

(h-k)  :k=^a  :{2a~  k), 

and  (h'  —  2a  +  k)  :  {2a  ~k)  =  a  :  k. 

Slightly  generalising  these  equations  by  substituting  for  a  in  the 
third  term  of  each  proportion  another  length  i,  and  adding  the 
condition  that  the  segments  (and  therefore  the  cones)  are  to  bear  to 
each  other  the  ratio  m  :  n,  Diodes  sets  himself  to  solve  the  three 
equations 

(h-k)  :k  =  b  :{2a-k)\ 

{h'-2a-^k)'.  {2a-k)  =  b  :k  [  (A). 

and  h  \  K  =  m  :  n 

Suppose  m>ny  so  that  k>a.  The  problem  then  is  to  divide  a 
straight  line  of  length  2a  into  two  parts  k  and  {2a  — k)  of  which  k  is 
the  greater,  and  which  are  such  that  the  three  given  equations  are 
all  simultaneously  satisfied. 

Imagine  two  coordinate  axes  such  that  the  origin  is  the  middle 
point  of  the  given  straight  line,  the  axis  of  y  is  at  right  angles  to  it, 

^2 
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and  X  is  positive  when  measured  along  that  half  of  the  given  straight 
line  which  is  to  contain  the  required  point  of  division.  Then  the 
conies  drawn  by  Diodes  are 

(1)   the  ellipse  represented  by  the  equation 

lib 

and  (2)  the  rectangular  hyperbola 

{x  +  a)  (2/  +  6)  =  2ah. 

One  intersection  between  these  conies  gives  a  value  of  x  between  0 
and  a,  and  leads  to  the  solution  required.  Treating  the  equations 
algebraically,  and  eliminating  y  by  means  of  the  second  equation 
which  gives 

a  —  x    , 
^     a  +  x     ' 
we  obtain  from  the  first  equation 

(a  ~  xf  (l  +  -^y  ^^Ua-i-hY-  a^}, 

that  is,  (a  +  0?)^  (a  +  6  —  a?)  —  ~  (c«  —  cc)^  («  +  6  +  a?) (B). 

In  other  words  Diodes'  method  is  the  equivalent  of  solving  a 
complete  cubic  equation  containing  all  the  three  powers  of  x  and  a 
constant,  though  no  mention  is  made  of  such  an  equation. 

To  verify  the  correctness  of  the  result  we  have  only  to  remember 
that,  X  being  the  distance  of  the  point  of  division  from  the  middle 
point  of  the  given  straight  line, 

h  —  a-hx,     ^a  —  k  —  a-x. 

Thus,  from  the  first  two  of  the  given  equations  (A)  we  obtain 

respectively 

,  a  +  aj   , 

h-a-vx-^- .  6, 

a  —  x 

,,  a  —  x   , 

h  ~a-x-v .  6, 

a-¥x 

whence,  by  means  of  the  third  equation,  we  derive 

(a  +  a?)^  («  +  &  ~  a?)  =  ~  (a  -  xf  (a^rh■^■  x), 
which  is  the  same  equation  as  that  found  by  elimination  above  (B). 
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I  have  purposely  postponed,  until  the  evidence  respecting  the 
Greek  treatment  of  the  cubic  equation  was  complete,  any  allusion 
to  an  interesting  hypothesis  of  Zeuthen's"^  which,  if  it  could  be 
accepted  as  proved,  would  explain  some  difficulties  involved  in 
Pappus'  account  of  the  orthodox  classification  of  problems  and  loci. 
I  have  already  quoted  the  passage  in  which  Pappus  distinguishes 
the  problems  which  are  plane  (cTrtVeSa),  those  which  are  solid  (o-Teped) 
and  those  which  are  linear  (ypafjifjuKo)  f.  Parallel  to  this  division  of 
problems  into  three  orders  or  classes  is  the  distinction  between  three 
classes  of  lociX.  ^^^  ^^^^  class  consists  of  plane  loci  (tottoi  iTrtTrcSot) 
which  are  exclusively  straight  lines  and  circles,  the  second  of  solid 
loci  (roTTot  o-repcot)  which  are  conic  sections §,  and  the  third  of 
linear  loci  (tottoi  ypa/A/xtKot).  It  is  at  the  same  time  clearly  implied 
by  Pappus  that  problems  were  originally  called  plane,  solid  or  linear 
respectively  for  the  specific  reason  that  they  required  for  their 
solution  the  geometrical  loci  which  bore  the  corresponding  names. 
But  there  are  some  logical  defects  in  the  classification  both  as 
regards  the  problems  and  the  loci. 

(1)  Pappus  speaks  of  its  being  a  serious  error  on  the  part  of 
geometers  to  solve  a  plane  problem  by  means  of  conies  (i.e.  'solid 
loci ')  or  *  linear '  curves,  and  generally  to  solve  a  problem  "  by  means 
of  a  foreign  kind ''  (cf  dvoiK€Lov  yivovs).  If  this  principle  were 
applied  strictly,  the  objection  would  surely  apply  equally  to  the 
solution  of  a  *  solid '  problem  by  means  of  a  *  linear '  curve.  Yet, 
though  e.g.  Pappus  mentions  the  conchoid  and  the  cissoid  as  being 
*  linear'  curves,  he  does  not  object  to  their  employment  in  the 
solution  of  the  problem  of  the  two  mean  proportionals,  which  is  a 
'  solid '  problem. 

(2)  The  application  of  the  term  *  solid  loci '  to  the  three  conic 
sections  must  have  reference  simply  to  the  definition  of  the  curves 
as  sections  of  a  solid  fiigure,  viz.  the  cone,  and  it  was  no  doubt  in 
contrast  to  the  *  solid  locus '  that  the  *  plane  locus '  was  so  called. 
This  agrees  with  the  statement  of  Pappus  that  *  plane'  problems  may 

*  Die  Lehre  von  den  Kegelschnitten,  p.  226  sqq. 

+  p.  ciii. 

%  Pappus  vii.  pp.  652,  662. 

§  It  is  true  that  Proclus  (p.  394,  ed.  Friedlein)  gives  a  wider  definition  of 
"  soUd  lines"  as  those  which  arise  "  from  some  section  of  a  solid  figure,  as  the 
cylindrical  helix  and  the  conic  curves";  but  the  reference  to  the  cylindrical 
helix  would  seem  to  be  due  to  some  confusion. 
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properly  be  so  called  because  the  lines  by  means  of  which  they  are 
solved  "have  their  origin  in  a  plane."  But,  though  this  may  be 
regarded  as  a  satisfactory  distinction  when  '  plane '  and  *  solid '  loci 
are  merely  considered  in  relation  to  one  another,  it  becomes  at  once 
logically  defective  when  the  third  or  *  linear '  class  is  also  brought 
in.     For,  on  the  one  hand,  Pappus  shows  how  the  '  quadratrix '  (a 

*  linear'  curve)  can  be  produced  by  a  construction  in  three 
dimensions  ("  by  means  of  surface-loci,"  8id  twv  Trpos  cTrt^avctats 
roTTiov) ;  and,  on  the  other  hand,  other  *  linear '  loci,  the  conchoid 
and  cissoid,  have  their  origin  in  a  plane.  If  then  Pappus'  account 
of  the  origin  of  the  terms  *  plane'  and  'solid'  as  applied  to  problems 
and  loci  is  literally  correct,  it  would  seem  necessary  to  assume  that 
the  third  name  of  *  linear '  problems  and  loci  was  not  invented  until 
a  period  when  the  terms  *  plane '  and  *  solid  loci '  had  been  so  long 
recognised  and  used  that  their  origin  was  forgotten. 

To  get  rid  of  these  difficulties,  Zeuthen  suggests  that  the  terms 

*  plane '  and  *  solid '  were  first  applied  to  problems,  and  that  they 
came  after vmrds  to  be  applied  to  the  geometrical  loci  which  were 
used  for  the  purpose  of  solving  them.  On  this  interpretation,  when 
problems  which  could  be  solved  by  means  of  the  straight  line  and 
circle  were  called  *  plane,'  the  term  is  supposed  to  have  had  reference, 
not  to  any  particular  property  of  the  straight  line  or  circle,  but  to 
the  fact  that  the  problems  were  such  as  depend  on  an  equation  of  a 
degree  not  higher  than  the  second.  The  solution  of  a  quadratic 
equation  took  the  geometrical  form  of  application  of  areas,  and  the 
term  '  plane '  became  a  natural  one  to  apply  to  the  class  of  problems 
so  soon  as  the  Greeks  found  themselves  confronted  with  a  new  class 
of  problems  to  which,  in  contrast,  the  term  'solid '  could  be  applied. 
This  would  happen  when  the  operations  by  which  problems  were 
reduced  to  applications  of  areas  were  tried  upon  problems  which 
depend  on  the  solution  of  a  cubic  equation.  Zeuthen,  then, 
supposes  that  the  Greeks  sought  to  give  this  equation,  a  similar 
shape  to  that  which  the  reduced  '  plane '  problem  took,  that  is,  to 
form  a  simple  equation  between  solids  coriesponding  to  the  cubic 

equation 

oc^  +  ax^  +  Bx  +  V  =  0 ; 

the  term  *  solid '  or  '  plane '  being  then  applied  according  as  it  had 
been  reduced,  in  the  manner  indicated,  to  the  geometrical  equivalent 
of  a  cubic  or  a  quadratic  equation. 

Zeuthen  further  explains  the  term  'linear  problem'  as  having 
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been  invented  afterwards  to  describe  the  cases  which,  being 
equivalent  to  algebraical  equations  of  an  order  higher  than  the 
third,  would  not  admit  of  reduction  to  a  simple  relation  between 
lengths,  areas  and  volumes,  and  either  could  not  be  reduced  to  an 
equation  at  all  or  could  only  be  represented  as  such  by  the  use  of 
compound  ratios.  The  term  *  linear'  may  perhaps  have  been  applied 
because,  in  such  cases,  recourse  was  had  to  new  classes  of  curves, 
directly  and  without  any  intermediate  step  in  the  shape  of  an 
equation.  Or,  possibly,  the  term  may  not  have  been  used  at  all 
until  a  time  when  the  original  source  of  the  names  'plane'  and 
*  solid '  problems  had  been  forgotten. 

On  these  assumptions,  it  w^ould  still  be  necessary  to  explain  how 
Pappus  came  to  give  a  more  extended  meaning  to  the  term  *  solid 
problem,'  which  according  to  him  equally  includes  those  problems 
which,  though  solved  by  the  same  method  of  conies  as  was  used  to 
solve  the  equivalent  of  cubics,  do  not  reduce  to  cubic  equations  but 
to  biquadratics.  This  is  explained  by  the  supposition  that,  the 
cubic  equation  having  by  the  time  of  Apollonius  been  obscured 
from  view  owing  to  the  attention  given  to  the  method  of  solution 
by  means  of  conies  and  the  discovery  that  the  latter  method  was 
one  admitting  of  wider  application,  the  possibility  of  solution  by 
means  of  conies  came  itself  to  be  regarded  as  the  criterion  deter- 
mining the  class  of  problem,  and  the  name  *  solid  problem '  came 
to  be  used  in  the  sense  given  to  it  by  Pappus  through  a  natural 
misapprehension.  A  similar  supposition  would  account,  in  Zeuthen's 
view,  for  a  circumstance  which  would  otherwise  seem  strange,  viz. 
that  Apollonius  does  not  use  the  expression  *  solid  problem,'  though 
it  might  have  been  looked  for  in  the  preface  to  the  fourth  Book 
of  the  Conies.  The  term  may  have  been  avoided  by  Apollonius 
because  it  then  had  the  more  restricted  meaning  attributed  to  it  by 
Zeuthen  and  therefore  would  not  have  been  applicable  to  all  the 
problems  which  Apollonius  had  in  view. 

It  must  be  admitted  that  Zeuthen's  hypothesis  is  in  several 
respects  attractive.  I  cannot  however  feel  satisfied  that  the 
positive  evidence  in  favour  of  it  is  sufficiently  strong  to  outweigh 
the  authority  of  Pappus  where  his  statements  tell  the  other  way. 
To  make  the  position  clear,  we  have  to  remember  that  Menaechmus, 
the  discoverer  of  the  conic  sections,  was  a  pupil  of  Eudoxus  who 
flourished  about  365  b.c.  ;  probably  therefore  we  may  place  the 
discovery  of  conies  at  about  350  B.C.     Now  Aristaeus  *the  elder' 
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wrote  a  book  on  solid  loci  {crr^p^ol  tottoi)  the  date  of  which  Cantor 
concludes  to  have  been  about  320  B.C.  Thus,  on  Zeuthen's  hypo- 
thesis, the  '  solid  problems '  the  solution  of  which  by  means  of  conies 
caused  the  latter  to  be  called  'solid  loci'  must  have  been  such  as 
had  been  already  investigated  and  recognised  as  solid  problems 
before  320  B.C.,  while  the  definite  appropriation,  so  to  speak,  of  the 
newly  discovered  curves  to  the  service  of  the  class  of  problems  must 
have  come  about  in  the  short  period  between  their  discovery  and 
the  date  of  Aristaeus'  work.  It  is  therefore  important  to  consider 
what  particular  problems  leading  to  cubic  equations  appear  to  have 
been  the  subject  of  speculation  before  320  B.C.  We  have  certainly 
no  ground  for  assuming  that  the  cubic  equation  used  by  Archimedes 
{On  the  Sphere  and  Cylinder  ii.  4)  was  one  of  these  problems ;  for 
the  problem  of  cutting  a  sphere  into  segments  bearing  a  given  ratio 
to  one  another  could  not  have  been  investigated  by  geometers  who 
had  not  succeeded  in  finding  the  volume  of  a  sphere  and  a  segment 
of  a  sphere,  and  we  know  that  Archimedes  was  the  first  to  discover 
this.  On  the  other  hand  there  was  the  duplication  of  the  cube,  or 
the  solution  of  a  pure  cubic  equation,  which  was  a  problem  dating 
from  very  early  times.  Also  it  is  certain  that  the  trisection  of  an 
angle  had  long  exercised  the  minds  of  the  Greek  geometers.  Pappus 
says  that  "  the  ancient  geometers  "  considered  this  problem  and  first 
tried  to  solve  it,  though  it  was  by  nature  a  solid  problem  {irpopXrffJia 
rfj  ff>v(r€L  (TT€p€bv  vwdpxpv),  by  means  of  plane  considerations  (Sta  twv 
cTrtTTcScav)  but  failed ;  and  we  know  that  Hippias  of  Elis  invented, 
about  420  B.C.,  a  transcendental  curve  which  was  capable  of  being 
used  for  two  purposes,  the  trisection  of  an  angle,  and  the  quadrature 
of  a  circle*.  This  curve  came  to  be  called  the  Quadratrixt,  but,  as 
Deinostratus,  a  brother  of  Menaechmus,  was  apparently  the  first  to 
apply  the  curve  to  the  quadrature  of  the  circle  J,  we  may  no  doubt 
conclude  that  it  was  originally  intended  for  the  purpose  of  trisecting 

*  Proclus  (ed.  Friedlein),  p.  272. 

t  The  character  of  the  curve  may  be  described  as  follows.  Suppose  there 
are  two  rectangular  axes  Oy,  Ox  and  that  a  straight  line  OP  of  a  certain  length 
{a)  revolves  uniformly  from  a  position  along  Oy  to  a  position  along  Ox^  while  a 
straight  line  remaining  always  parallel  to  Ox  and  passing  through  P  in  its 
original  position  also  moves  uniformly  and  reaches  Ox  in  the  same  time  as  the 
moving  radius  OP.  The  point  of  intersection  of  this  line  and  OP  describes  the 
Quadratrix,  which  may  therefore  be  represented  by  the  equation 

y/a=:20lTr. 
X  Pappus  IV.  pp.  250 — 2. 


,} w 
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an  angle.  Seeing  therefore  that  the  Greek  geometers  had  used  their 
best  efforts  to  solve  this  problem  before  the  invention  of  conies,  it 
may  easily  be  that  they  had  succeeded  in  reducing  it  to  the  geo- 
metrical equivalent  of  a  cubic  equation.  They  would  not  have  been 
unequal  to  effecting  this  reduction  by  means  of  the  figure  of  the 
vevorts  given  above  on  p.  cxii.  with  a  few  lines  added.  The  proof 
would  of  course  be  the  equivalent  of  eliminating  x  between  the  two 
equations 

xy  =  ah 
{x-aY+(y~-by  =  i{a^  +  b^)^ 

where  x  =  DF,  y=^FP  =  EC,  a^DA,  h  =  DB. 
The  second  equation  gives 

{x  -^a)  {x-  ^a)  =  (y  +  b)  {Sb  —  y). 
From  the  first  equation  it  is  easily  seen  that 
{x  +  a)  :  (y  +  b)  =  a  :  y, 
and  that  {x  ~  3a)  y  =  a{b~  3y)  ; 

we  have  therefore  a^  (b  -  3y)  =  y^(3b  —  y) (13) 

[or  2/'  -  3^2/'  -  3a^y  +  a?b  =  0]. 

If  then  the  trisection  of  an  angle  had  been  reduced  to  the  geo- 
metrical equivalent  of  this  cubic  equation,  it  would  be  natural  for 
the  Greeks  to  speak  of  it  as  a  solid  problem.  In  this  respect  it 
would  be  seen  to  be  similar  in  character  to  the  simpler  problem  of 
the  duplication  of  the  cube  or  the  equivalent  of  a  pure  cubic 
equation ;  and  it  would  be  natural  to  see  whether  the  transformation 
of  volumes  would  enable  the  mixed  cubic  to  be  reduced  to  the  form 
of  the  pure  cubic,  in  the  same  way  as  the  transformation  of  areas 
enabled  the  mixed  quadratic  to  be  reduced  to  the  pure  quadratic. 
The  reduction  to  the  pure  cubic  would  soon  be  seen  to  be  impossible, 
and  the  stereometric  line  of  investigation  would  prove  unfruitful 
and  be  abandoned  accordingly. 

The  two  problems  of  the  duplication  of  the  cube  and  the 
trisection  of  an  angle,  leading  in  one  case  to  a  pure  cubic  equation 
and  in  the  other  to  a  mixed  cubic,  are  then  the  only  problems 
leading  to  cubic  equations  which  we  can  be  certain  that  the  Greeks 
had  occupied  themselves  with  up  to  the  time  of  the  discovery  of  the 
conic  sections.  Menaechmus,  who  discovered  these,  showed  that 
they  could  be  successfully  used  for  finding  the  two  mean  propor- 
tionals and  therefore  for  solving  the  pure  cubic  equation,  and  the 
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next  question  is  whether  it  had  been  proved  before  the  date  of 
Aristaeus'  Solid  Loci  that  the  trisection  of  an  angle  could  be 
effected  by  means  of  the  same  conies,  either  in  the  form  of  the 
v€i)o-ts  above  described  directly  and  without  the  reduction  to  a  cubic 
equation,  or  in  the  form  of  the  subsidiary  cubic  (/?).  ISTow  (1)  the 
solution  of  the  cubic  would  be  somewhat  difficult  in  the  days  when 
conies  were  still  a  new  thing.  The  solution  of  the  equation  (/3)  as 
such  would  involve  the  drawing  of  the  conies  which  we  should 
represent  by  the  equations 

xy  =  a\ 

hx  =  3a^  +  ^hy  —  y^, 

and  the  construction  would  be  decidedly  more  difficult  than  that 
used  by  Archimedes  in  connexion  with  his  cubic,  which  only  requires 
the  construction  of  the  conies 

[a-^  x)  y  =  ac] 

hence  we  can  hardly  assume  that  the  trisection  of  an  angle  in  the 
form  of  the  subsidiary  cubic  equation  was  solved  by  means  of  conies 
before  320  B.C.  (2)  The  angle  may  have  been  trisected  by  means 
of  conies  in  the  sense  that  the  vevortg  referred  to  was  effected  by 
drawing  the  curves  (a),  i.e.  a  rectangular  hyperbola  and  a  circle. 
This  could  easily  have  been  done  before  the  date  of  Aristaeus ;  but 
if  the  assignment  of  the  name  *  solid  loci'  to  conies  had  in  view  their 
applicability  to  the  direct  solution  of  the  problem  in  this  manner 
without  any  reference  to  the  cubic  equation,  or  simply  because 
the  problem  had  been  before  proved  to  be  *  solid '  by  means  of  the 
reduction  to  that  cubic,  then  there  does  not  appear  to  be  any 
reason  why  the  *  Quadratrix,  which  had  been  used  for  the  same 
purpose,  should  not  at  the  time  have  been  also  regarded  as  a  *  solid 
locus/  in  which  case  Aristaeus  could  hardly  have  appropriated  the 
latter  term,  in  his  work,  to  conies  alone.  (3)  The  only  remaining 
alternative  consistent  with  Zeuthen's  view  of  the  origin  of  the 
name  *  solid  locus'  appears  to  be  to  suppose  that  conies  were  so 
called  simply  because  they  gave  a  means  of  solving  one  '  solid 
problem,'  viz.  the  doubling  of  the  cube,  and  not  a  problem  of  the 
more  general  character  corresponding  to  a  mixed  cubic  equation,  in 
which  case  the  justification  for  the  general  name  '  solid  locus '  could 
only  be  admitted  on  the  assumption  that  it  was  adopted  at  a  time 
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when  the  Greeks  were  still  hoping  to  be  able  tp  reduce  the  general 
cubic  equation  to  the  pure  form.  I  think  however  that  the 
traditional  explanation  of  the  term  is  more  natural  than  this 
w^ould  be.  Conies  were  the  first  curves  of  general  interest  for 
the  description  of  which  recourse  to  solid  figures  was  necessary  as 
distinct  from  the  ordinary  construction  of  plane  figures  in  a  plane*; 
hence  the  use  of  the  term  *  solid  locus'  for  conies  on  the  mere  ground 
of  their  solid  origin  would  be  a  natural  way  of  describing  the  new 
class  of  curves  in  the  first  instance,  and  the  term  would  be  likely 
to  remain  in  use,  even  when  the  solid  origin  was  no  longer  thought 
of,  just  as  the  individual  conies  continued  to  be  called  "  sections  of 
a  right-angled,  obtuse-angled,  and  acute-angled"  cone  respectively. 

While  therefore,  as  I  have  said,  the  two  problems  mentioned 
might  naturally  have  been  called  'solid  problems'  before  the  dis- 
covery of  *  solid  loci,'  I  do  not  think  there  is  suflicient  evidence 
to  show  that  'solid  problem'  was  then  or  later  a  technical  term. 
for  a  problem  capable  of  reduction  to  a  cubic  equation  in  the  sense 
of  implying  that  the  geometrical  equivalent  of  the  general  cubic 
equation  was  investigated  for  its  own  sake,  independently  of  its 
applications,  and  that  it  ever  occupied  such  a  recognised  position 
in  Greek  geometry  that  a  problem  would  be  considered  solved  so 
soon  as  it  was  reduced  to  a  cubic  equation.  If  this  had  been  so, 
and  if  the  technical  term  for  such  a  cubic  was  'solid  problem,'  I 
find  it  hard  to  see  how  Archimedes  could  have  failed  to  imply  some- 
thing of  the  kind  when  arriving  at  his  cubic  equation.  Instead  of 
this,  his  words  rather  suggest  that  he  had  attacked  it  as  res  integra. 
Again,  if  the  general  cubic  had  been  regarded  over  any  length  of 
time  as  a  problem  of  independent  interest  which  was  solved  by 
means  of  the  intersections  of  conies,  the  fact  could  hardly  have  been 
unknown  to  Mcoteles  who  is  mentioned  in  the  preface  to  Book  iv. 
of  the  Conies  of  Apollonius  as  having  had  a  controversy  with  Conon 
respecting  the  investigations  in  which  the  latter  discussed  the  maxi- 
mum number  of  points  of  intersection  between  two  conies.  Now 
Nicoteles  is  stated  by  Apollonius  to  have  maintained  that  no  use  - 

*  It  is  true  that  Archytas'  solution  of  the  problem  of  the  two  mean  propor- 
tionals used  a  curve  of  double  curvature  drawn  on  a  cylinder ;  but  this  was  not 
such  a  curve  as  was  likely  to  be  investigated  for  itself  or  even  to  be  regarded  as 
a  locus,  strictly  speaking ;  hence  the  solid  origin  of  this  isolated  curve  would 
not  be  likely  to  suggest  objections  to  the  appropriation  of  the  term  '  solid  locus ' 
to  conies. 
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could  be  made  of  the  discoveries  of  Conon  for  BLopta-fioC;  but  it  seems 
incredible  that  Nicoteles  could  have  made  such  a  statement,  even  for 
controversial  purposes,  if  cubic  equations  then  formed  a  recognised 
class  of  problems  for  the  discussion  of  which  the  intersections  of 
conies  were  necessarily  all-important. 

I  think  therefore  that  the  positive  evidence  available  will  not 
justify  us  in  accepting  the  conclusions  of  Zeuthen  except  to  the 
following  extent. 

1.  Pappus'  explanation  of  the  meaning  of  the  term  *  plane 
problem'  (cttittcSov  irpopXrifxa)  as  used  by  the  ancients  can  hardly 
be  right.  Pappus  says,  namely,  that  "problems  which  can  be 
solved  by  means  of  the  straight  line  and  circle  may  properly  he 
called  plane  (Xcyotr*  av  cikotws  eTrurcSa) ;  for  the  lines  by  means  of 
which  such  problems  are  solved  have  their  origin  in  a  plane."  The 
words  "may  properly  be  called"  suggest  that,  so  far  as  plane 
problems  were  concerned,  Pappus  was  not  giving  the  ancient 
definition  of  them,  but  his  own  inference  as  to  why  they  were 
called  *  plane.'  The  true  significance  of  the  term  is  no  doubt,  as 
Zeuthen  says,  not  that  straight  lines  and  circles  have  their  origin 
in  a  plane  (which  would  be  equally  true  of  some  other  curves),  but 
that  the  problems  in  question  admitted  of  solution  by  the  ordinary 
plane  methods  of  transformation  of  areas,  manipulation  of  simple 
equations  between  areas,  and  in  particular  the  application  of  areas. 
In  other  words,  plane  problems  were  those  which,  if  expressed 
algebraically,  depend  on  equations  of  a  degree  not  higher  than  the 
second. 

2.  When  further  problems  were  attacked  which  proved  to  be 
beyond  the  scope  of  the  plane  methods  referred  to,  it  would  be 
found  that  some  of  such  problems,  in  particular  the  duplication 
of  the  cube  and  the  trisection  of  an  angle,  were  reducible  to  simple 
equations  between  volumes  instead  of  equations  between  areas ;  and 
it  is  quite  possible  that,  following  the  analogy  of  the  distinction 
existing  in  nature  between  plane  figures  and  solid  figures  (an  analogy 
which  was  also  followed  in  the  distinction  between  numbers  as  'plane' 
and  'solid'  expressly  drawn  by  Euclid),  the  Greeks  applied  the  term 
'solid  problem'  to  such  a  problem  as  they  could  reduce  to  an 
equation  between  volumes,  as  distinct  from  a  '  plane  problem ' 
reducible  to  a  simple  equation  between  areas. 

3.  The  first  *  solid  problem '  in  this  sense  which  they  succeeded 
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in  solving  was  the  multiplication  of  the  cube,  corresponding  to  the 
solution  of  a  pure  cubic  equation  in  algebra,  and  it  was  found  that 
this  could  be  effected  by  means  of  curves  obtained  by  making  plane 
sections  of  a  solid  figure,  namely  the  cone.  Thus  curves  having  a 
solid  origin  were  found  to  solve  one  particular  solid  problem,  which 
could  not  but  seem  an  appropriate  result ;  and  hence  the  conic,  as 
being  the  simplest  curve  so  connected  with  a  solid  problem,  was 
considered  to  be  properly  termed  a  '  solid  locus,'  whether  because  of 
its  application  or  (more  probably)  because  of  its  origin. 

4.  Further  investigation  showed  that  the  general  cubic  equation 
could  not  be  reduced,  by  means  of  stereometric  methods,  to  the 
simpler  form,  the  pure  cubic ;  and  it  was  found  necessary  to  try 
the  method  of  conies  directly  either  (1)  upon  the  derivative  cubic 
equation  or  (2)  upon  the  original  problem  which  led  to  it.  In 
practice,  as  e.g.  in  the  case  of  the  trisection  of  an  angle,  it  was 
found  that  the  cubic  was  often  more  difficult  to  solve  in  that 
manner  than  the  original  problem  was.  Hence  the  reduction  of 
it  to  a  cubic  was  dropped  as  an  unnecessary  complication,  and 
the  geometrical  equivalent  of  a  cubic  equation  stated  as  an  in- 
dependent problem  never  obtained  a  permanent  footing  as  the 
*  solid  problem'  par  excellence. 

5.  It  followed  that  solution  by  conies  came  to  be  regarded,  as 
the  criterion  for  distinguishing  a  certain  class  of  problem,  and,  as 
conies  had  retained  their  old  name  of  *  solid  loci,'  the  corresponding 
term  ^  solid  problem '  came  to  be  used  in  the  wider  sense  in  which 
Pappus  interprets  it,  according  to  which  it  includes  a  problem 
depending  on  a  biquadratic  as  well  as  a  problem  reducible  to  a 
cubic  equation. 

6.  The  terms  *  linear  problem'  and  *  linear  locus'  were  then 
invented  on  the  analogy  of  the  other  terms  to  describe  respectively 
a  problem  which  could  not  be  solved  by  means  of  straight  lines, 
circles,  or  conies,  and  a  curve  which  could  be  used  for  solving  such 
a  problem,  as  explained  by  Pappus. 


CHAPTER  VII. 

ANTICIPATIONS  BY  ARCHIMEDES   OF  THE   INTEGRAL   CALCULUS. 

It  has  been  often  remarked  that,  though  the  method  of  exhaustion 
exemplified  in  Euclid  xii.  2  really  brought  the  Greek  geometers  face 
to  face  with  the  infinitely  great  and  the  infinitely  small,  they 
never  allowed  themselves  to  use  such  conceptions.  It  is  true  that 
Antiphon,  a  sophist  who  is  said  to  have  often  had  disputes  with 
Socrates,  had  stated*  that,  if  one  inscribed  any  regular  polygon, 
say  a  square,  in  a  circle,  then  inscribed  an  octagon  by  constructing 
isosceles  triangles  in  the  four  segments,  then  inscribed  isosceles 
triangles  in  the  remaining  eight  segments,  and  so  on,  "until  the 
whole  area  of  the  circle  was  by  this  means  exhausted,  a  polygon 
would  thus  be  inscribed  whose  sides,  in  consequence  of  their  small- 
ness,  would  coincide  with  the  circumference  of  the  circle.''  But  as 
against  this  Simplicius  remarks,  and  quotes  Eudemus  to  the  same 
eifect,  that  the  inscribed  polygon  will  never  coincide  with  the 
circumference  of  the  circle,  even  though  it  be  possible  to  carry 
the  division  of  the  area  to  infinity,  and  to  suppose  that  it  would 
is  to  set  aside  a  geometrical  principle  which  lays  down  that  magni- 
tudes are  divisible  ad  infinitum^.  The  time  had,  in  fact,  not  come 
for  the  acceptance  of  Antiphon's  idea,  and,  perhaps  as  the  result  of 
the  dialectic  disputes  to  which  the  notion  of  the  infinite  gave  rise, 
the  Greek  geometers  shrank  from  the  use  of  such  expressions  as 
infinitely  great  and  infinitely  small  and  substituted  the  idea  of  things 
greater  or  less  than  any  assigned  magnitude.  Thus,  as  Hankel  says  J, 
they  never  said  that  a  circle  is  a  polygon  with  an  infinite  number  of 

*  Bretschneider,  p.  101. 
t  Bretschneider,  p.  102. 

$  Hankel,  Zur  Geschichte  der  Mathematik  im  Alterthum  und  Mittelalter, 
p.  128. 
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infinitely  small  sides ;  they  always  stood  still  before  the  abyss  of  the 
infinite  and  never  ventured  to  overstep  the  bounds  of  clear  con- 
ceptions. They  never  spoke  of  an  infinitely  close  approximation  or 
a  limiting  value  of  the  sum  of  a  series  extending  to  an  infinite 
number  of  terms.  Yet  they  must  have  arrived  practically  at  such 
p  conception,  e.g.,  in  the  case  of  the  proposition  that  circles  are  to 
one  another  as  the  squares  on  their  diameters,  they  must  have  been 
in  the  first  instance  led  to  infer  the  truth  of  the  proposition  by  the 
idea  that  the  circle  could  be  regarded  as  the  limit  of  an  inscribed 
regular  polygon  with  an  indefinitely  increased  number  of  corre- 
spondingly small  sides.  They  did  not,  however,  rest  satisfied  vrith 
such  an  inference ;  they  strove  after  an  irrefragable  proof,  and  this, 
from  the  nature  of  the  case,  could  only  be  an  indirect  one.  Ac- 
cordingly we  always  find,  in  proofs  by  the  method  of  exhaustion, 
a  demonstration  that  an  impossibility  is  involved  by  any  other 
assumption  than  that  which  the  proposition  maintains.  Moreover 
this  stringent  verification,  by  means  of  a  double  reductio  ad  ah- 
surdum,  is  repeated  in  every  individual  instance  of  the  use  of  the 
method  of  exhaustion ;  there  is  no  attempt  to  establish,  in  lieu  of 
this  part  of  the  proof,  any  general  propositions  which  could  be 
simply  quoted  in  any  particular  case. 

The  above  general  characteristics  of  the  Greek  method  of 
exhaustion  are  equally  present  in  the  extensions  of  the  method 
found  in  Archimedes.  To  illustrate  this,  it  will  be  convenient, 
before  passing  to  the  cases  where  he  performs  genuine  integrations^ 
to  mention  his  geometrical  proof  of  the  property  that  the  area  of  a 
parabolic  segment  is  four-thirds  of  the  triangle  with  the  same  base 
and  vertex.  Here  Archimedes  exhausts  the  parabola  by  continually 
drawing,  in  each  segment  left  over,  a  triangle  with  the  same  base 
and  vertex  as  the  segment.  If  A  be  the  area  of  the  triangle  so 
inscribed  in  the  original  segment,  the  process  gives  a  series  of  areas 

A,     lA,     a)M,  ... 
and  the  area  of  the  segment  is  really  the  sum  of  the  infinite  series 

But  Archimedes  does  not  express  it  in  this  way.  He  first  proves 
that,  if  Ai,  ^2>"-4»  b®  ^^y  number  of  terms  of  such  a  series,  so  that 

^1  =  4^2?  ^2  -  4^3)  •  •  •  }   ^^^^ 

^1  +  ^2  +  ^3-1-  ...  +  ^^  +  |i^  =  1^1, 

or         ^  {1 + i + (if  + . . . + ar-'  +  uir-'}  - 1^- 
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Having  obtained  this  result,  we  should  nowadays  suppose  n  to 
increase  indefinitely  and  should  infer  at  once  that  (J)**"^  becomes 
indefinitely  small,  and  that  the  limit  of  the  sum  on  the  left-hand  side 
is  the  area  of  the  parabolic  segment,  which  must  therefore  be  equal 
to  |-J.  Archimedes  does  not  avow  that  he  inferred  the  result  in 
this  way;  he  merely  states  that  the  area  of  the  segment  is  equal 
to  ^A,  and  then  verifies  it  in  the  orthodox  manner  by  proving  that 
it  cannot  be  either  greater  or  less  than  ^A. 

I  pass  now  to  the  extensions  by  Archimedes  of  the  method 
of  exhaustion  which  are  the  immediate  subject  of  this  chapter.  It 
will  be  noticed,  as  an  essential  feature  of  all  of  them,  that 
Archimedes  takes  both  an  inscribed  figure  and  a  circumscribed 
figure  in  relation  to  the  curve  or  surface  of  which  he  is  investigating 
the  area  or  the  solid  content,  and  then,  as  it  were,  compresses  the 
two  figures  into  one  so  that  they  coincide  with  one  another  and 
with  the  curvilinear  figure  to  be  measured;  but  again  it  must 
be  understood  that  he  does  not  describe  his  method  in  this  way  or 
say  at  any  time  that  the  given  curve  or  surface  is  the  limiting  form 
of  the  circumscribed  or  inscribed  figure.  I  will  take  the  cases 
in  the  order  in  which  they  come  in  the  text  of  this  book. 

1.     Surface  of  a  sphere  or  spherical  segment. 

The  first  step  is  to  prove  {On  the  Sphere  and  Cylinder  i.  21,  22) 
that,  if  in  a  circle  or  a  segment  of  a  circle  there  be  inscribed 
polygons,  whose  sides  AB,  BC,  CD,  ...  are  all  equal,  as  shown 
in  the  respective  figures,  then 

(a)     for  the  circle 

{BB'  +  CC ■¥.,.)  :AA'=A'B',BA, 

(5)     for  the  segment 

{BB'  +  CC'-h,.,+KE'  +  LM)  :  AM=  A'B  :  BA. 

Next  it  is  proved  that,  if  the  polygons  revolve  about  the 
diameter  AA\  the  surface  described  by  the  equal  sides  of  the 
polygon  in  a  complete  revolution  is  [i.  24,  35] 

{a)     equal  to  a  circle  with  radius  J  AB  {BB'  +  CC  +  ...  +  YY') 

or  (b)     equal  to  a  circle  with  radius  JaB  (BB'  +  CC  +  ...  +  LM). 

Therefore,  by  means  of  the  above  proportions,  the  surfaces 
described  by  the  equal  sides  are  seen  to  be  equal  to 
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(a)     a  circle  with  radius  J  A  A' .  A' By 
and  (h)     a  circle  with  radius  JAM,  A'B ; 
they  are  therefore  respectively  [i.  25,  37]  less  than 
(a)     a  circle  with  radius  AA\ 
(h)     a  circle  with  radius  AL, 

Archimedes  now  proceeds  to  take  polygons  circumscribed  to  the 
circle  or  segment  of  a  circle  (supposed  in  this  case  to  be  less  than  a 
semicircle)  so  that  their  sides  are  parallel  to  those  of  the  inscribed 
polygons  before  mentioned  (cf.  the  figures  on  pp.  38,  51) ;  and  he 
proves  by  like  steps  [i.  30,  40]  that,  if  the  polygons  revolve  about  the 
diameter  as  before,  the  surfaces  described  by  the  equal  sides  during 
a  complete  revolution  are  greater  than  the  same  circles  respectively. 

Lastly,  having  proved  these  results  for  the  inscribed  and 
circumscribed  figures  respectively,  Archimedes  concludes  and  proves 
[i.  33,  42,  43]  that  the  surface  of  the  sphere  or  the  segment  of  the 
sphere  is  equal  to  the  first  or  the  second  of  the  circles  respectively. 

In  order  to  see  the  effect  of  the  successive  steps,  let  us  express 
the  several  results  by  means  of  trigonometry.  If,  in  the  figures  on 
pp.  33,  47  respectively,  we  suppose  4:n  to  be  the  number  of  sides  in 
the  polygon  inscribed  in  the  circle  and  2n  the  number  of  the  equal 
sides  in  the  polygon  inscribed  in  the  segment,  while  in  the  latter 
case  the  angle  AOL  is  denoted  by  a,  the  proportions  given  above 
are  respectively  equivalent  to  the  formulae* 

.        TT  .       27r  .  1\     'T  1.     '"' 

sm  7—  +  sm  ^r-  +  . . .  +  sm  rln  -  1)  .r-  =  cot  -j—  , 
2n  2n  ^  ^  2n  ^n 

^  f  .     a        .2a  .     .         ->  al 

2  -^sin-  +  sin  —  +  ...  +  sm  m  —  1)  -V  +  sma 
,  \       n  n  ^  n)  ^  a 

and  "^cotTT"- 

1  —  cos  a  2n 

Thus  the  two  proportions  give  in  fact  a  summation  of  the  series 

sin  ^  +  sin  2^  +  . . .  +  sin  (w  —  1 )  ^ 

both  generally  where  nO  is  equal  to  any  angle  a  less  than  tt,  and  in 
the  particular  case  where  n  is  even  and  0  =  ir/n. 

Again,  the  areas  of  the  circles  which  are  equal  to  the  surfaces 
described   by  the  revolution   of  the  equal  sides  of   the   inscribed 

*  These  formulae  are  taken,  with  a  slight  modification,  from  Loria,  II  periodo 
aureo  della  geometria  greca,  p.  108. 

H.  A.  k 
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polygons  are  respectively  (if  a  be  the  radius  of  the  great  circle 
of  the  sphere) 

2?) 


itra^  sin  7—  -^  sin  77-  +  sin  ^r—  +  . . .  +  sin  (2n  -  1 )  ^  L  or  iira^  cos  -— , 
to  I       2n  2w  ^  ^  2nJ  4w 

2    ^    •      <*    r^   f  •     «        .2a  .     ,        -.x  al         .       ~1 

,  .  2  sm  -^    2  j  sm  -  +  sm  —  +  ...  +  sm  (n  —  1)  -  ^  +  sm  a    , 


and 
Tra' 


a 


or  ira^ .  2  cos  ^r-  (1  -  cos  a). 

The  areas  of  the  circles  which  are  equal  to  the  surfaces  described 
by  the  equal  sides  of  the  circumscribed  polygons  are  obtained  from 
the  areas  of  the  circles  just  given  by  dividing  them  by  co&^  Tr/in  and 
cos**  a/2n  respectively. 

Thus  the  results  obtained  by  Archimedes  are  the  same  as  would 
be  obtained  by  taking  the  limiting  value  of  the  above  trigonometri- 
cal expressions  when  n  is  indefinitely  increa^d,  and  when  therefore 
cos  7r/4w  and  cos  a/2n  are  both  unity. 

But  the  first  expressions  for  the  areas  of  the  circles  are  (when  n 
is  indefinitely  increased)  exactly  what  we  represent  by  the 
integrals 

iira^ .  I  1     sin  ^  dO,  or  4:7ra^, 

and  Tra^ .  I    2  sin  ^  dO,  or  2Tra^  (1  —  cos  a). 

Jo 

Thus  Archimedes'  procedure  is  the  equivalent  of  a  genuine 
integration  in  each  case. 

2.      Volume  of  a  sphere  or  a  sector  of  a  sphere. 

The  method  does  not  need  to  be  separately  set  out  in  detail  here, 
because  it  depends  directly  on  the  preceding  case.  The  investiga- 
tion proceeds  concurrently  with  that  of  the  surface  of  a  sphere  or  a 
segment  of  a  sphere.  The  same  inscribed  and  circumscribed  figures 
are  used,  the  sector  of  a  sphere  being  of  course  compared  with  the 
solid  figure  made  up  of  the  figure  inscribed  or  circumscribed  to  the 
segment  and  of  the  cone  which  has  the  same  base  as  that  figure  and 
has  its  vertex  at  the   centre   of  the  sphere.     It  is  then  proved, 

(1)  for  the  figure  inscribed  or  circumscribed  to  the  sphere,  that  its 
volume  is  equal  to  that  of  a  cone  with  base  equal  to  the  surface  of 
the  figure  and  height  equal  to  the  perpendicular  from  the  centre  of 
the  sphere  on  any  one  of  the  equal  sides  of  the  revolving  polygon, 

(2)  for  the  figure  inscribed  or  circumscribed  to  the  sector,  that  the 
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volume  is  equal  to  that  of  a  cone  with  base  equal  to  the  surface  of 
the  portion  of  the  figure  which  is  inscribed  or  circumscribed  to  the 
segment  of  the  sphere  included  in  the  sector  and  whose  height  is  the 
perpendicular  from  the  centre  on  one  of  the  equal  sides  of  the 
polygon. 

Thus,  when  the  inscribed  and  circumscribed  figures  are,  so 
to  speak,  compressed  into  one,  the  taking  of  the  limit  is  practically 
the  same  thing  in  this  case  as  in  the  case  of  the  surfaces,  the 
resulting  volumes  being  simply  the  before-mentioned  surfaces 
multiplied  in  each  case  by  ^a. 

3.  Area  of  an  ellipse. 

This  case  again  is  not  strictly  in  point  here,  because  it  does 
not  exhibit  any  of  the  peculiarities  of  Archimedes'  extensions  of 
the  method  of  exhaustion.  That  method  is,  in  fact,  applied  in 
the  same  manner,  mutatis  mutandis,  as  in  Eucl.  xii.  2.  There 
is  no  simultaneous  use  of  inscribed  and  circumscribed  figures,  but 
only  the  simple  exhaustion  of  the  ellipse  and  auxiliary  circle  by 
increasing  to  any  desired  extent  the  number  of  sides  in  polygons 
inscribed  to  each  (On  Conoids  and  Spheroids,  Prop.  4). 

4.  Volume  of  a  segment  of  a  paraboloid  of  revolution. 
Archimedes  first  states,  as  a  Lemma,  a  result  proved  incidentally 

in  a  proposition  of  another  treatise  {On  Spirals,  Prop.  11),  viz.  that, 
if  there  be  n  terms  of  an  arithmetical  progression  h,  2h,  3h,  ...,  then 

h-{-2h+  3h+  ...  +nh>  ^n^h]^ 
and  A  +  2A  +  3A  +  ...  +{n-l)h  <  ^n%) 

Next  he  inscribes  and  circumscribes  to  the  segment  of  the 
paraboloid  figures  made  up  of  small  cylinders  (as  shown  in  the  figure 
of  On  Conoids  and  Spheroids,  Props.  21,  22)  whose  axes  lie  along 
the  axis  of  the  segment  and  divide  it  into  any  number  of  equal 
parts.  If  c  is  the  length  of  the  axis  AD  oi  the  segment,  and  if 
there  are  n  cylinders  in  the  circumscribed  figure  and  their  axes  are 
each  of  length  h,  so  that  c  =  nh,  Archimedes  proves  that 

cylinder  CE r^ 

^^  inscribed  figT~  ^  +  2A  +  3/^+  ...  +  (^-  1) h 

>  2,  by  the  Lemma, 

cylinder  CE r^ 

^'^^        circumscribed  fig.      h ■¥  2h  +  Zh  ■¥...-¥ nh 
<2. 

h2 
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Meantime  it  has  been  proved  [Props.  19,  20]  that,  by  increasing 
n  sufficiently,  the  inscribed  and  circumscribed  figure  can  be  made 
to  differ  by  less  than  any  assignable  volume.  It  is  accordingly 
concluded  and  proved  by  the  usual  rigorous  method  that 

(cylinder  CE)  -  2  (segment), 

so  that  (segment  ABC)  =  f  (cone  ABC). 

The  proof  is  therefore  equivalent  to  the  assertion,  that  if  h  is 
indefinitely  diminished  and  n  indefinitely  increased,  while  nh  remains 
equal  to  c, 

limit  oih{h  +  2h-^Bh+  ,..+{n-l)h}  =  Jc^ ; 


that  is,  in  our  notation, 


/    xdx  =  |c^. 
Jo 


Thus   the   method  is   essentially  the   same   as   ours  when  we 
express  the  Yolume  of  the  segment  of  the  paraboloid  in  the  form 


Jo 


''dx. 


where  k  is  a  constant,  which  does  not  appear  in  Archimedes'  result 
for  the  reason  that  he  does  not  give  the  actual  content  of  the 
segment  of  the  paraboloid  but  only  the  ratio  which  it  bears  to  the 
circumscribed  cylinder. 

5.      Yolume  of  a  segment  of  a  hyperholoid  of  revolution. 

The  first  step  in  this  case  is  to  prove  [On  Conoids  and  Spheroids^ 
Prop.  2]  that,  if  there  be  a  series  of  n  terms, 

ah  +  ^2,     a .  2^  +  {2h)\     a.Sh-h  {^hf,  ...  a.nh  +  {nhf, 

and  if     {ah  +  }^)  +  {a .  2^  +  {Tif}  +...•¥  {a.  nh  +  {nhf}  =  S^, 

nh\\ 

m 

and  n{a.nh^  (nhy}jSn-i  >  (a  +  nh)    (h  +  "o" )^ 


then  n{a.nh  +  (nhy}/Sn  <{a  +  nh) / ( o  +  "o" ) 


Next  [Props.  25,  26]  Archimedes  draws  inscribed  and  circum- 
scribed figures  made  up  of  cylinders  as  before  (figure  on  p.  137),  and 
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proves  that,  if  ^i>  is  divided  into  n  equal  parts  of  length  h^  so  that 
nh  —  AD,  and  if  A  A'  =  a,  then 

cylinder  EB'    _^n{a.nh-¥  (nKf) 
inscribed  tigure  S^-i 

>(«  +  «A)/g  +  ^), 

,  cylinder  EB'         n{a  .nh-\-  {nhf] 

circumscribed  fig.  S^ 

The  conclusion,  arrived  at  in  the  same  manner  as  before,  is  that 

cylinder  ^^'       ,  -.^  I /a      nh\ 

segment  ^55' =  («+^^V  (2 +  TJ- 

This  is  the  same  as  saying  that,  if  nh  =  h,  and  if  h  be  indefinitely 
diminished  while  n  is  indefinitely  increased, 

limit  of  n  {ab  +  ¥)IS^  =  (a  +  6)  /  (5  +  |) , 

or  limitof-^„  =  6^f?  +  |). 

Now     Sn  =  a{h  +  2h-h  ...  -i- nh)  +  {¥ -h {2hy  +  ...  -^ (nhy], 
so  that     hS^  =  ah{h-{-2h+  ...+nh)  +  h{h^  +  { 2hf  +  . . .  +  {nhf}. 
The  limit  of  the  last  expression  is  what  we  should  write  as 

rh 

j    (ax  +  x^)  dx, 
Jo 

which  is  equal  to  ^^  (o  "^  q  )  ^* 

and  Archimedes  has  given  the  equivalent  of  this  integration. 

6.      Volu7ne  of  a  segment  of  a  spheroid, 

Archimedes  does  not  here  give  the  equivalent  of  the  integration 

(ax  -  x^), 


I 

Jo 


Jo 

presumably  because,  with  his  method,  it  would  have  required  yet 
another  lemma  corresponding  to  that  in  which  the  results  (/?)  above 
are  established. 
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Suppose  that,  in  the  case  of  a  segment  less  than  half  the  spheroid 
(figure  on  p.  142),  A  A'  =  a,CB  =  |c,  AD  =  b;  and  let  AD  be  divided 
into  n  equal  parts  of  length  h. 

The  gnomons  mentioned  in  Props.  29,  30  are  then  the  differences 
between  the  rectangle  cb  +  P  and  the  successive  rectangles 

ch-¥h\     c.2h  +  {2hy,   ...  c.{n-l)h  +  {{n~l)hY, 

and  in  this  case  we  have  the  conclusions  that  (if  S^  be  the  sum  of 
n  terms  of  the  series  representing  the  latter  rectangles) 

cylinder  UB'    _      n{cb  +  ¥) 
inscribed  figure     n  (cb  +  b^)  -  S^ 

cylinder  EB '     __       n  (cb  +  W) 


and 


circumscribed  ^g.      n  (cb  +  b^)  -  S^^i 

2b\ 


«"')/G4'). 

1-    xu    V    -i.       cylinder  i?5'       .      ,,//c      2b\ 
andmthehmit      ^^^-^^--^^  =  (c  +  6)/ (^^  +  ^ j . 

Accordingly  we  have  the  limit  taken  of  the  expression 

n{cb  +  b')-S^  _        S^ 

n(cb  +  b')     '  n{cb-\-by 

and  the  integration  performed  is  the  same  as  that  in  the  case  of  the 
hyperboloid  above,  with  c  substituted  for  a, 

Archimedes  discusses,  as  a  separate  case,  the  volume  of  half  a 
spheroid  [Props.  27,  28].  It  differs  from  that  just  given  in  that  c 
vanishes  and  b  =  |a,  so  that  it  is  necessary  to  find  the  limit  of 

h'  +  {2hY  -¥  {^hf  -^  ,,.  -^  {nhf 
ninhf  ''' 

and  this  is  done  by  means  of  a  corollary  to  the  lemma  given  on 
pp.  107 — 9  \0n  Spirals^  Prop.  10]  which  proves  that 

¥  +  {2hy  +  ...  +  (nhf  >  In  {nhf, 

and  h'  +  {2Kf  ■¥  ,.. +{{n~l)hY  <ln  {nhf. 

The  limit  of  course  corresponds  to  the  integral 

fdx^\b\ 


L 


XI 
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7.     Area  of  a  spiral. 

(1)  Archimedes  finds  the  area  bounded  by  the  first  complete 
turn  of  a  spiral  and  the  initial  line  by  means  of  the  proposition  just 
quoted,  viz. 

Iv"  +  (2hy  +  . . ,  +  (nhf  >  ^n  {nhf, 

h?  +  {2hf  +  . . .  +  {(9^  -  1 )  742  <  Jn  {nJif, 

He  proves  [Props.  21,  22,  23]  that  a  figure  consisting  of  similar 
sectors  of  circles  can  be  circumscribed  about  any  arc  of  a  spiral  such 
that  the  area  of  the  circumscribed  figure  exceeds  that  of  the  spiral 
by  less  than  any  assigned  area,  and  also  that  a  figure  of  the  same 
kind  can  be  inscribed  such  that  the  area  of  the  spiral  exceeds  that 
of  the  inscribed  figure  by  less  than  any  assigned  area.  Then,  lastly, 
he  circumscribes  and  inscribes  figures  of  this  kind  [Prop.  24] ;  thus 
e.g.  in  the  circumscribed  figure,  if  there  are  7b  similar  sectors,  the 
radii  will  be  n  lines  forming  an  arithmetical  progression,  as  h^  2h, 
3h,  ...  nh,  and  nh  will  be  equal  to  a,  where  a  is  the  length  inter- 
cepted on  the  initial  line  by  the  spiral  at  the  end  of  the  first  turn. 
Since,  then,  similar  sectors  are'  to  one  another  as  the  square  of  their 
radii,  and  n  times  the  sector  of  radius  nh  or  a  is  equal  to  the  circle 
with  the  same  radius,  the  first  of  the  above  formulae  proves  that 

(circumscribed  fig.)  >  ^ira^. 

A  similar  procedure  for  the  inscribed  figure  leads,  by  the  use  of  the 
second  formula,  to  the  result  that 

(inscribed  fig.)  <  ^-rra^. 

The  conclusion,  arrived  at  in  the  usual  manner,  is  that 

(area  of  spiral)  =  ^wa^ ; 

and  the  proof  is  equivalent  to  taking  the  limit  of 

I[k^^{2h)^^.„  +  {{n~l)hY] 

or  of  -  [h'  +  {2hf  +,„  +  {{n-l)  h}% 

which  last  limit  we  should  express  as 

a  Jo  ^ 
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[It  is  clear  that  this  method  of  proof  equally  gives  the  area 
bounded  by  the  spiral  and  any  radius  vector  of  length  h  not  being 
greater  than  a ;  for  we  have  only  to  substitute  Trhja  for  tt,  and  to 
remember  that  in  this  case  nh  -  h.     We  thus  obtain  for  the  area 


TT     C^ 

-  \    x^dx^  or  ^Trlfja.] 
a  Jq 


(2)  To  find  the  area  bounded  by  an  arc  on  any  turn  of  the 
spiral  (not  being  greater  than  a  complete  turn)  and  the  radii 
vectores  to  its  extremities,  of  lengths  b  and  c  say,  where  oh, 
Archimedes  uses  the  proposition  that,  if  there  be  an  arithmetic 
progression  consisting  of  the  terms 

b,  b  +  ky  b  +  2h,   ...  b  +  {n-l)h, 

and  if         S^  =  b^+{b  +  hy+{b  +  2hf-\- ...  +  {6  +  {n-l)h}% 


then 


and 


(n-~l){b+{n--l)hY  {b  +  in-l)h} 


Sn-b'  {b-h{n-l)h}b  +  ^{(n-l)hY' 

(t^>-l){6+(7^~l)Af  {b  +  (n~~l)  h}' 

^'^-1  ^  {b+{n- l)hYbl-J{{n-l)hY ' 


[On  Spirals,  Prop.  11  and  note.] 

Then  in  Prop.  26  he  circumscribes  and  inscribes  figures  consisting 
of  similar  sectors  of  circles,  as  before.  There  are  n  —  l  sectors  in 
each  figure  and  therefore  n  radii  altogether,  including  both  b  and  c, 
so  that  we  can  take  them  to  be  the  terms  of  the  arithmetic  progres- 
sion given  above,  where  {b  +  (n—l)h}  =  c.  It  is  thus  proved,  by 
means  of  the  above  inequalities,  that 

sector  OB'C      ^  {6  +  (^  -  1)  JiY  sector  0£V 


circumscribed  fig.      {b+{n—l)h\b-\-^{{7i,-l)hY        inscr.  fig. 

and  it  is  concluded  after  the  usual  manner  that 

sector  OB'C  {b  +  (n~l)hY 

spiral  OBC  "  {b^n-l)h}b4-^{{n--l)hY 


c6  +  ^  (c  ~  bf ' 
Remembering  that  n—l  =  (c~  b)jhf  we  see  that  the  result  is  the 
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same  thing  as  proving  that,  in  the  limit,  when  n  becomes  indefinitely- 
great  and  h  indefinitely  small,  while  b  +  {n  —  l)h  =  c, 

limit  of  h  [b'-^{b  +  hy+.,.  +  {b  +  (n~  2)  hY] 

=  (c-b){cb-,i{c-by} 

=  lic^-b^); 
that  is,  with  our  notation, 

^  x^dx  =  J  (c^  -  ¥). 


i: 


(3)  Archimedes  works  out  separately  [Prop.  25],  by  exactly 
the  same  method,  the  particular  case  where  the  area  is  that  described 
in  any  one  complete  turn  of  the  spiral  beginning  from  the  initial 
line.  This  is  equivalent  to  substituting  (n"l)a  for  b  and  na  for  c, 
where  a  is  the  radius  vector  to  the  end  of  the  first  complete  turn  of 
the  spiral. 

It  will  be  observed  that  Archimedes  does  not  use  the  result 
corresponding  to 

I    x^dx—  j    x^dx=  I    x^dx, 

Jo  Jh  JQ 

8.     Area  of  a  parabolic  segment. 

Of  the  two  solutions  which  Archimedes  gives  of  the  problem  of 
squaring  a  parabolic  segment,  it  is  the  mechanical  solution  which 
gives  the  equivalent  of  a  genuine  integration.  In  Props.  14,  15  of 
the  Quadrature  of  the  Parabola  it  is  proved  that,  of  two  figures 
inscribed  and  circumscribed  to  the  segment  and  consisting  in  each 
case  of  trapezia  whose  parallel  sides  are  diameters  of  the  parabola, 
the  inscribed  figure  is  less,  and  the  circumscribed  figure  greater, 
than  one-third  of  a  certain  triangle  {EqQ  in  the  figure  on  p.  242). 
Then  in  Prop.  16  we  have  the  usual  process  which  is  equivalent  to 
taking  the  limit  when  the  trapezia  become  infinite  in  number  and 
their  breadth  infinitely  small,  and  it  is  proved  that 

(area  of  segment)  =  J  A  EqQ. 

The  result  is  the  equivalent  of  using  the  equation  of  the  parabola 
referred  to  Qq  as  axis  of  x  and  the  diameter  through  Q  as  axis  of 
y,  viz. 

py~x  (2a  —  x)^ 

which  can,  as  shown  on  p.  236,  be  obtained  from  Prop.  4,  and  finding 

ydx^ 


/. 
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where  y  has  the  value  in  terms  of  x  given  by  the  equation ;  and  of 
course 

-  /     (2ax -x)dx-  „  " . 

The  equivalence  of  the  method  to  an  integration  can  also  be 
seen  thus.  It  is  proved  in  Prop.  16  (see  figure  on  p.  244)  that,  if 
qE  be  divided  into  n  equal  parts  and  the  construction  of  the 
proposition  be  made,  Qq  is  divided  at  Oi,  0^,  ..,  into  the  same 
number  of  equal  parts.  The  area  of  the  circumscribed  figure  is  then 
easily  seen  to  be  the  sum  of  the  areas  of  the  triangles 

QqF,     QE,F,,     QR,F,,  ... 

that  is,  of  the  areas  of  the  triangles 

QqF,     QO,E„     QO,D,,  ... 

Suppose  now  that  the  area  of  the  triangle  QqF  is  denoted  by  A,  and 
it  follows  that 

(circumscribed  fig.)  =  A  -^  1  +   -     ^      + ^-^  +...  +  —  ^ 


:  -vr-, .  A  {A*^  +  22A2  +  ...  +  rv'A^ 
n  A 


Similarly  we  obtain 


(inscribed  G.g.)  =  -~^~-^ .  A  {A^  +  2''^^  +  . . .  +  (92  -  \fA\ 


Taking  the  limit  we  have,  if  A  denote  the  area  of  the  triangle  FqQ, 
so  that  A  ~  wA, 

1  r^ 

(area  of  segment)  =  ^  I     A^c^A 

If  the  conclusion  be  regarded  in  this  manner,  the  integration  is 
the  same  as  that  which  corresponds  to  Archimedes'  squaring  of  the 
spiral. 


CHAPTER  VIII. 

THE  TERMINOLOGY  OF  ARCHIMEDES. 

So  far  as  the  language  of  Archimedes  is  that  of  Greek  geometry 
in  general,  it  must  necessarily  have  much  in  common  with  that  of 
Euclid  and  Apollonius,  and  it  is  therefore  inevitable  that  the 
present  chapter  should  repeat  many  of  the  explanations  of  terms  of 
general  application  which  I  have  already  given  in  the  corresponding 
chapter  of  my  edition  of  Apollonius'  Conies'^.  But  I  think  it  will 
be  best  to  make  this  chapter  so  far  as  possible  complete  and  self- 
contained,  even  at  the  cost  of  some  slight  repetition,  which  will 
however  be  relieved  (1)  by  the  fact  that  all  the  particular  phrases 
quoted  by  way  of  illustration  will  be  taken  from  the  text  of 
Archimedes  instead  of  Apollonius,  and  (2)  by  the  addition  of  a  large 
amount  of  entirely  different  matter  corresponding  to  the  great 
variety  of  subjects  dealt  with  by  Archimedes  as  compared  with  the 
limitation  of  the  work  of  Apollonius  to  the  one  subject  of  conies. 

One  element  of  difficulty  in  the  present  case  arises  out  of  the 
circumstance  that,  whereas  Archimedes  wrote  in  the  Doric  dialect, 
the  original  language  has  been  in  some  books  completely,  and  in  others 
partially,  transformed  into  the  ordinary  dialect  of  Greek.  Uni- 
formity of  dialect  cannot  therefore  be  preserved  in  the  quotations 
about  to  be  made;  but  I  have  thought  it  best,  when  explaining 
single  words,  to  use  the  ordinary  form,  and,  when  illustrating  their 
use  by  quoting  phrases  or  sentences,  to  give  the  latter  as  they  appear 
in  Heiberg's  text,  whether  in  Doric  or  Attic  in  the  particular  case. 
Lest  the  casual  reader  should  imagine  the  paroxytone  words  cu^ctat, 
Sta/xcrpoi,  7r€(r€tTat,  Trccrovvrat,  ccrcrctTat,  Swavrat,  aTrrcrat,  KaActcr^ai, 
K€t<TOat  and  the  like  to  be  misprints,  I  add  that  the  quotations  in 
Doric  from  Heiberg's  text  have  the  unfamiliar  Doric  accents. 

I  shall  again  follow  the  plan  of  grouping  the  various  technical 
*  Apollonius  of  Perga,  pp.  civil — clxx. 
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terms  under  certain  general  headings,  which  will  enable  the  Greek 
term  corresponding  to  each  expression  in  the  ordinary  mathematical 
phraseology  of  the  present  day  to  be  readily  traced  wherever  such 
a  Greek  equivalent  exists. 

Points  and  lines. 

A  point  is  cnqyi€lov,  the  point  B  to  B  arfixuGv  or  to  B  simply ;  a 
point  on  (a  line  or  curve)  (y-qix^iov  iirc  (with  gen.)  or  iv ;  a  point 
raised  above  (a  plane)  o-rjfxeLov  fX€Tio>pov',  any  two  points  whatever 
being  taken  Svo  (Trj/x€t(av  Aa/xySai/o/xevcoi/  ottokdvovv. 

At  a,  point  (e.g.  of  an  angle)  irpos  (with  dat.),  having  its  vertex  at 
the  centre  of  the  sphere  Kopvcftrjv  c;(wi/  Trpos  to)  KevTpio  t7J<s  a(l>aipas  ',  of 
lines  meeting  in  a  point,  touching  or  dividing  at  a  point,  etc.,  Kard 
(with  ace),  thus  AE  is  bisected  a^  Z  is  a  AE  Blxo.  T€fxvirai  Kara  to  Z  ; 
of  a  point  falling  on  or  being  placed  on  another  iirl  or  Kara  (with 
ace),  thus  Z  will  fall  on  T,  to  fX€v  Z  iirl  to  T  Trco-ctVat,  so  that  E  lies 
on  A,  wo-tc  to  fjiev  E  Kara  to  A  K^icrOai. 

Particular  points  are  extremity  Trcpas,  vertex  K0pv(f>7],  centre 
Kivrpov,  point  of  division  Statpeo-ts,  point  of  meeting  crvpLTTTwcns,  point 
of  section  Topirj,  point  of  bisection  Sixorofxia,  the  middle  point  to 
fiiaov  J  the  points  of  division  H,  I,  K,  rd  tc5v  Statpco'twv  (xafxela  rd  H, 
I,  K ;  let^  be  its  middle  point  piicrov  hi  avrd^  ecrroj  to  B  ;  the  point  of 
section  in  which  (a  circle)  cuts  d  rofxd,  KaO^  dv  Tc/xvct. 

A  line  is  ypa/x/x?/,  a  curved  line  KafnrvXr}  ypapLpfrf,  a  straight  line 
€vO€La  with  or  without  ypaixfi-rj.  The  straight  line  ©IK A,  d  ©IK A 
€v$€La ;  but  sometimes  the  older  expression  is  used,  the  straight  line 
on  which  (lirC  with  gen.  or  dat.  of  the  pronoun)  are  placed  certain 
letters^  thus  let  it  be  the  straight  line  M,  Io-tw  k^  a  to  M,  other 
straight  lines  K,  A,  aXXat  ypa/A/xat,  €<^*  dv  Ta  K,  A.  The  straight 
lines  between  the  points  at  /ji€Tafu  twv  <jrifx€iii)v  cv^ctat,  of  the  lines 
which  have  the  same  extremities  the  straight  line  is  the  least  toJv  tci 
avTa  TTcpttTtt  l)(ovo-^v  ypafifjii^v  iXaxca-Trjv  ctvat  ttjv  ^vOeiav,  straight  lines 
cutting  one  another  cv^etat  T€/jivowat  aXXaAas. 

For  points  in  relation  to  lines  we  have  such  expressions  as  the 
following :  the  points  T,  ©,  M  are  on  a  straight  line  iir  cv^ctas  co-tI 
tol  r,  ©,  M  o-a/Acta,  the  point  of  bisection  of  the  straight  line  containing 
the  centres  of  the  middle  mag^iitudes  d  hv)(pTop.ia  Tas  cv^ctas  Tas 
lypvcras  Ttt  KiVTpa  twv  fX€(ro)v  fJLey€Oimv.  A  very  characteristic  phrase 
for  at  a  point  which  divides  the  straight  line  in  such  a  proportion 
that...  is  im  Tcts  ev^ctas  BiaipsOeiaas  wo"T€...;  similarly  ctti  Tas  XE 
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TfxaOeio-a^  ovtws,  <iuo-T€.  A  certain  point  will  be  on  the  straight  line.,, 
dividing  it  so  that...  ccro-ctrat  iirl  ras  €vOua%...hiaipiov  ovtws  tolv 
elprjfjbivav  evOelav,  cdcttc.... 

The  middle  point  of  a  line  is  often  elegantly  denoted  by  an 
adjective  in  agreement ;  thus  at  the  middle  point  of  the  segment  lirl 
/jLeaov  Tov  TfJid/jLaros,  (a  line)  drawn  from  V  to  the  middle  point  of 
EB,  (XTTo  TOV  r  €7rt  fxiaav  rav  EB  dx^ctcra,  drawn  to  the  middle  point  of 
the  base  cttI  (xicrav  rav  /Sdaiv  dyo/xeva. 

A  straight  line  produced  is  the  {straight  line)  in  the  same  straight 
line  with  it  7}  iv  evdua^s  avrfj.  In  the  same  straight  line  with  the 
axis  cTTt  Ta$  avras  evOcLas  rw  d$ovL.  Of  a  straight  line  falling  on 
another  line  Kara  (with  gen.)  is  used,  e.g.  TTLTrTovcri  Kar  avrfjs',  cttc 
(with  ace.)  is  also  used  of  a  straight  line  placed  on  another,  thus  if 
EH  be  placed  on  BA,  re^etcras  rds  EH  eTrt  rav  BA. 

For  lines  passing  through  points  we  find  the  following  ex- 
pressions :  will  pass  through  N,  ^f  et  8ta  tov  N  ;  will  pass  through  the 
centre  8ta  tov  KevTpov  Tropcvo-erat,  will  fall  through  ©  TrecreiTaL  8ta  tov 
©,  verging  towards  B  vevovora  cttI  to  B,  pass  through  tJie  same  point 
eVt  TO  avTo  (rafxelov  ipxovTac ;  the  diagonals  of  the  parallelogram,  fall 
(i.e.  meet)  at  ®,  Kara  Se  to  0  at  Sta/x,€T/30t  tov  7rapaX\r]X.oypdpifJiov 
TTLTTTovTt ',  EZ  (passcs)  through  the  points  bisecting  AB,  TA,  kin  Sc  Tav 
StxoTOfitav  Tav  AB,  TA  a  EZ.  The  verb  elfxC  is  also  used  of  passing 
through,  thus  ea-crctVat  81)  avTa  8ta  tov  %. 

For  lines  in  relation  to  other  lines  we  have  perpendicular  to 
KdOeTo^  iiTL  (with  ace),  parallel  to  rrapdWr^Xo^  with  dat.  or  Trapd 
(with  ace);  let  KA  be  {drawn)  from  K  parallel  to  FA,  aTro  tov  K 
irapd  Totv  FA  ccttw  d  KA. 

Lines  meeting  one  another  arvpjTiirTov(Tai  dW-qXaiq]  the  point  in 
which  ZH,  MN  produced  meet  one  another  and  AF,  to  o^/xctov,  KaO'  o 
avfJipdWovo-Lv  €K^aA,Xd/X£vat  at  ZH,  MN  dXXifXat?  t€  Kat  ttj  AF ;  so  as 
to  meet  the  tangent  wcttc  i/xTrecreLv  to,  iirnl/avovara,  let  straight  lines  be 
drawn  parallel  to  AF  to  meet  the  section  of  the  cone  d)(6(av  ev^ctat 
Trapa  Tav  AF  <e.(tt€  ttotI  tclv  tov  KiLvov  rofidv,  to  draw  a  straight  line  to 
meet  its  circumference  ttotI  Tav  7r€pL<j>ip€Lav  avTOv  -n-oTt^aXctv  c^^ctav, 
the  line  drawn  to  meet  d  TroTtTrccrovo-a,  let  AE,  AA  be  drawn  from  the 
point  A  to  meet  the  spiral  and  produced  to  meet  the  circumference  of 
the  circle  TroTLTnTTTovTtDv  aTro  tov  A  (rap.€LOv  ttotI  tolv  cXtKa  at  AE,  AA 

Kat  CKTrtTTTOVTCDV  TTOTt  TOLV  TOV  KVkXoV   TTCpLffilpUaV  ]    UntH  it  meCtS    ©A    lU 

O,  €<rT€  Ka  (TviiiricTYi  to.  ©a  icaTa  to  O  (of  a  circle). 
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{The  straight  line)  will  fall  outside  (i,e.  uoill  extend  beyond)  P, 
€KTo^  rov  P  TTcorctTat ;  will  fall  within  the  section  of  the  figure  ivrog 
TTCcrovvrat  ras  rov  <Tj(fifxaro^  TOfxas. 

The  (perpendicular)  distance  between  {two  parallel  lines)  AZ,  BH, 
TO  Stdo-TrjfjLa  rav  AZ,  BH.  Other  ways  of  expressing  distances  are  the 
following :  the  magnitudes  equidistant  from  the  middle  one  ra  tcrov 
dirixovra  oltto  rov  fxiaov  ^cyc^ca,  are  at  equal  distances  from  one 
another  tcra  aw'  dWdkuiv  StcorraKcv;  the  segments  {lengths)  on  AH 
equal  to  N,  to.  iv  ra  AH  rfxafxara  tcro/Acyc^ca  ra  N ;  greater  by  one 
segment  Ivt  rfxafiaTt  /u-cti^wv. 

The  word  evOcia  itself  is  also  often  used  in  the  sense  of  distance ; 
cf.  the  terms  wpwrr)  evOeta  etc.  in  the  book  On  Spirals^  also  d  ^vOda 
d  /x€Tafu  rov  Kivrpov  rov  akiov  kol  rov  K€vrpov  ras  yas  the  distance 
between  the  centre  of  the  sun  and  the  centre  of  the  earth. 

The  word  for  join  is  cTrt^evyvvw  or  i7rt^€vyvvfjLL ;  the  straight  line 
joining  the  points  of  contact  a  ras  d(j>as  cTrt^cvyKuovcra  evOeia,  BA  when 
joined  a  BA  €?rt^ev;(^€tcra ;  let  EZ  join  the  points  of  bisection  of  AA, 
Br,  d  8c  EZ  i7n^€vyvvir(}}  rag  Stxorofttas  rdv  AA,  BP.  In  one  case 
the  word  seems  to  be  used  in  the  sense  of  drawing  simply,  ct  Ka 
€v$€La  €'irit,€v^rj  ypafxfid  iv  cTrtTrcSw. 

Angles. 

An  angle  is  ycuvta,  the  three  kinds  of  angles  are  right  opOyj,  acute 
of  eta,  obtuse  dfx/Skila ;  right-angled  etc.  o/o^oywvios,  of  vyoji/to?,  dfi/Skv- 
yojvtog;  equiangular  laoyiovLos ;  with  an  even  number  of  angles 
dpTioywvos  or  dprtoytuvtos. 

At  right  angles  to  opObs  Trpo?  (with  ace.)  or  Trpo?  opOd^  (with  dat. 
following);  thus  if  a  line  be  erected  at  right  angles  to  the  plane  ypafifxd^ 
dvearaKova-a^  opOd^  ttotI  to  cTrtVcSov,  the  planes  are  at  right  angles  to 
one  another  opOd  iror  aAAaAa  Ivri  rd  cTrtVcSa,  being  at  right  angles 
to  ABP,  Trpos  6p0d<^  &v  T(D  ABP;  KP,  HA  are  at  right  angles  to  one 
another  ttot'  opOd^  ivrt  aXXaXais  at  KP,  HA,  to  cut  at  right  angles 
rifjLV€iv  TTpbs  opOd^.  The  expression  making  right  angles  with  is  also 
used,  e.g.  6p6ds  irotova-a  ywvtas  ttotc  rdv  AB. 

The  complete  expression  for  the  angle  contained  by  the  lines  AH, 
AP  is  d  ywvta  d  ?r€pt€;(o/x€va  vtto  rdv  AH,  AP ;  but  there  are  a  great 
variety  of  shorter  expressions,  ywvta  itself  being  often  understood ; 
thus  the  angles  A,  E,  A,  B,  at  A,  E,  A,  B  ywi/tat ;  the  angle  at  0,  d  ttoti 
ToJ  ®;  the  angle  contained  by  A  A,  AZ,  d  ywvia  d  viro  rdv  A  A,  AZ ;  the 
angle  AHP,  iq  virb  rSv  AHP  ywna,  -q  vtto  AHP  (with  or  without  ywvta). 
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Making  the  angle  K  equal  to  the  angle  ©,  ymvlav  iroiovo-a  rav  K 
la-av  ra  © ;  the  angle  into  which  the  sun  fits  and  ivhich  has  its  vertex 
at  the  eye  ywvta,  ck  av  6  aAtos  ivapfx6^€L  rav  Kopv<f>au  ixovcrav  ttotl  rd 
6il/€c ;  of  the  sides  subtending  the  right  angle  (hypotenuses)  rav  vttq 
rav  opOhv  ywvtav  vVoTctvoixrav,  they  subtend  the  same  angle  ivrl  vtto 
TOLV  avTav  ywvtav. 

If  a  line  through  an  angular  point  of  a  polygon  divides  it 
exactly  symmetrically,  the  opposite  angles  of  the  polygon^  at  airevavriov 
yiiiviai  Tov  iroXvymvov^  are  those  answering  to  each  other  on  each  side 
of  the  bisecting  line. 

Planes  and  plane  figures. 

A  plane  iirLTreSov ;  the  plane  through  BA,  to  cTrtTrcSov  to  Kara 
Trjv  BA,  or  to  Sea  ttjs  BA,  plane  of  the  base  iTrcTreSov  ttJs  ^do-eios,  plane 
(i.e.  base)  of  the  cylinder  iirLTreSov  tov  KvXLvSpov ;  cutting  plane  Ittl- 
TTc^ov  TCfjivov,  tangent  plane  eTrtVcSov  iTnxj/avov ;  the  intersection  of 
planes  is  their  common  section  Koivrj  TopLy. 

In  the  same  plane  as  the  circle  Iv  to)  avrw  cTrtTreSw  tcS  kvkXo). 

Let  a  plane  be  erected  on  IIZ  at  right  angles  to  the  plane  in  which 
AB,  TA  are  awb  ms  HZ  cmTrcSoi'  di/ccrraKera)  opOov  ttotl  to  cTrtVcSov  to, 
iv  w  ivTi  at  AB,  TA. 

The  plane  surface  77  iTriTreSoq  {kin(f>dv€ia),  a  plane  segment  cTrnrcSov 
Tp.'^pbay  a  plane  figure  o^xqp-a  cTrtVeSov. 

A  rectilineal  figure  cvOvypafxpiov  (o-x^^ta),  a  side  TrXcvpa,  perimeter 
yj  7r€pLpL€Tpos,  similar  o/xoto?,  similarly  situated  6/x,ota)<;  KccpLevos. 

To  coincide  with  (when  one  figure  is  applied  to  another), 
i(l>apjj.6^€iv  followed  by  the  dative  or  iirc  (with  ace.) ;  07ie  part 
coincides  with  the  other  €^app.6l€i  to  ercpov  /itcpos  irrl  to  hepov ;  the 
plane  through  NZ  coincides  with  the  plane  through  AF,  to  cTrtVcSov  to 
KaTa  Tav  NZ  €<;^apjU,o^€t  tw  cTriTrcSo)  tw  KaTa  toli/  AF.  The  passive  is 
also  used;  if  equal  and  similar  plane  figures  coincide  with  one  another 
Tiov  tcrwv  Kol  ofiotoiv  o-x'>?/JtaTa)v  CTrtTrcScuv  i^jiappLo^Ofiivoiv  ctt'  aWaXa. 

Triangles. 

A  triangle  is  Tplyoivov,   the  triangles  bounded   by  (their  three 

sides)  Ta  7repi€x6pL€va  Tpiyiova  vwo   tcov A  right-angled  triangle 

Tpiyoivov  opOoyiDviov,  one  of  the  sides  about  the  right  angle  fxia  Tmv  ir^pl 
TYjv  opOrjv,  The  triangle  through  the  axis  (of  a  cone)  to  8ta  Tov^a^ovos 
Tptywvov. 
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Quadrilaterals. 

A  quadrilateral  is  a  four-sided  figure  (r^TpdirXevpov)  as  dis- 
tinguished from  a  four-angled  figure,  T€Tpdywvov,  which  means  a 
square.  A  trapezium,  TpaTri^tov,  is  in  one  place  more  precisely 
described  as  a  trapezium  having  its  two  sides  parallel  rpairi^tov  ras 
Svo  TrXcvpas  ej(OV  TrapaAXaXous  aXXaXats. 

A  parallelogram  TrapaXXrfXoypafxfxov ;  for  a  parallelogram  on  a 
straight  line  as  base  im  (with  gen.)  is  used,  thus  the  parallelograms 
on  them  are  of  equal  height  ia-rlv  lo-ovij/rf  ra  TrapaXXi/Xoypa/x/xa  ra  ctt* 
avTWF.  A  diagonal  of  a  parallelogram  is  Stajucrpo?,  ^Ae  opposite  sides 
of  the  parallelogram  at  /car  ivavrtov  rov  TrapaXXrjXoypaixfxov  -TrXcupat. 

Eectangles. 

The  word  generally  used  for  a  rectangle  is  x^ptov  (space  or  area) 
without  any  further  description.  As  in  the  case  of  angles,  the 
rectangles  contained  hy  straight  lines  are  generally  expressed  more 
shortly  than  by  the  phrase  ra  ir^puxop'^va  p(wpta  viro ;  either  x^ptW 
may  be  omitted  or  both  x^ptov  and  Treptcxop-evoi/,  thus  the  rectangle 
Ar,  PE  may  be  any  of  the  following,  to  vtto  rwu  AT,  TE,  to  vtto 
AT,  TE,  TO  virb  ATE,  and  the  rectangle  under  0K,  AH  is  to  vrrb  t^^ 
©K  Kot  TTJs  AH.  Eectangles  0,  I,  K,  A,  x'^P^^  ^^  ots  ra  (or  €<^*  wv 
€Ka(TT0V  TcSv)  ©,  I,  K,  A. 

To  apply  a  rectangle  to  a  straight  line  (in  the  technical  sense)  is 
wapa^dXXcLv,  and  TrapaTrtVra)  is  generally  used  in  place  of  the  passive; 
the  participle  TrapaKeifxevos  is  also  used  in  the  sense  of  applied  to.  In 
€ach  case  applying  to  a  straight  line  is  expressed  by  Trapa  (with  ace). 
Examples  are,  areas  which  we  can  apply  to  a  given  straight  line  (i.e. 
which  we  can  transform  into  a  rectangle  of  the  same  area)  x^P^^f  ^ 
SwdiJieOa  Trapa  Tav  ^oOilcrav  evOetav  Trapa/SaXeLV,  let  a  rectangle  he 
applied  to  each  of  them  TrapaTrcTrrcD/ccTw  Trap'  IfcacrTai/  aurav  x^P^^^  I 
if  there  be  applied  to  each  of  them  a  rectangle  exceeding  by  a  square 
figure,  and  the  sides  of  the  excesses  exceed  each  other  hy  an  equal 
amount  (i.e.  form  an  arithmetical  progression)  €t  /ca  Trap'  cKacrrav 
avrav  7rapa7r€(rr}  tl  x^P^^^  vwep/SaXXov  ctSct  TeTpaymvio,  eoiVTi  Sc  at 
TrXcvpat  Twv  vn^pPXruxaTOiv  T<p  tcrw  dXXaXav  VTrfp^xovcrai. 

The  rectangle  applied  is  Trapd^Xr^fxa. 

Squares. 

A  square  is  TiTpdywvov,  a  square  on  a  straight  line  is  a  square 
{erected)  from  it  ((xtto).    The  square  on  TB,  to  airo  ra?  TH  T€Tpdy(avov, 
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is  shortened  into  to  airo  ras  PS,  or  to  airo  TU  simply.  The  square 
next  in  order  to  it  (when  there  are  a  number  of  squares  in  a  row)  is 
TO  Trap  avTw  T€Tpayo)vov  or  to  i^o/JLCvov  T^Tpaymvov. 

With  reference  to  squares,  a  most  important  part  is  played  by 
the  word  8wa/x,ts  and  the  various  parts  of  the  verb  hvvaixai,  8wa/At9 
expresses  a  square  (literally  a  power) ;  thus  in  Diophantus  it  is  used 
throughout  as  the  technical  term  for  the  square  of  the  unknown 
quantity  in  an  algebraical  equation,  i.e.  for  of.  In  geometrical 
language  it  is  the  dative  singular  Swdfiei  which  is  mostly  used ; 
thus  a  straight  line  is  said  to  be  potentially  equal,  Swa^ct  tcra,  to  a 
certain  rectangle  where  the  meaning  is  that  the  square  on  the  straight 
line  is  equal  to  the  rectangle ;  similarly  for  the  square  on  BA  is  less 
than  double  the  square  on  AK  we  have  y  BA  iXdo-a-oyv  ccttii/  17  Bnr\a<rt<i)v 
SvvdfjL€L  Trj<s  AK.  The  verb  ^vvao-Oai  (with  or  without  to-ov)  has  the 
sense  of  being  SwafxeL  tcra,  and,  when  SvvaaOai  is  used  alone,  it  is 
followed  by  the  accusative ;  thus  the  square  (on  a  straight  line)  is 
equal  to  the  rectangle  contained  by...  is  (cv^cta)  Icrov  8waTat  tco 
7r€pi€xofX€V(D  vTTo. ..  j  let  the  square  on  the  radius  be  equal  to  the 
rectangle  BA,  AZ,  17  Ik  tov  KevTpov  SwdaOo)  to  ijtto  twv  BAZ,  (the 
difference)  by  which  the  square  on  ZF  is  greater  than  the  square  on 
half  the  other  diameter  w  fxei^ov  SwaTai  d  ZV  tols  T^fjuauaq  tSs  iTepa^s 
StajuieTpov. 

A  gnomon  is  yvw/xwv,  and  its  breadth  (wXaTos)  is  the  breadth  of 
each  end ;  a  gnomon  of  breadth  equal  to  BI,  yviopnav  irXaTo^  Ixwv  lo-ov 
TO.  BI,  (a  gnomon)  whose  breadth  is  greater  by  one  segment  than  the 
breadth  of  the  gnomon  last  taken  away  ov  ttXcltos  hi  Tiidp^wri  /x€i^ov 
tov  7rXdT€os  TOV  irpb  avTov  dcfiaipovfievov  yvw^aovos. 

Polygons. 

A  polygon  is  iroXvyayvov,  an  equilateral  polygon  is  loro-n-X^vpov, 
a  polygon  of  an  even  number  of  sides  or  angles  dpTioirX^vpov  or 
apTtoywvoj/ ;  a  polygon  with  all  its  sides  equal  except  BA,  AA,  to-a? 
e^ov  TOLs  TrX€vpa<s  x^p'^s  twv  BAA ;  a  polygon  with  its  sides,  excluding 
the  base,  equal  and  even  in  number  tols  irXevpas  e^ov  x^P^s  rfj^  ySao-cws 
to-as  KOL  dpTtov<s ;  an  equilateral  polygon  the  number  of  whose  sides  is 
measured  by  four  TroXvywvov  laoirXevpov,  ov  at  TrXevpal  vtto  TCTpaSos 
fX€TpovvTai,  let  the  number  of  its  sides  be  measured  by  four  to  ttXyjOos 
T<i3i/  7rX€vpo)v  fji€Tp€i(T$(ji)  VTTO  TCTpotSos.     A  cMUagon  xt^taywvov. 

The  straight  lines  subtending  two  sides  of  the  polygon  (i.e.  joining 
angles  next  but  one  to  each  other)  at  wo  Bvo  rrXevpas  tov  woXvytavov 

H.  A.  I 
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vTroT€ivov<Taty   the   straight   line   subtending   one   less   than  half  the 
number  of  the  sides  ij  v7roT€Cvov(ra  ras  /xta  eXacrcroi/as  twv  ^'fttcrcwv. 

Circles. 

A  circle  is  kvkXo<;,  the  circle  ^  is  6  ^  kvkXos  or  6  kvk\o<s  kv  ^  to  ^, 
let  the  given  circle  be  that  drawn  below  tcrroi  6  Sonets  kvkKos  6 
WOK  €tftevo9. 

The  centre  is  Kevrpov,  the  circumference  '7r€pt<jf>€p€ta,  the  former 
word  having  doubtless  been  suggested  by  something  stuck  in  and 
the  latter  by  something,  e.g.  a  cord  stretched  tight,  carried  round 
the  centre  as  a  fixed  point  and  describing  a  circle  with  its  other 
extremity.  Accordingly  Trcptc^cpcta  is  used  for  a  circular  arc  as  well 
as  for  the  whole  circumference ;  thus  the  arc  BA  is  -q  BA  Trcpttj^epcta, 
the  {part  of  the)  circumference  of  the  circle  cut  off  by  the  same 
{straight  line)  'q  rov  kvkXov  Trept^cpeta  >;  viro  rrj's  avrrjs  d7roT€fJiVOfX€vr]. 
Though  the  circumference  of  a  circle  is  also  sometimes  called  its 
perimeter  {-^  Trcpt/Acrpos)  in  the  treatises  On  the  Sphere  and  Cylinder 
and  on  the  Measurement  of  a  Circle,  the  word  does  not  seem  to  have 
been  used  by  Archimedes  himself  in  this  sense ;  he  speaks,  however, 
in  the  Sand-reckoner  of  the  perimeter  of  the  earth  {Trepifx^rpo^  ras  yas). 

The  radius  is  ?J  Ik  rov  Kivrpov  simply,  and  this  expression 
without  the  article  is  used  as  a  predicate  as  if  it  were  one  word ; 
thus  the  circle  whose  radius  is  0E  is  6  KVKko'i  ov  e/c  rov  Kevrpov  a 
®E ;  BE  is  a  radius  of  the  circle  ij  8e  BE  ck  tot;  Kivrpov  icrl  rov  kvkXov. 

A  diameter  is  8ta/x€Tpo9,  the  circle  on  AE  as  diameter  6  irepl 
Bidfi€rpov  rrjv  AE  kvkXo<s. 

For  drawing  a  chord  of  a  circle  there  is  no  special  technical 
term,  but  we  find  such  phrases  as  the  following :  idv  cts  rov  kvkXov 
€vO€La  ypafifxy  ifivicTTj  if  in  a  circle  a  straight  line  be  placed,  and  the 
chord  is  then  the  straight  line  so  placed  77  e/xTreo-ovo-a,  or  quite 
commonly  77  iv  tw  kvkXio  {evOcla)  simply.  For  the  chord  subtending 
one  666th  part  of  the  circumference  of  a  circle  we  have  the  following 
interesting  phrase,  d  woTctvoi/o-a  tv  T/xa/xa  Statpe^ctcras  ras  rov  ABT 
kvkXov  TTCpt^cpctas  €9  X^^'- 

A  segment  of  a  circle  is  rpjrjp.a  kvkXov  ;  sometimes,  to  distinguish 
it  from  a  segment  of  a  sphere,  it  is  called  a  plane  segment 
rfirjfia  cTrtVcSov.  A  semicircle  is  t]p.lkvkXlov  ;  a  segment  less  than  a 
semicircle  cut  off  by  AB,  T/xi^/xa  eXaao'ov  njfjLtKVKXiov  o  dTrorcfxvet 
^  AB.  The  segments  on  AE,  EB  (as  bases)  are  Ta  iwl  rwv 
AE,   EB   rp.'^fxara'j    but   the  semicircle   on  ZH  as   diameter  is  to 
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YJlXlKVKklOV    TO    TTCpl    BidfJiCTpOV   Toiv    ZH    OF    TO    TjyilKVKklOV  TO  'rr€p\  TOLV  ZH 

simply.  The  expression  the  angle  of  the  semicircle,  d  rov  tJijllkvkXlov 
(ywvta),  is  used  of  the  (right)  angle  contained  by  the  diameter  and 
the  arc  (or  tangent)  at  one  extremity  of  it. 

A  sector  of  a  circle  is  to/xcvs  or,  when  it  is  necessary  to 
distinguish  it  from  what  Archimedes  calls  a  'solid  sector,'  eTrtTrcSos 
T0fx€v<s  kvkXov  a  plane  sector  of  a  circle.  The  sector  including  the 
right  angle  (at  the  centre)  is  6  rofx^v^  6  rdv  opOdv  yioviav  iripU^uiv. 
Either  of  the  radii  bounding  a  sector  is  called  a  side  of  it,  TrXcvpa ; 
each  of  the  sectors  (is)  equal  to  the  sector  which  has  a  side  common 
{with  it)  cKao-Tos  twv  to/xcwv  tcro?  tw  KOivdv  ^xovri  TrXevpav  To/x€t;  a 
sector  is  sometimes  regarded  as  described  on  one  of  the  bounding 
radii  as  a  side,  thus  sirnilar  sectors  have  been  described  on  all  (the 
straight  lines)  avayeypac^aVat  diro  iraa-av  ofioLoi  TOjJiies. 

Of  polygons  inscribed  in  or  circumscribed  about  a  circle  lyypd(^€iv 
€ts  or  Iv  and  Treptypac^etv  Trcpt  (with  ace.)  are  used ;  we  also  find 
Trepiy^ypafxfiivos  used  with  the  simple  dative,  thus  to  Trcptyc- 
ypafijjiivov  o-^^/Aa  tw  rofjieL  is  the  figure  circumscribed  to  the  sector, 
A  polygon  is  said  to  be  inscribed  in  a  segment  of  a  circle  when 
the  base  of  the  segment  is  one  side  and  the  other  sides  subtend 
arcs  making  up  the  circumference ;  thus  let  a  polygon  be  inscribed 
on  Ar  in  the  segment  ABF,  IttI  T179  Ar  TroXvyoivov  iyycypdcj^Oo) 
€is  to  ABr  TfiYJfjia.  A  regular  polygon  is  said  to  be  inscribed  in 
a  sector  when  the  two  radii  are  two  of  the  sides  and  the  other  sides 
are  all  equal  to  one  another,  and  a  similar  polygon  is  said  to  be 
circumscribed  about  a  sector  when  the  equal  sides  are  formed  by  the 
tangents  to  the  arc  which  are  respectively  parallel  to  the  equal 
sides  of  the  inscribed  polygon  and  the  remaining  two  sides  are  the 
bounding  radii  produced  to  meet  the  adjacent  tangents.  Of  a 
circle  circumscribed  to  a  polygon  TrepiXafipdv^iv  is  also  used ;  thus 
TToXvycuvov  kvkXo<;  ircptycypa/x/Aevo?  TrepiXafxpaveTO)  Trcpt  to  avTO  Kevrpov 
ytvo/xevos,  as  we  might  say  let  a  circumscribed  circle  be  drawn  with 
the  same  centre  going  round  the  polygon.  Similarly  the  circle  ABFA 
containing  the  polygon  6  ABPA  kvkXos  I^wv  to  TroXuywvov. 

When  a  polygon  is  inscribed  in  a  circle,  the  segments  left  over 
between  the  sides  of  the  polygon  and  the  subtended  arcs  are 
TTcptXctTTo/Aeva  TfjL'ijfjLaTa ;  when  a  polygon  is  circumscribed  to  the 
circle,  the  spaces  between  the  two  are  variously  called  rd  irept- 
XeiTTOfxeva  rrjs  irepiypa^rj^  rfxruiara,  rd  TrepiXcnrofxcva  o-x^/^ctTa,  Ta 
nT€piX€ifJifxara  or  to.  diroXeiixfxara, 

12 
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Spheres,  etc. 

In  connexion  with  a  sphere  (o-^atpa)  a  number  of  terms  are 
used  on  the  analogy  of  the  older  and  similar  terms  connected  with 
the  circle.  Thus  the  centre  is  Kevrpov,  the  radius  y  €k  tov  Kevrpovj 
the  diameter  ?J  BtdfxcTpos.  Two  segments,  TfxyjfxaTa  (r<^atpas  or 
Tfxijfiara  aKt>aLpiKd^  are  formed  when  a  sphere  is  cut  by  a  plane; 
a  hemisphere  is  i/fttcrc^atptov  j  the  segment  of  the  sphere  at  T,  to  Kara  ro 
V  Tfxrjfia  TTJs  (TcjiaLpas ;  the  segment  on  the  side  of  ABT,  to  0.710  ABP 
TfjLTJfjia;  the  segment  including  the  circumference  BAA,  to  Kara  ttjv  BAA 
7r€pL<t>€p€Lav  TfiYJixa.  The  curved  surface  of  a  sphere  or  segment 
is  l'jn<l>dv€ia ;  thus  of  spherical  segments  hounded  by  equal  surfaces  the 
hemisphere  is  greatest  is  t<3v  ttJ  Io-yi  c7rt<^avcta  TrepicxofjLivwv  o-<^atpt/ccoi/ 
T^y^fxartav  /aci^oV  cctti  to  'qpii<r^aipLov.  The  terms  base  (/Sdo-is),  vertex 
(Kopv(f)7])  and  height  {vij/os)  are  also  used  with  reference  to  a  segment 
of  a  sphere. 

Another  term  borrowed  from  the  geometry  of  the  circle  is  the 
word  sector  {rofx^vs)  qualified  with  the  adjective  aTcpcos  (solid). 
A  solid  sector  (to/x€vs  orTcpeos)  is  defined  by  Archimedes  as  the 
figure  bounded  by  a  cone  which  has  its  vertex  at  the  centre  of 
a  sphere  and  the  part  of  the  surface  of  the  sphere  within  the  cone. 
The  segment  of  the  sphere  included  in  the  sector  is  to  TfXTJfxa  rrj^ 
cr^atpas  to  iv  t<3  TO/xet  or  ro  Kara  rbv  rofxia. 

A  great  circle  of  a  sphere  is  6  /xeytaTos  kvkXos  rmv  iv  rrj  o-cjbatpa 
and  often  6  /xcyto-Tos  kvkKos  alone. 

Let  a  sphere  be  cut  by  a  plane  not  through  the  centre  rerfxijorOu) 
o-^atpa  fXT]  Bia  tov  Kevrpov  cTrtTreSw ;  a  sphere  cut  by  a  plane  through 
the  centre  in  the  circle   EZH®,    o-<tiaipa   €7rt7re8a)   rcTfxrjfjiivy]   8ta  tov 

K€VTpOV    KaTCL    TOV    EZH©    KVkKoV. 

Prisms  and  pyramids. 

A  prism  is  Trpto-fta,  a  pyramid  irvpafxis.  As  usual,  dvaypd(j>€iv  diro 
is  used  of  describing  a  prism  or  pyramid  on  a  rectilineal  figure 
as  base;  thus  let  a  prism  he  described  on  the  rectilineal  figure 
{as  base)  dvay€ypd(j>Oii)  dirb  tou  €v6vypdfXfjLov  7rpto-/xa,  on  the  polygon 
circuTnscribed  about  the  circle  A  let  a  pyramid  be  set  up  aTro  rov  Trcpt 
TOV  A  kvkXov  TTCptyeypafjifievov  woXvytDvov  Trvpa/jus  aveo-TaTw  dvayiypa/x- 
fiivrj.  A  pyramid  with  an  equilateral  base  ABP  is  wvpafMs  lo-oirXevpov 
cxovcra  /3acrtv  to  ABT. 

The  surface  is,  as  usual,  cTrt^aVcta  and,  when  any  particular  face 
or   a   base   is   excluded,   some  qualifying  phrase  has  to  be  used. 
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Thus  the  surface  of  the  prism  consisting  of  the  parallelograms 
(i.e.  excluding  the  bases)  rj  iirLcjxxvua  to9  TrptV/xaros  rj  €k  twv 
TrapaXXrjXoypdfjifjutiv  (TvyKcifjiivYi  i  the  surface  (of  a  pyramid)  excluding 
the  base  or  the  triangle  AEP,  i;  cTrtc^aVcta  x^Mpls  Ty<s  pdcreays  or  rov 
AEr  rptyiovov. 

The  triangles  hounding  the  pyramid  ra  7r€pte;(ovTa  rptycava  rrjv 
TTvpafxtBa  (as  distinct  from  the  base,  which  may  be  polygonal). 

Cones  and  solid  rhombi. 

The  Elements  of  Euclid  only  introduce  right  cones,  which  are 
simply  called  cones  without  the  qualifying  adjective.  A  cone  is 
there  defined  as  the  surface  described  by  the  revolution  of  a  right- 
angled  triangle  about  one  of  the  sides  containing  the  right  angle. 
Archimedes  does  not  define  a  cone,  but  generally  describes  a  right 
cone  as  an  isosceles  cone  (k<j)vos  io-o(rKe\yjs)t  though  once  he  calls  it 
right  {6p06<s).  J.  H.  T.  Miiller  rightly  observes  that  the  term 
isosceles  applied  to  a  cone  was  suggested  by  the  analogy  of  the 
isosceles  triangle,  but  I  doubt  whether  such  a  cone  was  thought  of 
(as  he  supposes)  as  one  which  could  be  described  by  making  an 
isosceles  triangle  revolve  about  the  perpendicular  from  the  vertex 
on  the  base;  it  seems  more  natural  to  connect  it  with  the  use  of 
the  word  side  (TrXcvpa)  by  which  Archimedes  designates  a  generator 
of  the  cone,  a  right  cone  being  thus  directly  regarded  as  a  cone  having 
all  its  legs  equal.  The  latter  supposition  would  also  accord  better 
with  the  term  scalene  cone  (kwvos  crKaXrjvos)  by  which  ApoUonius 
denotes  an  oblique  circular  cone;  such  a  cone  could  not  of  course 
be  described  by  the  revolution  of  a  scalene  triangle.  An  oblique 
circular  cone  is  simply  a  cone  for  Archimedes,  and  he  does  not 
define  it ;  but,  while  he  speaks  of  finding  a  cone  with  a  given 
vertex  and  passing  through  every  point  on  a  given  *  section  of  an 
acute-angled  cone '  [ellipse],  he  regards  the  finding  of  the  cone  as 
being  equivalent  to  finding  the  circular  sections^  and  we  may 
therefore  conclude  that  he  would  have  defined  the  cone  in 
practically  the  same  way  as  ApoUonius  does,  namely  as  the  surface 
described  by  a  straight  line  always  passing  through  a  fixed  point 
and  moving  round  the  circumference  of  any  circle  not  in  the  same 
plane  with  the  point. 

The  vertex  of  a  cone  is,  as  usual,  Kopv<p-^,  the  base  ^dcnS)  the  axis 
afcov  and  the  height  vif/os ;  the  cones  are  of  the  same  height  eicrlv  ol 
Kojvoi  vTTo  TO  avTo  v\j/o^.     A  gcuerator  is  called  a  side  {wkevpd) ;  if  a 
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cone  be  cut  by  a  plane  meeting  all  the  generators  of  the  cone  ct  Ka 
Kwvos  iwLTriBio  TfjuaOrj  avfiircTrTOVTi  Tracrats  rats  rov  Ktovov  TrXevpats. 

The  surface  of  the  cone  excluding  the  base  y  kTn<f>avi.ia  rov  kwi/ov 
X<opt9  ttJs  ^acrcfos ;  the  conical  surface  between  {two  generators)  A  A,  AB, 
K(i)VLKri  €in<fidv€La  tj  fiera^v  to)v  AAB. 

There  is  no  special  name  for  what  we  call  a  frustum  of  a  cone 
or  the  portion  intercepted  between  two  planes  parallel  to  the  base ; 
the  surface  of  such  a  frustum  is  simply  the  surface  of  the  cone 
between  the  parallel  planes  -q  cTrt^aveta  tot)  Kiavov  fxera^v  tojv 
TrapaXXtjXiDV  iTrnriBoyv. 

A  curious  term  is  segment  of  a  cone  (aTroT/xa/Aa  kwvov)^  which  is 
used  of  the  portion  of  any  circular  cone,  right  or  oblique,  cut  off 
towards  the  vertex  by  any  plane  which  makes  an  elliptic  and  not  a 
circular  section.  With  reference  to  a  segment  of  a  cone  the  axis 
(a^iDv)  is  defined  as  the  straight  line  drawn  from  the  vertex  of  the 
cone  to  the  centre  of  the  elliptic  base. 

As  usual,  dvaypd(l>€Lv  dno  is  used  of  describing  a  cone  on  a  circle 
as  base.  Similarly,  a  very  common  phrase  is  ciTro  toO  kvkXov  k(j)vos 
ccTTw  let  there  be  a  cone  on  the  circle  (as  base). 

A  solid  rhombus  (pofx^os  crrcpeos)  is  the  figure  made  up  of  two 
cones  having  their  base  common,  their  vertices  on  opposite  sides  of 
it,  and  their  axes  in  one  straight  line.  A  rhombus  made  up  of 
isosceles  cones  pofx^o^  i^  tcroo-KcXojv  kwvo)v  crvyKet/xevo?,  and  the  two 
cones  are  spoken  of  as  the  cones  bounding  the  rhombus  ol  kwvol  ot 

'JT€pi€)(OVT€S  TOV  pOflPoV. 

Cylinders. 

A  riglit  cylinder  is  KvXivSpo'5  6p06^,  and  the  following  terms 
apply  to  the  cylinder  as  to  the  cone  :  base  /Sdo-is,  one  base  or  the 
other  7j  iripa  /Sdats,  of  which  the  circle  AB  is  a  base  and  T  A  opposite 
to  it  ov  ^da-L<s  /jccv  6  AB  kvkXo<;,  dir^vavrtov  Se  6  TA  ;  axis  afcuv,  height 
v\j/o<5,  generator  irXevpa.  The  cylindrical  surface  cut  off  by  {two 
generators)  AF,  BA,  17  d7roT€/xvofJiiv7}  KvXtvhpLKr}  €7rt<^av€ta  vtto  tSv  AT, 
BA ;  the  surface  of  the  cylinder  adjacent  to  the  circumference  ABF,  7] 
€7rt<^av€ta  rov  KvXtvBpov  rj  Kara  rrjv  ABF  TrcpL<f>€p€iav  denotes  the 
surface  of  the  cylinder  between  the  two  generators  drawn  through 
the  extremities  of  the  arc. 

A  frustum^  of  a  cylinder  rofios  KvXLvBpov  is  a  portion  of  a 
cylinder  intercepted  between  two  parallel  sections  which  are  elliptic 
and  not  circular,  and  the  axis  (d^wv)  of  it  is  the  straight  line 
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joining  the  centres  of  the  two  sections,  which  is  in  the  same  straight 
line  with  the  axis  of  the  cylinder. 

Conic  Sections. 

General  terms  are  KoiviKa  crrotx^ta,  elements  of  conies,  ra  Ko^vLKci 
{the  theory  of)  conies.  Any  conic  section  Kiovov  rofirf  owoLaovv. 
Chords  are  simply  cu^ctat  iv  ra  tov  kiovov  rofia  dyfiivai.  Archimedes 
never  uses  the  word  axis  (a^iov)  with  reference  to  a  conic ;  the  axes 
are  with  him  diameters  (Sta/xcrpot),  and  Sta/jtcrpos,  when  it  has 
reference  to  a  complete  conic,  is  used  in  this  sense  exclusively.  A 
tangent  is  iTrnf/avovcra  or  If^airrofxivr}  (with  gen.). 

The  separate  conic  sections  are  still  denoted  by  the  old  names ; 
a  parabola  is  a  section  of  a  right-angled  cone  SpOoywvtov  Kiavov  rofxij, 
a  hyperbola  a  section  of  an  obtuse-angled  cone  dfi^Xvyoiviov  K<tivov 
Toixijj  and  an  ellipse  a  section  of  an  acute-angled  cone  o^vyiavcov  kwvov 
rofxyj. 

The  "parabola. 

Only  the  axis  of  a  complete  parabola  is  called  a  diameter,  and 
the  other  diameters  are  simply  lines  parallel  to  the  diameter.  Thus 
parallel  to  the  diameter  or  itself  the  diameter  is  Trapa  rav  Bidfierpov  7 
avTOL  8taju,€Tpos ;  AZ  is  parallel  to  the  diameter  a  AZ  Trapa  rav 
Sta/x€TpoV  eoTTt.  Once  the  term  principal  or  original  (diameter)  is 
used,  dpxi-Koi  (sc.  Sidfji€Tpo<s). 

A  segment  of  a  parabola  is  T/x^J/xa,  which  is  more  fully  described 
as  the  segment  bounded  by  a  straight  line  and  a  section  of  a  right- 
angled  cone  T/xafxa  to  7rcpt€;(o/x€i'ov  vtto  T€  ^vOelaq  /cat  6p0oy<j}VLOv  k(ovov 
Tofxas.  The  word  Staftcrpos  is  again  used  with  reference  to  a 
segment  of  a  parabola  in  the  sense  of  our  word  axis ;  Archimedes 
defines  the  diameter  of  any  segment  as  the  line  bisecting  all  the 
straight  lines  (chords)  drawn  parallel  to  its  base  rav  hi)(a  rifjLvovo-av 
ras  €u^€ta$  Tracras  ras  Trapa  rav  /Saatv  avrov  dyofxiva's. 

The  part  of  a  parabola  included  between  two  parallel  chords  is 
called  a  frustum  rofios  (aTro  opOoyayvLov  kojvoi;  rojjid<s  d<j}aLpovfjL€vo<s)j 
the  two  chords  are  its  lesser  and  greater  base  (iXdo-criov  and  /met^wv 
/?ao-ts)  respectively,  and  the  line  joining  the  middle  points  of  the 
two  chords  is  the  diameter  (Sta/xerpos)  of  the  frustum. 

What  we  call  the  latus  rectum  of  a  parabola  is  in  Archimedes 
the  line  which  is  double  of  the  line  drawn  as  far  as  the  axis  d  8t7rXacrta 
ras  /x€;(pt  tov  d^ovos.     In  this  expression  the  axis  (d^o)v)  is  the  axis 
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of  the  right-angled  cone  from  which  the  curve  was  originally  derived 
by  means  of  a  section  perpendicular  to  a  generator  *.  Or,  again,  the 
equivalent  of  our  word  parameter  (Trap'  av  hvvayrai  at  aTro  ras  ro/xas) 
is  used  by  Archimedes  as  by  ApoUonius,  meaning  the  straight  line 
to  which  the  rectangle  which  has  its  breadth  equal  to  the  abscissa 
of  a  point  and  is  equal  to  the  square  of  the  ordinate  must  be 
applied  as  base.  The  full  phrase  states  that  the  ordinates  have 
their  squares  equal  to  the  rectangles  applied  to  tJie  line  equal  to  N  (or 
the  parameter)  which  have  as  their  breadth  the  lines  which  they  {the 
ordinates)  cut  off  from  AZ  {the  diameter)  towards  the  extremity  A, 
hvvdvrai  ra  irapa  rav  tcrav  ra  N  TrapaTrtTrrovra  TrXaro?  I^ovra,  a?  olvtoI 
airoXafi/^dvovTi  aTro  rd<s  AZ  ttoti  to  A  Trepas. 

Ordinates  are  the  lines  drawn  from  the  section  to  the  diameter 
{of  the  segment)  parallel  to  the  base  {of  the  segment)  at  airo  ras  ro/xas 
CTTt  rav  AZ  ayofiivat  wapa  rdv  AE,  or  simply  at  aTro  ras  ro/xas.  Once 
also  the  regular  phrase  drawn  ordinate-ivise  rcray/xcvws  Karrj-yfJiivr}  is 
used  to  describe  an  ordinate,  as  in  ApoUonius. 

The  hyperbola. 

What  we  call  the  asymptotes  (at  do-u/xTrrwrot  in  ApoUonius)  are 
in  Archimedes  the  lines  {approaching)  nearest  to  the  section  of  the 
obtuse-angled  cone  at  eyyto-ra  ras  tov  d/x/^X-uywi/tov  kiovov  ro/xas. 

The  centre  is  not  described  as  such,  but  it  is  the  point  at  which 
the  lines  nearest  {to  the  curve)  meet  to  o-a/xetov,  KaO*  o  at  eyyto-ra 
av/XTTiTrrovrt. 

This  is  a  property  of  the  sections  of  obtuse-angled  cones  tovto  yap 
icTTtv   iv  rats   tov   d/x/?Xvya>vtov  Kiavov  ro/xats   (TVfnrT<x)fJLa. 

The  ellipse. 

The  major  and  minor  axes  are  the  greater  and  lesser  diameters 
/xctfwi/  and  cXdo'O'wv  Sid/xerpog.  Let  the  greater  diameter  be  AF, 
8id/x€Tpos  Se  (avras)  d  /xci/  /xctfcov  ecrroj  e^'  as  ra  A,  V.  The  rectangle 
contained  by  the  diameters  {axes)  to  Tr€pt€;(d/x€i/ov  vtto  tov  8ta/x€rpa>v. 
One  axis  is  called  conjugate  {crv^vyijs)  to  the  other :  thus  let  the 
straight  line  N  be  equal  to  half  of  the  other  diameter  which  is 
C07ijugate  to  AB,  d  8e  N  evOeta  tcra  €(TT(i)  ra  ^/xto-eta  rds  crcpas  8ta/xerpov, 
a  €0"rt  a-v^xryrjs  to.  AB. 

The  centre  is  here  KivTpov. 

*  Cf.  ApoUonius  of  Perga,  pp.  xxiv,  xxv. 
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Conoids  and  Spheroids. 

There  is  a  remarkable  similarity  between  the  language  in  which 
Archimedes  describes  the  genesis  of  his  solids  of  revolution  and  that 
used  by  Euclid  in  defining  the  sphere.  Thus  Euclid  says :  when^  the 
diameter  of  a  semicircle  remaining  fixed^  the  semicircle  revolves  and 
returns  to  the  same  position  from  which  it  began  to  move^  the  included 
figure  is  a  sphere  cr^atpa  €(ttlv,  orav  i^fxiKyKXiov  fX€vov(T7]<s  Trj<s  htafxerpov 
7r€pi€V€X^€V  TO  TjfxiKVKXiov  €ts  TO  avTo  ttolXlv  OLTTOKaTao-TaOrj,  oO^v  yjp^aTO 
(I>ep€(r0atj  to  Trepikyj^^Olv  crxrjpa]  and  he  proceeds  to  state  that  the 
axis  of  the  sphere  is  the  fixed  straight  line  about  which  the  sem^icircle 
turns  a^<ov  Sc  n^s  crt^atpa?  ecrrtv  rj  p^ivovaa  evOela,  irepl  "^v  to  rjfjLiKVKkiov 
cTTpecj^cTai.  Compare  with  this  e.g.  Archimedes'  definition  of  the 
right-angled  conoid  (paraboloid  of  revolution)  :  if  a  section  of  a 
right-angled  cone,  with  its  diameter  (axis)  remaining  fixed,  revolves 
and  returns  to  the  position  from  which  it  started,  the  figure  included 
by  the  section  of  the  right-angled  cone  is  called  a  right-angled  conoid, 
and  its  axis  is  defined  as  the  diameter  which  has  remained  fixed, 
€t  Ka  6p0oyo)VLOv  kwvov  TOfia  p.€Vov(ra<s  ra?  BtafxeTpov  ircpicve^^Ociaa 
aTTOKaTacTTaO-^  TrdXtv,  oOev  wppiaarev,  to  7r€pi\a<f>0€V  cr)(rjp.a  virb  ras  tov 
opdoywvLOV  Kwvov  TOfJids  6p0oy(tiVLov  k(ovo€lS€<s  KaXetaOai,  kol  a^ova 
fi€v  avTov  TOLV  p€fji€vaKov(Tav  Sidfji€Tpov  KoXudBai,  and  it  will  be  seen 
that  the  several  phrases  used  are  practically  identical  with  those  of 
Euclid,  except  that  cop/xacrcv  takes  the  place  of  rjp^aTo  (f^epeo-Oat ;  and 
even  the  latter  phrase  occurs  in  Archimedes'  description  of  the 
genesis  of  the  spiral  later  on. 

The  words  conoid  /cwvoctSe?  (axvi^^)  and  spheroid  o-^atpoctSc? 
(crxvP'o)  are  simply  adapted  from  kwvos  and  o-cj>aLpa,  meaning  that 
the  respective  figures  have  the  appearance  (etSos)  of,  or  resemble, 
cones  and  spheres ;  and  in  this  respect  the  names  are  perhaps  more 
satisfactory  than  paraboloid,  hyperboloid  and  ellipsoid,  which  can 
only  be  said  to  resemble  the  respective  conies  in  a  different  sense. 
But  when  KtovoctSe?  is  qualified  by  the  adjective  right-angled 
opOoywvLov  to  denote  the  paraboloid  of  revolution,  and  by  dp^/SXy- 
yoiVLov  obtuse-angled  to  denote  the  hyperboloid  of  revolution,  the 
expressions  are  less  logical,  as  the  solids  do  not  resemble  right- 
angled  and  obtuse-angled  cones  respectively;  in  fact,  since  the 
angle  between  the  asymptotes  of  the  generating  hyperbola  may  be 
acute,  a  hyperboloid  of  revolution  would  in  that  case  more  resemble 
an  a^ute-a>ngled   cone.     The   terms   right-angled  and   obtuse-angled 


clxx  mTKODUCTION. 

were  merely  transferred  to  the  conoids  from  the  names  for   the 
respective  conies  without  any  more  thought  of  their  meaning. 

It  is  unnecessary  to  give  separately  the  deiSnition  of  each 
conoid  and  spheroid ;  the  phraseology  is  in  all  cases  the  same 
as  that  given  above  for  the  paraboloid.  But  it  may  be  remarked 
that  Archimedes  does  not  mention  the  conjugate  axis  of  a  hyperbola 
or  the  figure  obtained  by  causing  a  hyperbola  to  revolve  about  that 
axis ;  the  conjugate  axis  of  a  hyperbola  first  appears  in  Apollonius, 
who  was  apparently  the  first  to  conceive  of  the  two  branches  of  a 
hyperbola  as  one  curve.  Thus  there  is  only  one  ohtuse-angled 
conoid  in  Archimedes,  whereas  there  are  two  kinds  of  spheroids 
according  as  the  revolution  takes  place  about  the  greater  diameter 
(axis)  or  lesser  diameter  of  the  generating  section  of  an  acute- 
angled  cone  (ellipse) ;  the  spheroid  is  in  the  former  case  ohlong 
(7rapa/xaK€s  crc^atpoctScs)  and  in  the  latter  case  Jiojt  {kirnrXaTv 
cr(j)aipo€L8is). 

A  special  feature  is,  however,  to  be  observed  in  the  description 
of  the  obtuse-angled  conoid  (hyperboloid  of  revolution),  namely  that 
the  asymptotes  of  the  hyperbola  are  supposed  to  revolve  about  the 
axis  at  the  same  time  as  the  curve,  and  Archimedes  explains  that 
thet/  will  include  an  isosceles  cone  (^k<ovov  la-oo-K^Xea  TrcptXat/zovvrat), 
which  he  thereupon  defines  as  the  cone  enveloping  the  conoid 
(7r€pt€xwv  TO  KO)vo€Lhis).  Also  in  a  spheroid  the  term  diameter 
(8taju,€Tpos)  is  appropriated  to  the  straight  line  drawn  through 
the  centre  at  right  angles  to  the  axis  (d  8ta  tov  Kivrpov  wot  SpOas 
dyo/AcVa  tw  aiovi).  The  centre  of  a  spheroid  is  the  middle  point  of 
the  axis  to  fxiaov  tov  a^ovos. 

The  following  terms  are  used  of  all  the  conoids  and  spheroids. 
The  vertex  {Kopvi^rj)  is  the  point  at  which  the  axis  meets  the  surface  to 
crapL€Lov,  KaO*  o  dTTTcrat  6  d^cui^  Toi's  cTrtc^avctdg,  the  spheroid  having  of 
course  two  vertices.  A  segment  (r/xd/xa)  is  a  part  cut  ofi*  by  a  plane, 
and  the  base  (pdcns)  of  the  segment  is  defined  as  the  plane  (figure) 
included  by  the  section  of  the  conoid  (or  spheroid)  in  the  cutting 
plane  to  IttittcSov  to  Trtpika^Olv  vivo  Tas  tov  KtavoaBio^  (or  ac^atpoctScos) 
Top.a%  iv  T(S  a7roT€p.vovTL  iTTtircSu).  The  vertex  of  a  segment  is  the  point 
at  which  the  tangent  plane  parallel  to  the  base  of  the  segment  meets 
the  surface,  to  (rafxeiov,  Ka$  o  awTeTai  to  cTrtVcSov  to  imxl/avov  (tov 
Kwi/octSeog).  The  axis  (d^wv)  of  a  segment  is  differently  defined  for 
the  three  surfaces  ;  (a)  in  the  paraboloid  it  is  the  straight  line  cut  off 
within  the  segment  from  the  line  drawn  through  the  vertex  of  the 
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segment  parallel  to  the  axis  of  the  conoid  a  €va7roXa<^^6tcra  €vOua  iv  tw 
T/xa/xttTt  awo  ras  d\0€i(Tas  ^lol  rots  K0pv<j>6is  rov  TfidfiaTO';  irapa  tov 
d^ova  TOV  Kwi^octScos,  (5)  in  the  hyperboloid  it  is  the  straight  line  cut 
off  within  the  segment  from'  the  line  drawn  through  the  vertex  of  the 
segment  and  the  vertex  of  the  cone  enveloping  the  conoid  diro  rds 
a)(0€tcra<s  8ta  rd^  K0pv<^a9  tov  TfidfxaTO^  koL  tols  Kopvcfid^  tov  kwvov  tov 
7r€pL€xovT09  TO  KwvoetSc?,  (c)  in  the  spheroid  it  is  the  part  similarly 
cut  off  from  the  straight  line  joining  the  vertices  of  the  two  segments 
into  which  the  base  divides  the  spheroid,  d-rrb  ras  cv^ctas  ras  ras 
Kopv<j>d<s  avToiv  (rmv  T/Aa/xaTCDv)  iTTi^^vyvvovaas. 

Archimedes  does  not  use  the  word  centre  with  respect  to  the 
hyperboloid  of  revolutiou,  but  calls  the  centre  the  vertex  of  the 
enveloping  cone.  Also  the  axis  of  a  hyperboloid  or  a  segment  is 
only  that  part  of  it  which  is  within  the  surface.  The  distance 
between  the  vertex  of  the  hyperboloid  or  segment  and  the  vertex 
of  the  enveloping  cone  is  the  line  adjacent  to  the  axis  d  Trorcovcra 
T(S  d^ovt. 

The  following  are  miscellaneous  expressions.  The  part  inter - 
cepted  within  the  conoid  of  the  intersection  of  the  j^lci'^es  d  ivairo- 
Xa<^^et(ra  iv  toJ  /cwvoctSet  ras  ycvo/xeVas  to/xols  twv  cTrtTreSwF,  (the  plane) 
will  have  cut  the  spheroid  through  its  axis  rcrfta/cos  co-cretrat  to 
cr<j6atpo€iS€s  Sta  rov  a^ovos,  SO  that  the  section  it  makes  will  be  a 
conic  section  wo-tc  tolv  ro/xav  Trocrjo'Ci  k(6vov  TOfjidv,  let  two  segments  be 
cut  off  in  any  manner  aTroTeTfxdcrOo)  Svo  TfidfiaTa  cos  €tv)(€v  or  by 
planes  drawn  in  any  manner  cTrtTreSots  ottcuo-ovv  ay/xcvots. 

Half  the  spheroid  to  djjLLoreov  •  tov  orc^atpoctSco?,  half  the  line 
joining  the  vertices  of  the  segments  (of  a  spheroid),  i.e.  what  we  should 
call  a  semi-diameter,  a  -qpucria  avTas  ras  i7n^€vyvvovija<s  ras  Kopv^ds 
tQv  T/xa/xarcDi'. 

The  spiral. 

We  have  already  had,  in  the  conoids  and  spheroids,  instances  of 
the  evolution  of  figures  by  the  motion  of  curves  about  an  axis.  The 
same  sort  of  motion  is  used  for  the  construction  of  solid  figures 
inscribed  in  and  circumscribed  about  a  sphere,  a  circle  and  an 
inscribed  or  circumscribed  polygon  being  made  to  revolve  about 
a  diameter  passing  through  an  angular  point  of  the  polygon  and 
dividing  it  and  the  circle  symmetrically.  In  this  case,  in  Archimedes' 
phrase,  the  angular  points  of  the  polygon  will  move  along  the  circum- 
ferences of  circles,  al  ywvtat  Kara  KVKkoyv  irepLtjyep^tSv  ive^OrjcrovTat  (or 
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oio-SijarovTai)  and  the  sides  will  move  on  certain  cones,  or  on  the  surface 
of  a  cone  Kara  nvoiv  kojvcov  €V€;!(^7;orovTat  or  /car  €7rt<^aT/€ta9  k^vov  ;  and 
sometimes  the  angular  points  or  the  points  of  contact  of  the  sides  of 
a  circumscribed  polygon  are  said  to  describe  circles  ypac^ovcri  kvkXov^. 
The  solid  figure  so  formed  is  ro  y^rqOlv  o-repebv  crxVf^cLi  and  let  the 
sphere  by  its  revolution  make  a  figure  TrepicvexOetaa  97  (r<^atjoa  Trotetro) 
^XVM"^  Tt. 

For  the  construction  of  the  spiral,  however,  we  have  a  new 
element  introduced,  that  of  time,  and  we  have  two  different  uniform 
motions  combined ;  if  a  straight  line  in  a  plane  turn  uniformly 
about  one  extremity  which  remains  fixed,  and  return  to  the  position 
from  which  it  started  and  if,  at  the  same  time  as  the  line  is  revolving, 
a  point  move  at  a  uniform  rate  along  the  line  starting  from  the  fixed 
extremity,  the  point  will  describe  a  spiral  in  the  plane,  a  Ka  €vBua,.Av 
€7n'7r4B(a...fi€VovTos  rov  iripov  Treparos  avras  tcroTa;(€(09  Trepuv^xOetcra 
CLTTOKaTao-TaOrj  TraXtv,  oOev  top/xao'ci/,  a/xa  Se  ra  ypafxfxa  Trcptayo/xeva 
tf>€prjTai  TL  (rajxiiov  tcroTa;)(€a)S  avro  eavTO)  Kara  ras  evOetag  ap$dfJL€VOV  drro 
rov  ix€VovTos  ireparos,  to  (rafxuov  eXiKa  ypa\f/€L  iv  rm  iinTreBia. 

The  spiral  (described)  in  the  first,  second,  or  any  turn  is  a  eXt^  a  iv 
Tot  TTpwra,  hevripa,  or  oTroiaovv  Trept^opa  ycypa/xp-ei/a,  and  the  turns 
other  than  any  particular  ones  are  the  other  spirals  at  aXXat  eXtKcs. 

The  distance  traversed  by  the  point  along  the  line  in  any  time  is 
a  €v6€ia  a  Siaw(rO€L<ra,  and  the  times  in  which  the  point  moved  over  the 
distances  ol  )(p6vot,  iv  0I5  to  tra/Aciov  ras  ypa/x/ias  iTropcvOrj ;  in  the  time 
in  which  the  revolving  line  reaches  AT  from  AB,  iv  w  XP^^^  ^  Trcptayo/xeVa 
ypajjLfxa  airb  ras  AB  iirl  tclv  AT  a(j>iKV€iTai. 

The  origin  of  the  spiral  is  dpxa^  rds  IAikos,  the  initial  line  ap^o,  ras 
7r€pL<jiopd<s.  The  distance  described  by  the  point  along  the  line  in 
the  first  complete  revolution  is  ^vOua  irpm-a  {first  distance),  that 
described  during  the  second  revolution  the  second  distance  cu^eta 
Sevrepa,  and  so  on,  the  distances  being  called  by  the  number  of  the 
revolutions  o/xwvv/aws  rats  TrepK^opais.  The  first  area,  x^P^^^  irpwrov, 
is  the  area  bounded  by  the  spiral  described  in  the  first  revolution  and 
by  the  'first  distance  *  to  p((optoi/  to  TrcpiXacjiOkv  viro  tc  Tcts  IXtKos  Tas  iv 
TO.  TrpwTot  7r€pi<l>opa  ypa<f>u(Ta^  koI  tois  €vO€tas,  d  io-TLV  irpiora',  the  second 
area  is  that  bounded  by  the  spiral  in  the  second  turn  and  the  *  second 
distance,'  and  so  on.  The  area  added  by  the  spiral  in  any  turn  is  to 
Xwptov  to  7roTtXa^^€V  vwo  rds  lAtKos  €V  tlvi  7r€pL^opd. 

The  first  circle,  kvkKo^  TrpSroq,  is  the  circle  described  with  the 
*  first  distance '  as  radius  and  the  origin  as  centre,  the  second  circle 
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that  with  the  origin  as  centre  and  twice  the  *  first  distance'  as 
radius,  and  so  on. 

Together  with  as  many  times  the  whole  of  the  circumference  of  the 
circle  as  {is  represented  hy)  tJie  number  less  by  one  tlian  (that  of) 
the  revolutions  /xc^'  oAas  ras  rov  kvkXov  Trcpt^cpctag  rocravTOLKLS  Xafx- 
/?avo/xevas,  ocros  €0"Ttv  6  ivl  iXdao-iDv  dptOfjios  rdv  ireptcjyopdvf  the  circle 
called  by  the  number  corresponding  to  that  of  the  revolutions  6  KyKkos 
6  Kara  rov  avTov  dpiOfiov  Xeyoju-evos  rats  TrepLffyopOLS. 

With  reference  to  any  radius  vector,  the  side  which  is  in  the 
direction  of  the  revolution  is  forward  rd  Trpoayou/xei/a,.  the  other 
backward  rd  i7r6jjL€va. 

Tangents,  etc. 

Though  the  word  dirTOfxat  is  sometimes  used  in  Archimedes  of  a 
line  touching  a  curve,  its  general  meaning  is  not  to  touch  but  simply 
to  meet;  e.g.  the  axis  of  a  conoid  or  spheroid  meets  {dirr^Tat)  the 
surface  in  the  vertex.  (The  word  is  also  often  used  elsewhere  than 
in  Archimedes  of  points  lying  on  a  locus ;  e.g.  in  Pappus,  p.  664,  the 
point  will  lie  on  a  straight  line  given  in  position  di/^crat  to  (ttjjjluov 
Oi(T€t  SeSo/jtevT^s  evOecas.) 

To  touch  a  curve  or  surface  is  generally  ItpdirTeo-Oai  or  eTnif/aveLv 
(with  gen.).  A  tangent  is  c<j6a7rTo/xeV7;  or  iin^avovGra  (sc.  evOela)  and 
a  tangent  plane  iinif/avov  iTTLireSov.  Let  tangents  be  drawn  to  the  circle 
ABr,  Tov  ABr  kvkXov  €.<f>aTrr6pL€vai  rj)(Ouycrav'f  if  straight  lines  be  drawn 
touching  the  circles  lav  d^Owatv  rtvcs  iirixl/avovo'ai  twv  KVKXiov.  The 
full  phrase  of  touching  without  cutting  is  sometimes  found  in 
Archimedes ;  if  a  plane  touch  (any  of)  the  conoidal  figures 
without  cutting  the  conoid  ct  fca  rcuv  /cwvoctSccov  o-^fidTUiv  liruTrSov 
ifjyaTTTTjTaL  fxr/  ripivov  ro  KcovoftSes.  The  simple  word  ij/av€Lv  is 
occasionally  used  (participially),  the  tangent  planes  rd  cTrtTrcSa  rd 
\j/aiJovra, 

To  touch  at  a  point  is  expressed  by  Kara  (with  ace.) ;  the  points 
at  which  the  sides... touch  (or  meet)  the  circle  o-r/jucta,  KaO^  d  dirrovraL 
rov  kvkXov  at  irXevpat. . . .  Let  them  touch  the  circle  at  the  middle 
points  of  the  circumferences  cut  off  by  the  sides  of  the  inscribed 
polygon  cTrti/^a-uerwcrav  rov  kvkXov  Kara  fxecra  rCiV  TrcpLcjiepemv  rtav 
dTTorefjivofievuyv  vird  rov  iyy€ypapip.ivov  TroXvywvov  TrXcvpwv. 

The  distinction  between  iinxj/aveiv  and  dirrop^ai  is  well  brought 
out  in  the  following  sentence;  but  that  the  planes  touching  the 
spheroid  meet  its  surface  at  one  2?oint  only  we  shall  prove  on  Sc 
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ra  iTTixpavovra  kwiir^ha  to9  crc^atpoctSeos  Ka^*  tv  [xovov  ctTrroVrat  o'afi€lov 
Tcts  €7rt<^av€ta9  a^rov  Sct^ov^cs. 

^Ae  poi^i^  o/*  contact  77  dtj^?;. 

Tangents  dratvn  from  (a  point)  ay/xcVat  aTro ;  we  find  also  the 
elliptical  expression  ctTro  rov  H  e^aTTTecr^oj  ?;  OST,  ^6^  OHII  ^6  the 
tangent  from  U,  where,  in  the  particular  case,  E  is  on  the  circle. 

Constructions. 

The  richness  of  the  Greek  language  in  expressions  for  con- 
structions is  forcibly  illustrated  by  the  variety  of  words  which 
may  be  used  (with  different  shades  of  meaning)  for  drawing  a 
line.  Thus  we  have  in  the  first  place  ayw  and  the  compounds 
Stayo)  (of  drawing  a  line  through  a  figure,  with  ct?  or  eV  following, 
of  producing  a  plane  beyond  a  figure,  or  of  drawing  a  line  in  a 
plane),  Karayoj  (used  of  drawing  an  ordinate  down  from  a  point  on 
a  conic),  irpoa-dyo)  (of  drawing  a  line  to  meet  another).  As  an 
alternative  to  Trpocrayco,  Trpocr^aXXw  is  also  used ;  and  Trpoa-TrtTrrcu 
may  take  the  place  of  the  passive  of  either  verb.  To  produce  is 
€K/?aAXw,  and  the  same  word  is  also  used  of  a  plane  drawn  through  a 
point  or  through  a  straight  line;  an  alternative  for  the  passive  is 
supplied  by  eKTrtTTTw.  Moreover  Trpoo-Ket/xat  is  an  alternative  word 
for  being  produced  (literally  being  added). 

In  the  vast  majority  of  cases  constructions  are  expressed  by  the 
elegant  use  of  the  perfect  imperative  passive  (with  which  may  be 
classed  such  forms  as  yeyovcrcu  from  ytyvojuat,  lo-rco  from  ct/xt,  and 
K€L(rO(i}  from  Kct/^at),  or  occasionally  the  aorist  imperative  passive. 
The  great  variety  of  the  forms  used  will  be  understood  from  the 
following  specimens.  Let  BT  be  made  (or  supposed)  equal  to  A, 
K€L(r6o)  T(o  A  Lcrov  TO  Br ;  let  it  be  drawn  rfxOui^  let  a  straight  line  be 
drawn  in  it  (a  chord  of  a  circle)  Bl7J)(6o)  rts  cis  avrbv  cv^cta,  let  KM  be 
drawn  equal  to.,,  to-rj  Karyjx'^^  V  KM,  let  it  be  joined  i7r€^€vxOo},  let 
KA  be  drawn  to  meet  Trpoo-ISejSXTjo-Oo)  77  KA,  let  them  be  produced 
iK/StpX.TJa'Oiocrav,  suppose  them  found  ^vp'qcrOiiia-av,  let  a  circle  be  set  out 
iKK€icr$o)  ktjkXos,  let  it  be  taken  elXijfpOo),  let  K,  H  be  taken  lorrtocrav 
elXrjixfiivaL  at  K,  H,  let  a  circle  ^  be  taken  XcXac^^o)  kvkXo<s  iv  <S  to  ^,  let 
it  be  cut  T€TfJiy](rOm,  let  it  be  divided  Biaipija-Oo)  (BLripTJcrOo)) ;  let  one  cone  be 
cut  by  a  plane  parallel  to  the  base  and  produce  the  section  EZ,  rpLrjOrjTOi  6 
€T€pO'S  Kwvos  iTTfTTcSo)  TTapaXXi^Xo)  T]}  f^acT^L  KoX  TTOcctTCt)  TOixrjv  Trjv  EZ,  let 
TZ  be  cut  off  d'!roX€Xd(ji6o>  a  TZ ;  let  (such  an  angle)  be  left  and  let  it 
be  NHr,  XcXetcj^^cD  koI  ecrToi  77  vwo  NHP,  let  a  figure  be  made  yeycvT/cr^o) 
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(Tyyjiia^  let  the  sector  he  made  tcrrui  yeycvT^/xcVos  6  roixiv'i,  let  cones  he 
described  on  the  circles  (as  bases)  dvayeypd^jyOoicrav  dwo  riov  KVKkiav 
Kuivoif  oLTTo  Tov  kvkXov  kcovo?  €0"tco,  let  it  be  inscribed  or  circumscribed 
iyyeypdij^Oo)  (or  iyyeypafXfxevov  Io-to)),  Trcptyeypae^^o) ;  let  an  area  (equal 
to  that)  of  AB  he  applied  to  AH,  TrapaPe/SXyjaOa)  rrapd  tolv  AH  to  xa^piov 
Tov  AB ;  let  a  segment  of  a  circle  be  described  on  ©K,  kiri  tyjs  ©K 
kvkXov  TjJLTJfxa  ifpeardaOit),  let  the  circle  be  completed  dvaTrcTrXrjpiaaOo)  6 
kvkXoSj  let  NH  («  parallelogram)  be  completed  orvfnreirXrjptDaOo)  to  NH, 
let  it  be  made  TreTroiijo-Oio,  let  the  rest  of  the  construction  be  the  same  as 
before  ra  aXAa  KaTecKevao'^w  tov  avrov  rpoirov  Tots  irpor^pov.  Suppose 
it  done  ycyovcTO). 

Another  method  is  to  use  the  passive  imperative  of  voew  (let  it  be 
conceived).  Let  straight  lines  be  conceived  to  be  drawn  vo€LO'0(t)(rav 
^vOeiai  T^yfxevai,  let  the  sphere  be  conceived  to  he  cut  vo€tcr6(a  tj  o-^atpa 
T€Tfir]fxivr]j  let  a  figure  (generated)  from  the  inscribed  polygon  be 
conceived  as  inscribed  in  the  sphere  diro  tov  TroXvycoVov  tou  iyypacfio- 
jjiivov  vo€L(tO(ji)  tl  els  nijv  crcjiaLpav  iyypacfilv  ar)(rjfJLa.  Sometimes  the 
participle  for  drawn  is  left  out  \  thus  dir  avTov  voddBin  hn^dv^ia  let 
a  surface  be  conceived  (generated)  from^  it. 

The  active  is  much  more  rarely  used;  but  we  find  (1)  idv  with 
subjunctive,  if  we  cut  idv  refjLWfjLeVj  if  we  draw  idv  dydyiDfxev,  if  you 
produce  idv  iK^aXrj^;  (2)  the  participle,  it  is  possible  to  inscribe ..  .and 
(ultimately)  to  leave  Bwarov  iariv  €yypa<^ovTa...X€t7rctv,  if  we  con- 
tinually circumscribe  polygons,  bisecting  the  remaining  circumferences 
and  drawing  tangents,  we  shall  (ultimately)  leave  act  Srj  7r€pLypd(j>ovr€<; 
TToXvyctiva  St^a  tc/xvo/xcj/wv  t6)V  TrcptXeiTro/xcvtuv  7rcpt<^ep€t(3v  koI  dyo/xevcov 
icfyaTTTOfxivoiv  Xecij/ofjLev,  it  is  possible,  if  we  take  the  area...,  to  inscribe 
Xaj^ovra  (or  Xap^jSavovra)  to  )((x}piov . . .Swarov  i(rrtv...iyypdij/aii  (3)  the 
first  person  singular,  /  take  two  straight  lines  Xa/x^avw  Svo  €vOda.% 
I  took  a  straight  line  IXaf^ov  riva  evO^iav ;  /  draw  ®M.from  ©  parallel 
to  AZ,  ayo)  aVo  toij  0  tolv  ©M  TrapdXXrjXov  tol  AZ,  havi^ig  drawn  TK 
perpendicular,  I  cut  off  AK  equal  to  TK  ayaywv  KaOerov  tolv  TK  toi 
rK  to-av  dwiXapov  rdv  AK,  /  inscribed  a  solid  figure... and  circum- 
scribed another  iviypaij/a  o")(rJixa  o"T€p€OV...Kat  aXXo  Trepiiypax^a. 

The  genitive  of  the  passive  participle  is  used  absolutely, 
evpiOivTos  Srj  it  being  supposed  found,  iyypacj>€VTOs  Sy  (the  figure) 
being  inscribed. 

To  make  a  figure  similar  to  one  (and  equal  to  another)  o/xotworat, 
to  find  experimentally  opyavtKws  Xa/^elv,  to  cut  into  unequal  parts  ets 

aVtO-a  T4fJLV€LV. 


Clxxvi  INTEOBUCTION. 

Operations  (addition,  subtraction,  etc.). 

1.     Addition^  and  sums,  of  magnitudes. 

To  add  is  TrpoaTiOy^in,  for  the  passive  of  which  irpocTK^i^ai  is  often 
used;  thus  one  segment  being  added  evos  rixdfjiaros  irorireOivTo^^  the 
added  (straight  line)  a  iroTiK^ifxiva,  let  the  common  HA,  ZV  he  added 
KOLval  7rpoarK€L(T$(i}(Tav  at  HA,  ZV ;  the  words  are  generally  followed 
by  TTpos  (with  ace.  of  the  thing  added  to),  but  sometimes  by  the 
dative,  that  to  which  the  addition  was  made  <S  iroTeTiOrj, 

For  being  added  together  we  have  orvvTiOeo-Oat ;  thus  being  added 
to  itself  a-vvTiOifjievov  avrb  iavrS,  added  together  is  rb  avrb  crvvTcOevTa, 
added  to  itself  (continually)  iTncrvvTiOifjievov  eavrw. 

Sums  are  commonly  expressed  for  two  magnitudes  by  (Tvvafx<f>6- 
repos  used  in  the  following  different  ways ;  the  sum  of  BA,  AA 
(TvvafX€l>6T€pos  7]  BAA,  the  sum  of  AF,  TB  (rvvaficfiOT^pos  tj  AT,  FB,  the 
sum  of  the  area  and  the  circle  to  o-vvaiJL<f>6T€pov  o  re  kvkXos  /cat  to 
X^piov.  Again  for  sums  in  general  we  have  such  expressions  as  the 
line  which  is  equal  to  both  the  radii  y  la-q  api^orepais  rats  Ik  tov 
K€VTpov,  the  line  equal  to  (the  sum  of)  all  the  lines  joining  rj  tcrrj 
Tracrats  rat?  i7nt,€vywovcrats.  Also  all  the  circles  ol  wdvTes  kvkXol 
means  the  sum  of  all  the  circles ;  and  crvyKeLTac  Ik  is  used  for  is 
equal  to  the  sum  of  (two  other  magnitudes). 

To  denote  plus  /xcra  (with  gen.)  and  avv  are  used ;  together  with 
the  bases  ju-cra  rwv  ^dcrcwv,  together  with  half  the  base  of  the  segment 
avv  rfj  -qpLLcrda  rij'i  rov  TfX'ijfjLaTos  /^acrcws ;  re  and  Kat  also  express  the 
same  thing,  and  the  participle  of  TrpocrXaiipdvta  gives  another  way  of 
describing  having  something  added  to  it;  thus  the  squares  on  (all) 
the  lines  equal  to  the  greatest  together  with  the  square  on  the  greatest... 
is  TOL  TCTpdyoiva  ra  diro  Toiv  laav  to,  p^eyidra  Trortkafi^dvovra  to  t€  ctTro 
Tas  fJL€yiO'Tas  rcrpaycovov 

2.     Subtraction  and  differences. 

To  subtract  from  is  dc^atpctv  aTro ;  if  (the  rhombus)  be  conceived  as 
taken  away  lav  vorjOrj  d^yp-qyiivos,  let  the  segments  be  subtracted 
d(f>atp€OivTwv  TOL  TfnjfxaTa.  Terms  common  to  each  side  in  an 
equation  are  Koivd  \  the  squares  are  common  to  both  (sides)  Koivd  ivTi 
iKaT€p(t>v  TCL  TCTpaycova.  Then  let  the  common  area  be  subtracted 
is  KOLvov  d<l>rjpi^(TOo)  to  xwpcov,  and  so  on;  the  remainder  is  denoted 
by  the  adjective  AotTros,  e.g.  the  conical  surface  remaining  Xoltttj  -q 

KUiVLKTJ  €7rt«^av6ta. 

The  difference  or  excess  is  vwepoxv,  or  more  fully  the  excess  by 
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which  {one  magnitude)  exceeds  {another)  virepoxyj,  ^  vwcpix^t...  or 
vVcpoxa,  a jji€L^(ov  iarL...  The  excess  is  also  expressed  by  means  of 
the  verb  virepix^iv  alone  ;  let  the  difference  by  which  the  said  triangles 
exceed  the  triangle  AAF  he  0,  <S  8?)  vir^pix'^i  ra  dp-qiiiva  rptyiDva  tov 
AAr  TpLywvov  IcTTO)  TO  0,  to  exceed  hy  less  than  the  excess  of  the  cone 
^  over  the  half  of  the  spheroid  vwepix^Lv  iXdo-aovL  y  w  (or  dXtKO)) 
VTrepix^L  6  \k  Kwvo^  rov  -qpiia'eo'i  tov  cr<jE>atpo€iS€05  (where  m  v-rrepix^L  may 
also  be  omitted).  Again  the  excess  may  be  <S  jnct^wv  co-rt.  The 
opposite  to  vTTepex^i  is  XeiwcTai  (with  gen.). 

Equal  to  twice  a  certain  excess  ta-a  hvalv  virepoxo.t's,  with  which 
equal  to  one  excess,  tcra  paa  u7rcpo;(a,  is  contrasted. 

The  following  sentence  practically  states  the  equivalent  of  an 
algebraical  equation;  the  rectangle  under  ZH,  SA  exceeds  the  rect- 
angle under  ZE,  EA  hy  the  {sum  of)  the  rectangle  contained  hy  HA, 
EH  and  the  rectangle  under  ZE,  BE,  virepex^i  to  vtto  tolv  ZH,  SA  tov 

VTTO  TOLV  ZE,  EA  TW  T€  VTTO  TttV  EA,  EH  7r€ptC;(0/X€Va)  KOI  T<3  VTTO  TttV  ZE, 

HE.  Similarly  twice  PH  together  with  HS  is  {equal  to)  the  sum  of 
SP,  Pn,  Svo  fxlv  at  PH  ftera  ras  HS  (Twafx^jiOTCpos  €(ttlu  d  SPH. 

3.  Multiplication. 

To  multiply  is  TroXXaTrXacrta^w;  multiply  one  another  (of  numbers) 
^oXXaTrXacrta^ctv  aXXaXovs  j  to  multiply  6^/  a  number  is  expressed  by 
the  dative ;  let  A  be  multiplied  by  ©  TrcTroXXaTrXacrtao-^cu  6  A  tw  0. 

Multiplied  m^o  is  sometimes  ewi  (with  ace);  thus  ^Ae  rectangle 
H@,  ©A  -iti^o  ©A  (i.e.   a  solid  figure)  is  to  vtto  twv  H©,  ©A   eVt 

T'»)l'   ©A. 

4.  Division. 

To  divide  SiaLpeiv ;  Ze^  i^  5e  divided  into  three  equal  parts  at  the 
points  K,  ©,  SirjpTjo-Oij)  eU  Tpia  tcra  Kara  ra  K,  ©  o-a/xeta ;  to  he  divisible 
by  fi€Tp€Lcr$ai  vtto. 

Proportions. 

A  ratio  is  \6yo<s,  proportional  is  expressed  by  the  phrase  in 
proportion  dvdXoyov,  and  a  proportion  is  dvaXoyia.  We  find  in 
Archimedes  some  uses  of  the  verb  Xiyw  which  seem  to  throw  light 
on  the  definition  found  in  Euclid  of  the  relation  or  ratio  between 
two  magnitudes.  One  passage  {On  Conoids  and  Spheroids,  Prop.  1) 
says  if  the  terms  similarly  placed  have,  two  and  two,  the  same  ratio 
and  the  first  magnitudes  are  taken  in  relation  to  some  other  mag- 
nitudes in  any  ratios  whatever  u  ko.  Kwra  hvo  tov  avrov  Xoyov  €x<ovti 
H.  A.  m 
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ra  ofioidis  rerayfiiva,  Xcy^yTai  Sc  ra  irpwra  fxeyiOea  ttotl  riva  oXka 
fi€yiO€a...iv  Xoyots  oTrotoLcrovv,  t/*  A,  B...  be  in  relation  to  N,  S...  but 
Z  be  not  in  relation  to  anything  (i.e.  has  no  term  corresponding  to 
it)  €L  Ka...  ra  /xcv  A,  B,...  Acywi/rai  ttotI  ra  N,  E,..-  to  Sc  Z  firjBk 
7ro0*  €v  XeyijraL. 

A  mean  proportional  between  is  fxiarj  dvaXoyov  twv...,  is  a  mean 
proportional  between  fiiaov  Xoyov  ^x^l  T'^g...Kal  rijs...,  two  mean  pro- 
portionals 8vo  fjiiaai  dvdXoyov  with  or  without  Kara  to  crvvexh  in 
continued  proportion. 

If  three  straight  lines  be  proportional  iav  rp^iq  €v6uai  dvaXoyov 
cScrt,  a  fourth  proportional  TCTa/ora  dvaXoyov^  if  four  straight  lines  be 
proportional  in  continued  proportion  u  Ka  riorcrapt^  ypafxfxal  dvdXoyov 
Iwj'Tt  iv  ra  (Tvvex^i  dvaXoyia^  at  the  point  dividing  {the  line)  in  the 
said  proportion  Kara  rav  avdXoyov  rofidv  ra  €lprjfJL€va, 

The  ratio  of  one  straight  line  to  another  is  e.g.  o  ttjs  PA  Trpos  AX 
Xoyos  or  o  (Aoyos),  oV  l^ct  17  PA  Trpos  ttjv  AX  ;  the  ratio  of  the  bases  6 
rwv  ^aamv  Xdyos  I  has  the  ratio  of  b  to  2  Xoyov  l^ct,  ov  ttcVtc  Trpos 
Svo, 

For  having  the  same  ratio  as  we  find  the  following  constructions. 
Have  the  same  ratio  to  one  another  as  the  bases  rov  avrov  Ixovrt  Xoyov 
ttot'  dXXdXovs  rais  /^dcreaiu,  as  the  squares  on  the  radii  ov  at  Ik  twi/ 
K€VTpo)v  Svvdfi€i ;  TA  has  to  PZ  the  (linear)  ratio  which  the  square  on 
TA  has  to  the  square  on  H,  ov  l^ct  Xoyov  -q  TA  Trpos  tt^v  H  Swa/xct, 
rovTov  €X€i  Tov  Xoyov  7]  TA  Trpos  PZ  (xiJk€l.  Is  divided  in  the  same 
ratio  €ts  rov  avrov  Xoyov  Tcrp-iyrat,  or  simply  o/Aotws ;  will  divide  the 
diameter  in  the  proportion  of  the  successive  odd  numbers,  unity 
corresponding  to  the  (part)  adjacent  to  the  vertex  of  the  segment  rav 
Bi.dfji€rpov  Tcp-owTt  €ts  Tors  T(av  €^s  Tr€pio"0"a)v  dpiOfioyv  Xoyovs,  cvos 
Xeyofxivov  worl  ra  KOpvtjia.  rov  rfxafxaros. 

To  have  a  less  (or  greater)  ratio  than  is  ex^iv  Xoyov  iXdoro-ova  (or 
fiutpva)  with  the  genitive  of  the  second  ratio  or  a  phrase  introduced 
by  07 ;  to  'have  a  less  ratio  than  the  greater  magnitude  has  to  the  less, 
c^ctv  Xoyov  cXao'crova  rj  to  fX€i^ov  fi€y€$o<;  Trpos  to  eXaoro'ov. 

For  duplicate,  triplicate  etc.  ratios  we  have  the  following 
expressions :  has  the  triplicate  ratio  of  the  same  ratio  rpnrXaa-iova 
Xoyov  €;3(€t  rov  avrov  Xoyov,  has  the  duplicate  ratio  of  EA  to  AK 
StTrXao-tova  Xoyov  Ix^t  rfirtp  97  EA  Trpos  AK,  are  in  the  triplicate  ratio 
of  the  diameters  in  the  bases  iv  rpirrXao-tovL  Xoy^  eial  twv  iv  rats 
pdcrtcri  dtafxirptav,  sesquialterate  ratio  iJ/xtoXtos  Xoyos.  With  these 
expressions  must  be  contrasted  the  use  of  double,  quadruple  etc. 
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ratio  in  the  sense  of  a  simple  multiple  by  2,  4  etc.,  e.g.  if  any 
number  of  areas  he  placed  in  order ^  each  hdng  four  times  the  next  €t 
Ka  ^((upta  TeOioivTL  i^s  o7ro(Taovv  iv  tw  TcrpaTrXao-tovt  \6y<a. 

The  ordinary  expression  for  a  proportion  is  as  A  is  to  B  so  is  T 
to  A,  (OS  77  A  TTpos  T7]v  B,  ovTws  tJ  T  TTpos  TYjv  A.  Ze^  AE  he  made  so 
that  AE  is  to  TE  as  the  sum  of  (a)A,  AE  is  to  AE,  weirotijcrOu},  w9 
(TvvafX(j>6T€po<s  -q  ©A,  AE  Trpos  tt^v  AE,  outcds  17  AE  Trpos  TE.  TAe 
antecedents  are  to,  T/yov/xci/a,  <Ae  consequents  ra  iTrofieva. 

For  reciprocally/  proportional  the  parts  of  avrvTriiTovOa  are  used  ; 
the  Sases  are  reciprocally  proportional  to  the  heights  avrnreTrovOacriv 
at  ^dcreis  rats  vij/€(tlv,  to  be  reciprocally  in  the  same  proportion 
dvTt7r€7rovOifjL€v  Kara  rov  avTOv  Xoyov. 

A  ratio  compounded  of  is  Xoyos  (rvvrjfjifjiivos  (or  orvy/cci/xcvos)  cic  tc 
Tou...Kai  rov..,;  ^/^e  ratio  of  PA  ^o  AX  is  equal  to  that  compounded  of 
o  T7]s  PA  Trpos  AX  Xoyos  o-vvrjirrai  Ik...,  Two  other  expressions  for 
compounded  ratios  are  6  tov  diro  A®  Trpos  to  ctTro  B©  Kat  6  (or 
TTpoaXa^wv  tov)  rrj<i  A®  irpo^i  ®B,  ^Ae  ra^io  of  the  square  on  A©  to 
the  square  on  B©  multiplied  by  the  ratio  of  A©  to  ©B. 

The  technical  terms  for  transforming  such  a  proportion  as 
a  :b  =  G  :  d  are  as  follows  : 

1.  IvaWd^  alternately  (usually  called  permutando  or  alternando) 
means  transforming  the  proportion  into  a  :  c-h  :  d, 

2.  dvairaXLv  reversely  (usually  invertendo),  b  :  a  =  d  :  c. 

3.  (rvv9€ari<s  Xoyov  is  composition  of  a  ratio  by  which  the  ratio 
a  :  b  becomes  a  +  b  :  h.  The  corresponding  Greek  term  to  com- 
ponendo  is  a-wOivrt,  which  means  no  doubt  literally  "to  one  who 
has  compounded,"  i.e.  "  if  we  compound,"  the  ratios.  Thus  avvOivTi 
denotes  the  inference  that  a-i-b  :  b  =  c  i-d  :  d.  Kara  nvvO^cnv  is  also 
used  in  the  same  sense  by  Archimedes. 

4.  BiaLp€(ns  Xoyov  signifies  the  division  of  a  ratio  in  the  sense  of 
separation  or  subtraction  by  which  a  :  b  becomes  a  —  b:b.  Similarly 
SicXovTL  (or  Kara  hiaipio-Lv)  denotes  the  inference  that  a  —  b  :  b~ 
c  —  d  :  d.  The  translation  dividendo  is  thereiore  somewhat  mis- 
leading. 

5.  a.va(TTpo(f}y]  Xoyov  conversion  of  a  ratio  and  dvaarTpiij/avTL 
correspond  respectively  to  the  ratio  a  :  a  —  b  and  to  the  inference 
that  a  :  a  -~  b  =  c  :  c  ~  d. 
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6.  Si'  torov  ex  aequali  (sc.  distantia)  is  applied  e.g.  to  the 
inference  from  the  proportions 

a  :  b  :  c  :  d  etc.  =  A  \  B  :  C  :  D  etc. 

that  a  :  d  =  A  :  Z>. 

When  this  dividing-out  of  ratios  takes  place  between  proportions 
with  corresponding  terms  placed  crosswise,  it  is  described  as  St'  larov 
iv  Trj  T€TapayfjL€vri  dvakoyta,  ex  aequali  in  disturbed  proportion  or 
avofAot<t)s  Tcav  Xoywv  Terayfjbivwv  the  ratios  being  dissimilarly  placed ; 
this  is  the  case  e.g.  when  we  have  two  proportions 

a\b=^B:C, 

b  :  c=:A  :  B, 

and  we  infer  that  a  :  g  =  A:  C. 

Arithmetical  terms. 

Whole  multiples  of  any  magnitude  are  generally  described  as  the 
double  of,  the  triple  of  etc.,  6  StTrXaVios,  6  rpiirXacrios  k,t.\.,  following 
the  gender  of  the  particular  magnitude ;  thus  the  {surface  which  is) 
four  times  the  greatest  circle  in  the  sphere  ij  reTpaTrXao-ta  tov  /xcyto-rov 
kvkXov  twv  iv  Trj  crcl>atpa ;  five  times  the  sum  of  AB,  BE  together  with 
fen  times  the  sum  o/TB,  BA,  d  TrevTaTrXaa-ta  (TvvoLfX(f>oripov  ra%  AB,  BE 
fxera  ras  ScKaTrXao-ta?  <TvvafjL<f)OTipov  rds  TB,  BA.  The  same  multiple 
as  TOO'avTa7rXa(TLV)v...6(Ta7rXa(Ti<jt)V  idTt,  or  Io-olkl^s  7roXXa7rXa(rL(i)v.,.Kai. 
The  general  word  for  a  multiple  of  is  iroXXaTrXdcnos  or  7roXXa7rXaorta)i/, 
which  may  be  qualified  by  any  expression  denoting  the  number  of 
times  multiplied ;  thus  multiplied  by  the  sam,e  number  iroXXairXdcrios 
tQ  avTia  dpiOfiS,  multiples  according  to  the  successive  numbers 
TToXXairXdcna  Kara  tov<s  c^s  dptOfiov<;. 

Another  method  is  to  use  the  adverbial  forms  twice  Sis,  thrice 
rpi%  etc.,  which  are  either  followed  by  the  nominative,  e.g.  twice  EA 
Sis  'q  EA,  or  constructed  with  a  participle,  e.g.  twice  taken  Sis  Xa/x- 
^av6/jL€vos  or  Sts  elprjfxivos ;  together  with  twice  the  whole  circumference 
of  the  circle  iitG"  oXas  ras  rov  kvkXov  Trcpic^epetas  Sis  Xa/xj8avojU,ei/as. 
Similarly  the  same  number  of  times  (the  said  circumference)  as  is 
expressed  by  the  number  one  less  than  (that  of)  the  revolutions 
TocravTaKLS  Xa/A/Javo/xcVas,  ocros  io-rlv  6  ei/t  cXacro-wF  dpcOfxbs  rdv 
TTcpic^opav.  An  interesting  phrase  is  the  following,  as  many  times  as 
the  line  TA  is  contained  (literally  added  together)  in  AA,  so  many  times 
let  the  time  ZH  be  contained  in  the  time  AH,  oa-dKLs  o-uyKctrat  d  PA 
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ypafjifxa  iv  ra  A  A,  TOcravTOiKi^  (TvyKeto-Qio  6  xpoi'os  6  ZH  iv  tw  XP^^^  '^^ 
AH. 

Suhmultiples  are  denoted  by  the  ordinal  number  followed  by 
/A€pos ;  one-seventh  is  epSofxov  fxipos  and  so  on,  one-half  being  however 
rjfiio-v?.  When  the  denominator  is  a  large  number,  a  circumlocutory 
phrase  is  used ;  thus  less  than  ^^^^h  part  of  a  right  angle  cXarrojv  rj 
Siatpc^etcras  ras  opOd^  €ts  p^K  tovtcdv  ev  p,€po<:. 

When  the  numerator  of  a  fraction  is  not  unity,  it  is  expressed 
by  the  ordinal  number,  and  the  denominator  by  a  compound 
substantive  denoting  such  and  such  a  submultiple ;  e.g.  two-thirds 
8vo  Tpnap^opia^  three-fifths  rpia  7re/u,7rTa/jtopta. 

There  are  two  improper  fractions  which  have  special  names, 
thus  one-and-Orhalf  of  is  rjpnoXio^,  one-and-a-third  of  IttLtpito^. 
Where  a  number  is  partly  integral  and  partly  fractional,  the  integer 
is  first  stated  and  the  fraction  follows  introduced  by  koX  ctl  or  Kat 
and  besides.  The  phrases  used  to  express  the  fact  that  the  cir- 
cumference of  a  circle  is  less  than  3^  but  greater  than  3^f  times  its 
diameter  deserve  special  notice ;  (1)  Travro?  kvkXov  rj  ircptp^eTpos  rfj^ 
hiajxerpov  TpiTrXaaiwy  ecrrt,  Kat  Irt  VTrepe^ct  iXdororovt  /X€V  tj  I^Sd/xo)  /xcpct 
ry^  SiafjL€Tpov,  fiet^ovt  Be  y  Sc/ca  ej3hop,7jKOcrTOfJL6voi9,  and  (2)  rpvwXadmv 
coTTi  Kat  iXdoraovt  /xev  17  l/^So/xo)  /utepet,  /X€t^oi/t  §€  rj  l  oa'  fxeL^wv.  We 
also  have  the  phrase  for  the  first  part  iXdo-aoiv  rj  TpnrXadimv  Kat 
kfih6p,iD  p.€p€L  p.ut,(j)v. 

To  measure  pLerpeiv,  common  measure  kolvov  p^irpov^  commensurable^ 
incommensurable  avp,pi€Tpo<s,  aavp.jJiCTpo's. 

Mechanical  terms. 

Mechanics  ra  p.rjxo.vLKd,  weight  pdpo<;;  centre  of  gravity  Kivrpov 
Tov  pdp€Q%  with  another  genitive  of  the  body  or  magnitude ;  in  the 
plural  we  have  either  m  Kivrpa  avrwv  tov  l3dp€os  or  rd  Kivrpa  t(2v 
^ap€(ov.     K€VTpov  is  also  used  alone. 

A  lever  ^uyos  or  t^vyiov,  the  horizon  6  bpt^iov ;  in  a  vertical  line  is 
represented  by  perpendicularly  Kara  KdO€Tov,  thus  the  point  of 
suspension  and  the  centre  of  gravity  of  the  body  suspended  are  in  a 
vertical  line  Kara  KdO^rov  ctrrt  ro  re  ca/xctov  tov  Kpc/jtacrTov  Kat  to 
Kivrpov  TOV  pdp€os  tov  Kpe/jLapuevov.  Of  suspension  from  or  at  €k  or 
Kara  (with  ace.)  is  used.  Let  the  triangle  be  suspended  from  the 
points  B,  r,  KpepidorOoy  to  rptycDvov  ck  tc3i/  B,  V  cra/Aetwr/ ;  if  the 
suspension  of  the  triangle  BAP  at  B,  V  be  setfree^  and  it  be  suspended 
at  E,  the  triangle  remains  in  its  position  ct  Ka  tov  BAP  rptycovov  d 
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fikv  Kara  rd  B,  V  Kp€fm(nq  XvOrj,  Kara  Be  to  E   KpefiaaOfj,  fxivcL  to 
TpcyoivoVf  <us  vvv  l^ct. 

To  incline  towards  piireiv  iiri  (ace.) ;  to  be  in  equilibrium 
la-oppoTreiVf  they  will  be  in  equilibrium  with  A  held  fast  KarexofJiivov 
ToD  A  ia-oppoir-qo-ei,  they  will  be  in  equilibrium  at  A  (i.e.  will  balance 
about  A)  Kara  to  A  lo-oppom^crovvTi ;  AB  is  too  great  to  balance  T 
ficl^ov  i(TTi  TO  AB  7}  w(TT€  toToppoTTctv  Tw  T.  The  adjective  for  in 
equilibrium  is  l(ropp€7rys ;  let  it  be  in  equilibrium  with  the  triangle 
TAH,  i(ropp€7rh  to-TOi  rw  FAH  r/otywi/w.  To  balance  at  certain 
distances  (from  the  point  of  support  or  the  centre  of  gravity  of  a 
system)  is  wiro  Ttvuiv  fiaKiwv  laoppoTrevv. 

Theorems,  problems,  etc. 

A  theorem  $€<aprjixa  (from  Oemp^tv  to  investigate) ;  a  problem 
TTpopXTjfia^  with  which  the  following  expressions  may  be  compared, 
the  (questions)  propounded  concerning  the  figures  ra  TrpopepXyj/xiva 
irepl  Twv  (TxrjfJ'drcDv,  these  things  are  propounded  for  investigation 
Trpo/SaXXirai  rdSe  O^Mpyjo-at ;  also  wpoKeifxaL  takes  the  place  of  the 
passive,  which  it  was  proposed  (or  required)  to  find  oirep  irpoiKeiTo 

€Vp€LV. 

Another  similar  word  is  €7rtray/xa,  direction  or  requirement ; 
thus  the  theorems  and  directions  necessary  for  the  proofs  of  them  ra 
Oeoipyj/xaTa  koX  to.  iiriTdyixaTa  ra  xpecav  t^ovra  cts  ras  aTroSct^tas  auTW, 
in  order  that  the  requirement  may  be  fulfilled  ottws  yivrjrat  to  eirt- 
TaxOiv  (or  cTrtrayfta).  To  satisfy  the  requirement  is  ttouIv  to  cTrtray/jta 
(either  e.g.  of  lines  in  a  figure,  or  of  the  person  solving  the 
problem). 

After  the  setting  out  (cK^co-ts)  in  any  proposition  there  follows 
the  short  statement  of  what  it  is  required  to  prove  or  to  do.  In 
the  former  case  (that  of  a  theorem)  Archimedes  uses  one  of  three 
expressions  Sciktcot/  it  is  required  to  prove^  Xcyw  or  tj>apX  Brj  I  assert 
or  say;  and  in  the  second  case  (that  of  a  problem)  Set  Brj  it  is 
required  (to  do  so  and  so). 

In  a  problem  the  analysis  avaXvo-ig  and  synthesis  o-vvOeais  are 
distinguished,  the  latter  being  generally  introduced  with  the  words 
the  synthesis  of  the  problem  tvill  be  as  follows  o-vvTcOtja-eTat  to 
irpopXrjfia  ourws.  The  parts  of  the  verb  avaXv€Lv  are  similarly 
used ;  thus  the  analysis  and  synthesis  of  each  of  these  [problems)  will 
be  given  at  the  end  kKarepa  h\  Tavra  iiri  rcXct  dvaXvOyjcrtTaL  r€  Kat 
crvi'Tc^ifo'crat. 
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A  notable  term  in  connexion  with  problems  is  the  8topior/xos 
{determination)^  which  means  the  determination  of  the  limits  within 
which  a  solution  is  possible*.  If  a  solution  is  always  possible,  the 
problem  does  not  involve  a  8to/otcr/xos,  ovk  c^et  Stopt(r/xov;  otherwise 
it  does  involve  it,  l^ct  Siopto-ixov. 

Data  and  hypotheses. 

For  given  some  part  of  the  verb  StSw/xt  is  used,  generally  the 
participle  SoOetSy  but  sometimes  SeSofiivos  and  once  or  twice  StSo/jicvos. 
Let  a  circle  be  given  S^Soa-Ow  kvkXo?^  given  two  unequal  magnitudes 
Svo  fX€y€Owv  dvL(T(Dv  8o^€VTwv,  eack  of  the  two  lines  FA,  EZ  is  given 
larXv  SoOeT-aa  cKaripa  rwv  TA,  EZ,  the  same  ratio  as  the  given  one 
Xoyo9  6  avTo<s  tcS  dodivTi.  Similar  expressions  are  the  assigned  ratio 
6  Ta^Oelf;  Xoyo9,  the  given  area  to  irpoTcOcv  (or  irpoKUfx^vov)  x^ptov. 

Given  in  position  Oicra  simply  (sc.  SeBofxii/rj). 

Of  hypotheses  the  parts  of  the  verb  vVoTt^cjuat  and  (for  the 
passive)  vTroKctjuat  are  used ;  with  the  same  suppositions  rwv  avrtav 
vTroK€ipL€V(jiv^  let  the  said  suppositions  he  made  vTroKeicrOo)  ra  flprniivay 
we  mahe  these  suppositions  viroTiOifieOa  rdSe. 

Where  in  a  reductio  ad  absurdum  the  original  hypothesis  is 
referred  to,  and  generally  where  an  earlier  step  is  quoted,  the  past 
tense  of  the  verb  is  used ;  but  it  was  not  (so)  ovk  rjv  ^ij/or  it  was  less 
yjv  yap  iXdo-aroyv,  they  were  proved  equal  ctTrcSct^^^iycrav  tcrot,  for  this  has 
been  proved  to  be  possible  SeSetKrat  yap  tovto  Svvarov  iov.  Where  a 
hypothesis  is  thus  quoted,  the  past  tense  of  vwoKCLfiai  has  various 
constructions  after  it,  (1)  an  adjective  or  participle,  AZ,  BH  were 
supposed  equal  laai  vVckcivto  at  AZ,  BH,  it  is  by  hypothesis  a  tangent 
v7r€K€tT0  iwnl/avovo-a,  (2)  an  infinitive,  for  by  hypothesis  it  does  not 
cut  vTreKELTo  ydp  firj  refiveiv,  the  axis  is  by  hypothesis  not  at  right 
angles  to  the  parallel  planes  vVckcito  o  d^wv  fjurj  elfxev  6p06<s  ttotI  rd 
Tra/aaXXaXa  eTTtVeSa,  (3)  the  plane  is  supposed  to  have  been  drawn 
through  the  centre  to  eTrnrcSov  TJTroKcirat  8ta  rov  KivTpov  d^Oai, 

Supposing  it  found  evpcOivTos:  absolutely.  Suppose  it  done 
ycyovcTw. 

The  usual  idiomatic  use  of  ct  8c  fti}  after  a  negative  statement 
may  be  mentioned ;  it  will  not  meet  the  surface  in  another  point, 
otherwise...  ov  ydp  di/^erai  /car  aXXo  cra/xciov  rots  cTrt^avctias*  €t  8c 
fit].,.. 

*  Of.  ApoUonius  of  Perga,  p.  Ixx,  note. 
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Inferences,  and  adaptation  to  different  cases. 

The  usual  equivalent  for  therefore  is  apa;  ovv  and  roivvv  are 
generally  used  in  a  somewhat  weaker  sense  to  mark  the  starting- 
point  of  an  argument,  thus  errci  ovv  may  be  translated  as  smce,  then. 
Since  is  cTrct,  because  8toTt. 

TTokXio  fidWov  tnuch  more  then  is  apparently  not  used  in  Archi- 
medes, who  has  TToXXo)  alone ;  thus  much  less  then  is  the  ratio  of  the 
circumscribed  figure  to  the  inscribed  than  that  of  K  to  U  ttoXXcS 
apa  TO  7r€ptypacj>lv  Trpos  to  iyypa<f}ev  iXdcraova  \6yov  €\€l  tov,  6v  €)(€i  tj 

K  TTpOS  H. 

hia  with  the  accusative  is  a  common  way  of  expressing  the 
reason  why ;  because  the  cone  is  isosceles  8ta  to  lo-oo-KeXrj  ctvat  tov 
Kwvov,  for  the  same  reason  8ta  ravra. 

Bid  with  the  genitive  expresses  the  means  by  which  a  proposition 
is  proved ;  by  means  of  the  construction  8ia  ttjs  Karao-Kcuijs,  by  the 
saTYie  means  8ta  tiov  avrcJuv,  by  the  same  method  Sta  tov  avToi)  Tpoirov, 

Whenever  this  is  the  case,  the  surface  is  greater  oTav  tovto  rj, 
fi€L^(i)v  ytverat  tj  cTrtc^avcta...,  if  this  is  the  case,  the  angle  BA©  is 
eguaL..,  el  Be  tovto,  tcra  ioTiv  a  vwo  BA©  ycona...,  which  is  the  same 
thing  as  showing  that...  o  Tamov  €o-tl  t<3  Bei^ai,  otl.... 

Similarly  for  the  sector  bfxoiwq  Be  Kal  ewl  tov  TOfxiij)^,  the  proof 
is  the  same  as  (that  used  to  show)  that  a  avra  diroBet^ts  airep  Kal  on, 
the  proof  that... is  the  same  a  avTa  d7r6Bei$i<s  e^rt  Kal  Blotl...,  the  same 
argument  holds  for  all  rectilineal  figures  inscribed  in  the  segments  in 
the  recognised  manner  (see  p.  204)  cVl  Travrwv  evOvypdfXfxuiv  twi/ 
iyypa<jiOfiev(ji)V  €S  ra  T/Aa/xara  yvwpt/xws  6  avros  Xdyos  ;  it  will  be  possible, 
having  proved  it  for  a  circle,  to  transfer  the  same  argument  in 
the  case  of  the  sector  co-rat  errl  kvkXov  Bet^avTa  fxeTayayelv  tov  ofiotov 
Xoyof  Kal  iwl  tov  to/xcws  ;  the  rest  will  be  the  same,  but  it  will  be  the 
lesser  of  the  diameters  which  will  be  intercepted  within  the  spheroid 
(instead  of  the  greater)  ra  fxev  dXXa  ra  atira  ecraeiTai,  Tav  Be  BtafxeTpwv 
a  eXdo-a-mv  etrareiTai  a  evairoXaffiOe'Lcra  ev  tw  o-(j>atpoeiBeL ;  it  will  make 
no  difference  whether,.. or... Bioia-et  Be  ovBev,  ctrc-ctrc — 

Conclusions. 

The  proposition  is  therefore  obvious,  or  is  proved  BrjXov  ovv  eo-Ti 
(or  BeBeiKTai)  to  irpoTeBev ;  similarly  c^avepov  ovv  eortv,  o  eBei  Bei^ai, 
and  eBei  Be  tovto  Bei^ai.  Which  is  absurd,  or  impossible  owep  oltottov, 
or  dBvvaTov, 

A  curious  use  of  two  negatives  is  contained  in  the  following : 
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ovK  apa  ovK  icTTi  KEvrpov  tov  jSctpcos  tov  AEZ  TpLjdvov  TO  N  (rafi€Lov. 
cfTTti'  apa,  therefore  it  is  not  possible  that  the  point  N  should  not  he  the 
centre  of  gravity  of  the  triangle  AEZ.     It  must  therefore  he  so. 

Thus  a  rhombus  will  have  been  formed  ea-rai  hr]  yeyovm  pofxpos ; 
two  unequal  straight  lines  have  been  found  satisfying  the  requirement 
€vprjfi€vai  elariv  apa  Sijo  cv^ctat  aviorot.  TTOtovo^at  to  cTrtVay/Aa. 

Direction,  concavity,  convexity. 

In  the  same  direction  iin  ra  avrd,  in  the  other  direction  iirl 
TOL  €T€pa,  concave  in  the  same  direction  iirl  ra  avra  KolXrj ;  in  the  same 
direction  as  iirl  ra  avrd  with  the  dative  or  e<j{>'  a,  thus  in  the  same 
direction  as  the  vertex  of  the  cone  IttI  to,  aw'a  ra  tov  kojvov  Kopv^a, 
drawn  in  the  same  direction  as  (that  of)  the  convex  side  of  it  IttI  ra 
avTOL  dyofxevai,  €</>'  a  ivri  to.  Kvpra  avTov.  For  on  the  same  side  of  iirl 
TOL  avrd  is  followed  by  the  genitive,  they  fall  on  the  same  side  of  the 
line  cTTt  TOL  avTOL  TTLTTTOvo-t  Trjs  ypafxpjYJ<i. 

On  each  side  of  €cj>  cKotTcpa  (with  gen.);  on  each  side  of  the  plane 
of  the  base  €(\>  iKarcpa  rov  iiriTriSov  rfjs  ^d(T€<ji)<s, 

Miscellaneous. 

Property  crv^TTTiaixa,  Proceeding  thus  continually,  det  rovro 
TroLovvT€Sj  det  totjtov  yevofiivov,  or  tovtov  I^s  yivofxivov.  In  the 
elements  Iv  rrj  crTot;(€t(oo"€t. 

One  special  difference  between  our  terminology  and  the  Greek  is 
that  whereas  we  speak  of  any  circle,  any  straight  line  and  the  like, 
the  Greeks  say  every  circle,  every  straight  line,  etc.  Thus  any 
pyramid  is  one  third  part  of  the  prism  with  the  same  base  as  the 
pyramid  and  equal  height  iraa-a  Trvpapls  Tpirov  fxepos  icrTi  tov  TrptV/xaTo? 
TOV  Tav  avTav  /Saanv  exovTOs  Ta  irvpafxlhi  koX  vij/os  taov,  I  define  the 
diameter  of  any  segment  as  hidp.€Tpov  KaXiia  TravTos  T/xa/^aTos.  To 
exceed  any  assigned  (magnitude)  of  those  which  are  comparable  with 
one  another  virepi^uv  TravTos  tov  irpoTc^evTos  twi^  Trpos  aXkrjXa 
\€yofiiv(i)v. 

Another  noteworthy  difference  is  illustrated  in  the  last  sentence. 
The  Greeks  did  not  speak  as  we  do  of  a  given  area,  a  given  ratio 
etc.,  but  of  the  given  area,  the  given  ratio,  and  the  like.  Thus  It  is 
possible .. .to  leave  certain  segments  less  than  a  given  area  SvvaTov 
i(TTiv...X€L7r€iv  Tiva  Tfxi^fxaTa,  aTTCp  ecTat  iXdcraova  tov  TrpoKeifxivov 
)(([opiov ;  to  divide  a  given  sphere  by  a  plane  so  that  the  segments  have 
to  one  another  an  assigned  ratio  Tav  SoOeicrav  o-<^atpav  cTrtTrcSo)  T€/A€tv, 
(So"T€  TO,  TfidfiaTa  avTas  ttot  dXXaXa  tov  Ta^jSivTa  Xoyov  l^etv. 

H.  A.  n 
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Magnitudes  in  arithmetical  progression  are  said  to  exceed  each 
other  by  an  equal  (amount)  ;  if  there  be  any  number  of  magnitudes  in 
a/rithtnetical  progression  el  Ka  etovTt  fxeyiOea  oTrocraovv  tw  to-w  dXXaXcuv 
virepixovTa.  The  common  difference  is  the  excess  virepoxoi,  and  the 
terms  collectively  are  spoken  of  as  the  magnitudes  exceeding  by  the 
equal  (difference)  ra  tw  to-cp  virepixovTa.  The  least  term  is  to  eXa^^tcTTOv, 
the  greatest  term  to  /Aeywrrov.  The  sum  of  the  terms  is  expressed  by 
TravTa  ret  tw  tcrw  vTrcpe^ovra. 

Terms  of  a  geometrical  progression  are  simply  in  (continued) 
proportion  dvdXoyov,  the  series  is  then  ij  dvaXoyta,  the  proportion ^ 
and  a  term  of  the  series  is  rts  rwv  Iv  tS.  aura  dvakoyia.  Numbers  in 
geometrical  progression  beginning  from  unity  are  dpiOfiol  dvdXoyov 
diro  fjiovdSog,  Let  the  term  A  of  the  progression  be  taken  which 
is  distant  the  same  number  of  terms  from  (d  as  A  is  distant  from 
unity  XcXac^^w  Ik  ras  avaXoytas  6  A  dirixtov  diro  tov  ©  to(TOvtovSj  oo-qvs 
6  A  ctTTo  fJLOvdBos  dwixu. 


THE  WORKS  OF 

ARCHIMEDES. 


ON  THE   SPHERE  AND  CYLINDER. 

BOOK  I. 


"  Archimedes  to  Dositheus  greeting. 

On  a  former  occasion  I  sent  you  the  investigations  which 
I  had  up  to  that  time  completed,  including  the  proofs,  showing 
that  any  segment  bounded  by  a  straight  line  and  a  section  of  a 
right-angled  cone  [a  parabola]  is  four-thirds  of  the  triangle 
which  has  the  same  base  with  the  segment  and  equal  height. 
Since  then  certain  theorems  not  hitherto  demonstrated  (dve- 
XeyKTcov)  have  occurred  to  me,  and  I  have  worked  out  the  proofs 
of  them.  They  are  these :  firsb^that  the  surface  of  any  sphere 
is  four  times  its  greatest  circle  {tov  fM€ji<TTov  kvkXov)]  next, 
that  the  surface  of  any  segment  of  a  sphere  is  equal  to  a  circle 
whose  radius  (^  e/c  tov  Kevrpov)  is  equal  to  the  straight  line 
drawn  from  the  vertex  {Kopv(f>ri)  of  the  segment  to  the  circum- 
ference of  the  circle  which  is  the  base  of  the  segment  J  and, 
further,  that  any  cylinder  having  its  base  equal  to  the  greatest 
circle  of  those  in  the  sphere,  and  height  equal  to  the  diameter 
of  the  sphere,  is  itself  \i.e.  in  content]  half  as  large  again  as  the 
sphere,  and  its  surface  also  [including  its  bases]  is  half  as  large 
again  as  the  surface  of  the  sphere.  Now  these  properties  were 
all  along  naturally  inherent  in  the  figures  referred  to  {avrfj  ry 
(t)va€c  7rpov7rfjp)^€i/  Trept  rd  elprjfjieva  crp^^f^ara),  but  remained 
unknown  to  those  who  were  before  my  time  engaged  in  the 
study  of  geometry.  Having,  however,  now  discovered  that  the 
properties  are  true  of  these  figures,  I  cannot  feel  any  hesitation 
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in  setting  them  side  by  side  both  with  my  former  investiga- 
tions and  with  those  of  the  theorems  of  Eudoxus  on  solids 
which  are  held  to  be  most  irrefragably  established,  namely, 
that  any  pyramid  is  one  third  part  of  the  prism  which  has  the 
same  base  with  the  pyramid  and  equal  height,  and  that  any 
cone  is  one  third  part  of  the  cylinder  which  has  the  same 
base  with  the  cone  and  equal  height.  For,  though  these 
properties  also  were  naturally  inherent  in  the  figures  all  along, 
yet  they  were  in  fact  unknown  to  all  the  many  able  geometers 
who  lived  before  Eudoxus,  and  had  not  been  observed  by  any 
one.  Now,  however,  it  will  be  open  to  those  who  possess  the 
requisite  ability  to  examine  these  discoveries  of  mine.  They 
ought  to  have  been  published  while  Conon  was  still  alive, 
for  I  should  conceive  that  he  would  best  have  been  able  to 
grasp  them  and  to  pronounce  upon  them  the  appropriate 
verdict ;  but,  as  I  judge  it  well  to  communicate  them  to  those 
who  are  conversant  with  mathematics,  I  send  them  to  you  with 
the  proofs  written  out,  which  it  will  be  open  to  mathematicians 
to  examine.     Farewell. 

I  first  set  out  the  axioms*  and  the  assumptions  which  I 
have  used  for  the  proofs  of  my  propositions. 

Definitions. 

1.  There  are  in  a  plane  certain  terminated  bent  lines 
(KafiTTvXat  ypafjb/iial  irenrepaa-^evat)'^,  which  either  lie  wholly  on 
the  same  side  of  the  straight  lines  joining  their  extremities,  or 
have  no  part  of  them  on  the  other  side. 

2.  I  apply  the  term  concave  in  the  same  direction 

to  a  line  such  that,  if  any  two  points  on  it  are  taken,  either 
all  the  straight  lines  connecting  the  points  fall  on  the  same 
side  of  the  line,  or  some  fall  on  one  and  the  same  side  while 
others  fall  on  the  line  itself,  but  none  on  the  other  side. 

*  Though  the  word  used  is  d^tc^/^ara,  the  **  axioms"  are  more  of  the  nature 
of  definitions ;  and  in  fact  Eutocius  in  his  notes  speaks  of  them  as  such  (6poi). 

f  Under  the  term  bent  line  Archimedes  includes  not  only  curved  lines  of 
continuous  curvature,  but  lines  made  up  of  any  number  of  lines  which  may  be 
either  straight  or  curved. 
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3.  Similarly  also  there  are  certain  terminated  surfaces,  not 
themselves  being  in  a  plane  but  having  their  extremities  in  a 
plane,  and  such  that  they  will  either  be  wholly  on  the  same 
side  of  the  plane  containing  their  extremities,  or  have  no  part 
of  them  on  the  other  side. 

4.  I  apply  the  term  concave  in  the  same  direction 

to  surfaces  such  that,  if  any  two  points  on  them  are  taken,  the 
straight  lines  connecting  the  points  either  all  fall  on  the  same 
side  of  the  surface,  or  some  fall  on  one  and  the  same  side  of 
it  while  some  fall  upon  it,  but  none  on  the  other  side. 

5.  I  use  the  term  solid  sector^  when  a  cone  cuts  a  sphere, 
and  has  its  apex  at  the  centre  of  the  sphere,  to  denote  the 
figure  comprehended  by  the  surface  of  the  cone  and  the  surface 
of  the  sphere  included  within  the  cone. 

6.  I  apply  the  term  solid  rhombus^  when  two  cones  with 
the  same  base  have  their  apices  on  opposite  sides  of  the  plane 
of  the  base  in  such  a  position  that  their  axes  lie  in  a  straight 
line,  to  denote  the  solid  figure  made  up  of  both  the  cones. 

Assumptions. 

1.  Of  all  lines  which  have  the  same  extremities  the  straight 
line  is  the  least ^. 

*  This  well-known  Archimedean  assumption  is  scarcely,  as  it  stands,  a 
definition  of  a  straight  line,  though  Proclus  says  [p.  110  ed.  Friedlein]  "  Archi- 
medes defined  (taplcraTo)  the  straight  line  as  the  least  of  those  [lines]  which  have 
the  same  extremities.  For  because,  as  Euclid's  definition  says,  i^  tcrov  /cetrat  rots 
i(fi  iavTTjs  (r7)ixdoLS,  it  is  in  consequence  the  least  of  those  which  have  the  same 
extremities."  Proclus  had  just  before  [p.  109]  explained  Euclid's  definition, 
which,  as  will  be  seen,  is  different  from  the  ordinary  version  given  in  our  text- 
books ;  a  straight  line  is  not  '*  that  which  lies  evenly  between  its  extreme  points," 
but  **  that  which  e|  tcrov  rots  ii>  iavrrji  (njfieiois  K:6?rat."  The  words  of  Proclus 
are,  **  He  [Euclid]  shows  by  means  of  this  that  the  straight  line  alone  [of  all 
lines]  occupies  a  distance  {Kar^x^ii/  dida-rrf/jLa)  equal  to  that  between  the  points 
on  it.  For,  as  far  as  one  of  its  points  is  removed  from  another,  so  great  is  the 
length  (fxiyedos)  of  the  straight  line  of  which  the  points  are  the  extremities ; 
and  this  is  the  meaning  of  rb  i^  taov  Kciadai  rots  i<f)  iavrTjs  (njfieiois.  But,  if  you 
take  two  points  on  a  circumference  or  any  other  line,  the  distance  cut  off 
between  them  along  the  line  is  greater  than  the  interval  separating  them ;  and 
this  is  the  case  with  every  line  except  the  straight  line."  It  appears  then  from 
this  that  Euclid's  definition  should  be  understood  in  a  sense  very  like  that  of 

1—2 
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2.  Of  other  lines  in  a  plane  and  having  the  same  extremi- 
ties, [any  two]  such  are  unequal  whenever  both  are  concave  in 
the  same  direction  and  one  of  them  is  either  wholly  included 
between  the  other  and  the  straight  line  which  has  the  same 
extremities  with  it,  or  is  partly  included  by,  and  is  partly 
common  with,  the  other;  and  that  [line]  which  is  included  is 
the  lesser  [of  the  two]. 

3.  Similarly,  of  surfaces  which  have  the  same  extremities, 
if  those  extremities  are  in  a  plane,  the  plane  is  the  least  [in 
area]. 

4.  Of  other  surfaces  with  the  same  extremities,  the  ex- 
tremities being  in  a  plane,  [any  two]  such  are  unequal  when- 
ever both  are  concave  in  the  same  direction  and  one  surface 
is  either  wholly  included  between  the  other  and  the  plane  which 
has  the  same  extremities  with  it,  or  is  partly  included  by,  and 
partly  common  with,  the  other;  and  that  [surface]  which  is 
included  is  the  lesser  [of  the  two  in  area]. 

5.  Further,  of  unequal  lines,  unequal  surfaces,  and  unequal 
solids,  the  greater  exceeds  the  less  by  such  a  magnitude  as, 
when  added  to  itself,  can  be  made  to  exceed  any  assigned 
magnitude  among  those  which  are  comparable  with  [it  and 
with]  one  another*. 

These  things  being  premised,  if  a  polygon  he  inscribed  in  a 
circle,  it  is  plain  that  the  perimeter  of  the  inscribed  polygon  is 
less  than  the  circumference  of  the  circle ;  for  each  of  the  sides 
of  the  polygon  is  less  than  that  part  of  the  circumference  of  the 
circle  which  is  cut  off  by  it." 

Archimedes*  assumption,  and  we  might  perhaps  translate  as  follows,  "  A  straight 
line  is  that  which  extends  equally  {k^  ta-ov  Ke'irai)  with  the  points  on  it,"  or,  to 
follow  Proclus'  interpretation  more  closely,  *'A  straight  line  is  that  which 
represents  equal  extension  with  [the  distances  separating]  the  points  on  it." 
*  With  regard  to  this  assumption  compare  the  Introduction,  chapter  in.  §  2. 
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Proposition  1. 

//  a  polygon  he  circumscribed  about  a  circle,  the  perimeter 
of  the  circuTYiscribed  polygon  is  greater 
than  the  perimeter  of  the  circle. 

Let  any  two  adjacent  sides,  meet- 
ing in  A,  touch  the  circle  at  P,  Q 
respectively. 

Then  [Assumptions,  2] 

PA+AQ>{s^rcPQ). 

A  similar  inequality  holds  for  each 
angle  of  the  polygon;  and,  by  ad- 
dition, the  required  result  follows. 


Proposition  2. 

Given  two  unequal  magnitudes,  it  is  possible  to  find  two  un- 
equal straight  lines  such  that  the  greater  straight  line  has  to  the 
less  a  ratio  less  than  the  greater  magnitude  has  to  the  less. 

Let  AB,  D  represent  the  two  unequal  magnitudes,  AB  being 
the  greater. 

Suppose  BO  measured  along  BA  equal  to  D,  and  let  OH  be 
any  straight  line. 

Then,  if  GA  be  added  to  itself  a  sufficient 
number  of  times,  the  sum  will  exceed  D.  Let 
AF  be  this  sum,  and  take  E  on  GH  produced 
such  that  GH  is  the  same  multiple  of  HE  that 
AFisoiAG. 

Thus         EH:HG=:AG:AF. 
But,  since  AF>D  (or  GB), 

AG  :AF<AG  :GB,  jb 

Therefore,  componendo,  Q  f 

EG:GH<AB:D. 
Hence  EG,  GH  are  two  lines  satisfying  the  given  condition. 
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Proposition  3. 

Oiven  two  unequal  magnitudes  and  a  circle^  it  is  possible  to 
inscribe  a  polygon  in  the  circle  and  to  describe  another  about  it 
so  that  the  side  of  the  circumscribed  polygon  may  have  to  the  side 
of  the  inscribed  polygon  a  ratio  less  than  that  of  the  greater 
magnitude  to  the  less. 

Let  A  J  B  represent  the  given  magnitudes,  A  being  the 
greater. 

Find  [Prop.  2]  two  straight  lines  F^  KL,  of  which  F  is  the 
greater,  such  that 

F:KL<A  :B (1). 


Draw  LM  perpendicular  to  LK  and  of  such  length  that 
KM^F. 

In  the  given  circle  let  CE,  DO  be  two  diameters  at  right 
angles.  Then,  bisecting  the  angle  DOG,  bisecting  the  half 
again,  and  so  on,  we  shall  arrive  ultimately  at  an  angle  (as 
NOG)  less  than  twice  the  angle  LKM, 

Join  NG,  which  (by  the  construction)  will  be  the  side  of  a 
regular  polygon  inscribed  in  the  circle.  Let  OP  be  the  radius 
of  the  circle  bisecting  the  angle  NOG  (and  therefore  bisecting 
NG  at  right  angles,  in  JT,  say),  and  let  the  tangent  at  P  meet 
0(7,  ON  produced  in  S,  T  respectively. 

Now,  since  £  GON  <2/.  LKM, 

^EOGkzLKM, 
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and  the  angles  at  H,  L  are  right ; 

therefore  MK:LK>OG  :  OH 
>  OP  :  OH, 
Hence  ST:CN<MK:LK 

<F:LK; 
therefore,  a  fortiori,  by  (1), 

ST:GN<A  :  B. 
Thus  two  polygons  are  found  satisfying  the  given  condition. 

Proposition  4. 

Again,  give?!  two  unequal  magnitudes  and  a  sector,  it  is 
possible  to  describe  a  polygon  about  the  sector  and  to  inscribe 
another  in  it  so  that  the  side  of  the  circumscribed  polygon  may 
have  to  the  side  of  the  inscribed  polygon  a  ratio  less  than  the 
greater  magnitude  has  to  the  less. 

[The  "  inscribed  polygon "  found  in  this  proposition  is  one 
which  has  for  two  sides  the  two  radii  bounding  the  sector,  while 
the  remaining  sides  (the  number  of  which  is,  by  construction, 
some  power  of  2)  subtend  equal  parts  of  the  arc  of  the  sector ; 
the  "circumscribed  polygon"  is  formed  by  the  tangents  parallel 
to  the  sides  of  the  inscribed  polygon  and  by  the  two  bounding 
radii  produced.] 


In  this  case  we  make  the  same  construction  as  in  the  last 
proposition  except  that  we  bisect  the  angle  COD  of  the  sector, 
instead  of  the  right  angle  between  two  diameters,  then  bisect 
the  half  again,  and  so  on.  The  proof  is  exactly  similar  to  the 
preceding  one. 
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Proposition  5. 

Oiven  a  circle  and  two  unequal  magnitudes,  to  describe  a 
polygon  about  the  circle  and  inscribe  another  in  it,  so  that  the 
circumscribed  polygon  may  have  to  the  inscribed  a  ratio  less  than 
the  greater  magnitude  has  to  the  less. 

Let  A  be  the  given  circle  and  J5,  C  the  given  magnitudes,  B 
being  the  gi'eater. 


D- 
E- 
F- 


Take  two  unequal  straight  lines  D,  E,  of  which  D  is  the 
greater,  such  that  D  :  E <B  :  G  [Prop.  2],  and  let  j^ be  a  mean 
proportional  between  D,  E,  so  that  D  is  also  greater  than  F. 

Describe  (in  the  manner  of  Prop.  3)  one  polygon  about  the 
circle,  and  inscribe  another  in  it,  so  that  the  side  of  the  former 
has  to  the  side  of  the  latter  a  ratio  less  than  the  ratio  D  :  F, 

Thus  the  duplicate  ratio  of  the  side  of  the  former  polygon 
to  the  side  of  the  latter  is  less  than  the  ratio  D*  :  F^. 

But  the  said  duplicate  ratio  of  the  sides  is  equal  to  the 
ratio  of  the  areas  of  the  polygons,  since  they  are  similar ; 

therefore  the  area  of  the  circumscribed  polygon  has  to  the 
area  of  the  inscribed  polygon  a  ratio  less  than  the  ratio  jD*  :  F^, 
or  D  :  E,  and  a  fortiori  less  than  the  ratio  B  :  G, 
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Proposition  6. 

"  Similarly  we  can  show  that,  given  two  unequal  magnitudes 
and  a  sector,  it  is  possible  to  circumscribe  a  polygon  about  the 
sector  and  inscribe  in  it  another  similar  one  so  that  the  circiim- 
scribed  may  have  to  the  inscribed  a  ratio  less  than  the  greater 
magnitude  has  to  the  less. 

And  it  is  likewise  clear  that,  if  a  circle  or  a  sector,  as  well 
as  a  certain  area,  be  given,  it  is  possible,  by  inscribing  regular 
'polygons  in  the  circle  or  sector,  and  by  continually  inscribing 
such  in  the  remaining  segments,  to  leave  segments  of  the  circle  or 
sector  which  are  [together]  less  than  the  given  area.  For  this  is 
proved  in  the  Elements  [Eucl.  xii.  2]. 

But  it  is  yet  to  be  proved  that,  given  a  circle  or  sector  and 
an  area,  it  is  possible  to  describe  a  polygon  about  the  circle  or 
sector,  such  that  the  area  remaining  between  the  circumference 
and  the  circumscribed  figure  is  less  than  the  given  area" 


The  proof  for  the  circle  (which,  as  Archimedes  says,  can  be 
equally  applied  to  a  sector)  is  as  follows. 

Let  A  be  the  given  circle  and  B  the  given  area. 

Now,  there  being  two  unequal  magnitudes  A+B  and  JL,  let 
a  polygon  (C)  be  circumscribed  about  the  circle  and  a  polygon 
(/)  inscribed  in  it  [as  in  Prop.  5],  so  that 

GiIkA-^BiA (1). 

The  circumscribed  polygon  (0)  shall  be  that  required. 
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For  the  circle  (A)  is  greater  than  the  inscribed  polygon  (/). 

Therefore,  from  (1),  a  fortiori^ 

C:A<A-^B  :A, 
whence  G  <A  +  B, 

or  C-AkB, 


Proposition  7. 

If  in  an  isosceles  Gone  [i.e.  a  right  circular  cone]  a  pyramid 
be  inscribed  having  an  equilateral  base,  the  surface  of  the 
pyramid  excluding  the  base  is  equal  to  a  triangle  having  its 
base  equal  to  the  perimeter  of  the  base  of  the  pyramid  and  its 
height  equal  to  the  perpendicular  drawn  from  the  apex  on  one 
side  of  the  base. 

Since  the  sides  of  the  base  of  the  pyramid  are  equal,  it 
follows  that  the  perpendiculars  from  the  apex  to  all  the  sides 
of  the  base  are  equal ;  and  the  proof  of  the  proposition  is 
obvious. 

Proposition  8. 

If  a  pyramid  be  circumscribed  about  an  isosceles  cone,  the 
surface  of  the  pyramid  excluding  its  base  is  equal  to  a  triangle 
having  its  base  equal  to  the  perimeter  of  the  base  of  the  pyramid 
and  its  height  equal  to  the  side  [i.e.  a  generator]  of  the  cone. 

The  base  of  the  pyramid  is  a  polygon  circumscribed  about 
the  circular  base  of  the  cone,  and  the  line  joining  the  apex  of 
the  cone  or  pyramid  to  the  point  of  contact  of  any  side  of  the 
polygon  is  perpendicular  to  that  side.  Also  all  these  perpen- 
diculars, being  generators  of  the  cone,  are  equal;  whence  the 
proposition  follows  immediately. 
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Proposition  9. 

If  in  the  circular  base  of  an  isosceles  cone  a  chord  be  placed, 
and  from  its  extremities  straight  lines  be  drawn  to  the  apex  of 
the  cone,  the  triangle  so  formed  will  be  less  than  the  portion  of 
the  surface  of  the  cone  intercepted  betiveen  the  lines  drawn  to  the 
apex. 

Let  ABC  be  the  circular  base  of  the  cone,  and  0  its  apex. 

Draw  a  chord  AB  in  the  circle,  and  join  OA,  OB,  Bisect 
the  arc  ACB  in  C,  and  join  AC,  BC,  OC, 

Then  AOAC-^-AOBC>AOAB. 


Let  the  excess  of  the  sum  of  the  first  two  triangles  over  the 
third  be  equal  to  the  area  i). 

Then  D  is  either  less  than  the  sum  of  the  segments  A  EC, 
CFB,  or  not  less. 


I.     Let  D  be  not  less  than  the  sum  of  the  segments  referred 


to. 


We  have  now  two  surfaces 

(1)  that  consisting  of  the  portion  OAEC  of  the  surface 
of  the  cone  together  with  the  segment  A  EC,  and 

(2)  the  triangle  OAC] 

and,  since  the  two  surfaces  have  the  same  extremities  (the 
perimeter  of  the  triangle  OAC),  the  former  surface  is  greater 
than  the  latter,  which  is  included  by  it  [Assumptions,  3  or  4]. 
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Hence       (surface  OAEG)  -f  (segnient  AEG)  >AOAC. 

Similarly  (surface  OCFB)  +  (segment  GFB)  >  A  OBO. 

Therefore,  since  D  is  not  less  than  the  sum  of  the  segments, 
we  have,  by  addition, 

(surface  OAEGFB) ■fi)>A0il(7+A OBG 

>  A  GAB  4-  By  by  hypothesis. 

Taking  away  the  common  part  D,  we  have  the  required 
result. 

II.  Let  D  be  less  than  the  sum  of  the  segments  AEG, 
GFB, 

If  now  we  bisect  the  arcs  AG,  CB,  then  bisect  the  halves, 
and  so  on,  we  shall  ultimately  leave  segments  which  are 
together  less  than  D.  [P^<^P-  6] 

Let  AGE,  EHG,  GKF,  FLB  be  those  segments,  and  join 
OE,  OF, 

Then,  as  before, 

(surface  GAGE)  +  (segment  AGE)  >  A  OAE 

and  (surface  OEHG)  +  (segment  EHG)  >  A  OEG. 

Therefore  (surface  OAGHG)  4-  (segments  AGE,  EHG) 

>AOAE-hAOEG 

>A0AG,  a  fortiori. 

Similarly  for  the  part  of  the  surface  of  the  cone  bounded  by 
OG,  OB  and  the  arc  GFB. 

Hence,  by  addition, 

(surface  OAGEHGKFLB)-^ (segments  AGE,  EHG,  GKF,FLB) 

>AOAG-\-AOBG 

>  A  GAB  +  D,  by  hypothesis. 

But  the  sum  of  the  segments  is  less  than  D,  and  the  re- 
quired result  follows. 
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Proposition  lO. 

If  in  the  plane  of  the  circular  base  of  an  isosceles  cone  two 
tangents  he  drawn  to  the  circle  meeting  in  a  pointy  and  the  points 
of  contact  and  the  point  of  concourse  of  the  tangents  he  respectively 
joined  to  the  apex  of  the  cone,  the  sum  of  the  two  triangles 
formed  hy  the  joining  lines  and  the  two  tangents  are  together 
greater  than  the  included  portion  of  the  surface  of  the  cone. 

Let  ABG  be  the  circular  base  of  the  cone,  0  its  apex,  AD, 
BD  the  two  tangents  to  the  circle  meeting  in  D.  Join  OA, 
OB,  OR 

Let  EOF  be  drawn  touching  the  circle  at  0,  the  middle 
point  of  the  arc  AGB,  and  therefore  parallel  to  AB.  Join 
OE,  OF. 

Then  ED  +  DF>EF, 

and,  adding  AE  +  FB  to  each  side, 

AB  +  DB>AE-\-EF  +  FB. 

Now  OA,  00,  OB,  being  generators  of  the  cone,  are  equal, 
and  they  are  respectively  perpendicular  to  the  tangents  at  A, 
G,B. 
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It  follows  that 

A  O^D  +  A  ODB  >AOAE'^A  OEF  +  A  OFB, 

Let  the  area  G  be  equal  to  the  excess  of  the  first  sum  over 
the  second. 

G  is  then  either  less,  or  not  less,  than  the  sum  of  the  spaces 
EAHG,  FGKB  remaining  between  the  circle  and  the  tangents, 
which  sum  we  will  call  L, 

I.  Let  G  be  not  less  than  L, 
We  have  now  two  surfaces 

(1)  that  of  the  pyramid  with  apex  0  and  base  AEFB, 
excluding  the  face  GAB, 

(2)  that  consisting  of  the  part  OACB  of  the  surface  of  the 
cone  together  with  the  segment  ACB. 

These  two  surfaces  have  the  same  extremities,  viz.  the 
perimeter  of  the  triangle  OAB,  and,  since  the  former  includes 
the  latter,  the  former  is  the  greater  [Assumptions,  4]. 

That  is,  the  surface  of  the  pyramid  exclusive  of  the  face 
OAB  is  greater  than  the  sum  of  the  surface  OACB  and  the 
segment  ACB, 

Taking  away  the  segment  from  each  sum,  we  have 

A  OAE+  A  OEF+  A  OFB  +  i  >  the  surface  OAHCKB, 

And  G  is  not  less  than  L. 

It  follows  that 

A  0^J?  +  A  OEF-^  A  OFB  +  G, 

which  is  by  hypothesis  equal  to  A  OAD  +  A  ODB,  is  greater 
than  the  same  surface. 

II.  Let  G  be  less  than  L. 

If  we  bisect  the  arcs  AG,  CB  and  draw  tangents  at  their 
middle  points,  then  bisect  the  halves  and  draw  tangents,  and 
so  on,  we  shall  lastly  arrive  at  a  polygon  such  that  the  sum 
of  the  parts  remaining  between  the  sides  of  the  polygon  and 
the  circumference  of  the  segment  is  less  than  G, 
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Let  the  remainders  be  those  between  the  segment  and  the 
polygon  APQRSB,  and  let  their  sum  be  M,  Join  OPy  OQ, 
etc. 

Then,  as  before, 
AOAE-^AOEF-\-AOFB>AOAP  +  AOPQ-i-...  +  AOSB. 
Also,  as  before, 

(surface  of  pyramid  OAPQRSB  excluding  the  face  OAB) 
>the  part  OACB  of  the  surface  of  the 
cone  together  with  the  segment  AGB. 
Taking  away  the  segment  from  each  sum, 
A  OAP+A  OPQ+..,+M>  the  part  OACB  of  the 

surface  of  the  cone. 
Hence,  a  fortiori, 

AOAE+AOEF+  AOFB  +  G, 
which  is  by  hypothesis  equal  to 

A  OAB  +  A  ODB, 
is  greater  than  the  part  OACB  of  the  surface  of  the  cone. 

Proposition  11. 

If  a  plane  parallel  to  the  axis  of  a  right  cylinder  cut  the 
cylinder,  the  part  of  the  surface  of  the  cylinder  cut  off  by  the 
plane  is  greater  than  the  area  of  the  parallelogram  in  which  the 
plane  cuts  it. 

Proposition  12. 

If  at  the  extremities  of  two  generators  of  any  right  cylinder 
tangents  be  drawn  to  the  circidar  bases  in  the  planes  of  those 
bases  respectively,  and  if  the  pairs  of  tangents  meet,  the 
parallelograms  formed  by  each  generator  and  the  two  corre- 
sponding tangents  respectively  are  together  greater  than  the 
included  portion  of  the  surface  of  the  cylinder  between  the  two 
generators. 

[The  proofs  of  these  two  propositions  follow  exactly  the 
methods  of  Props.  9,  10  respectively,  and  it  is  therefore  un- 
necessary to  reproduce  them.] 
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"  From  the  properties  thus  proved  it  is  clear  (1)  that,  if  a 
pyramid  he  inscribed  in  an  isosceles  cone,  the  surface  of  the 
pyramid  excluding  the  hose  is  less  than  the  surface  of  the  cone 
[excluding  the  ha^e\  and  (2)  that,  if  a  pyramid  he  circumscribed 
about  an  isosceles  cone,  the  surface  of  the  pyramid  excluding  the 
base  is  greater  than  the  surface  of  the  cone  excluding  the  base. 

*'  It  is  also  clear  from  what  has  been  proved  both  (1)  that, 
if  a  prism  be  inscribed  in  a  right  cylinder,  the  surface  of  the 
prism  made  up  of  its  parallelograms  [i.e.  excluding  its  bases]  is 
less  than  the  surface  of  the  cylinder  excluding  its  bases,  and 
(2)  that,  if  a  prism  be  circumscribed  about  a  right  cylinder,  the 
surface  of  the  prism  made  up  of  its  parallelograms  is  greater 
than  the  surface  of  the  cylinder  excluding  its  bases," 


Proposition  13. 

The  surface  of  any  right  cylinder  excluding  the  bases  is  equal 
to  a  circle  whose  radius  is  a  mean  proportional  between  the  side 
[i.e.  a  generator]  of  the  cylinder  and  the  diameter  of  its  base. 

Let  the  base  of  the  cylinder  be  the  circle  A,  and  make  CD 
equal  to  the  diameter  of  this  circle,  and  EF  equal  to  the  height 
of  the  cylinder. 
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Let  jy  be  a  mean  proportional  between  CD,  EF,  and  B 
a  circle  with  radius  equal  to  H, 

Then  the  circle  B  shall  be  equal  to  the  surface  of  the 
cylinder  (excluding  the  bases),  which  we  will  call  8, 

For,  if  not,  B  must  be  either  greater  or  less  than  S, 

I.     Suppose  B  <  S. 

Then  it  is  possible  to  circumscribe  a  regular  polygon  about 
By  and  to  inscribe  another  in  it,  such  that  the  ratio  of  the 
former  to  the  latter  is  less  than  the  ratio  8  :  B. 

Suppose  this  done,  and  circumscribe  about  A  a  polygon 
similar  to  that  described  about  B ;  then  erect  on  the  polygon 
about  A  a  prism  of  the  same  height  as  the  cylinder.  The 
prism  will  therefore  be  circumscribed  to  the  cylinder. 

Let  KD,  perpendicular  to  CD,  and  FL,  perpendicular  to 
EF,  be  each  equal  to  the  perimeter  of  the  polygon  about  A, 
Bisect  CD  in  M,  and  join  MK, 

Then  A  KDM  =  the  polygon  about  A. 

Also  O  EL  =  surface  of  prism  (excluding  bases). 

Produce  FE  to  N  so  that  FE  =  EN,  and  join  NL. 

Now  the  polygons  about  Jl,  5,  being  similar,  are  in  the 
duplicate  ratio  of  the  radii  of  ^,  B. 

Thus 

A  KDM  :  (polygon  about  B)  =  MD' ;  H' 

=  MD':GD.EF 

=  MD:NF 

=  AKDM:ALFN 

(since  DK^FZy 
Therefore  (polygon  about  B)  =  A  LFN 

^cjel 

=  (surface  of  prism  about  A\ 
from  above. 
But  (P<>lygon  about  B)  :  (polygon  in  B)  <  8  :  B. 

H.  A.  2 
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Therefore 

(surface  of  prism  about  A) :  (polygon  in  B)<S  :B, 
and,  alternately, 

(surface  of  prism  about  A):  S<  (polygon  in  -B)  :  J5 ; 
which  is  impossible,  since  the  surface  of  the  prism  is  greater 
than  S,  while  the  polygon  inscribed  in  B  is  less  than  B. 
Therefore  B^S. 

II.    Suppose  B>8. 

Let  a  regular  polygon  be  circumscribed  about  B  and  another 
inscribed  in  it  so  that 

(polygon  about  J5) :  (polygon  in  B)<  B:  S. 
Inscribe  in  A  a.  polygon  similar  to  that  inscribed  in  5,  and 
erect  a  prism  on  the  polygon  inscribed  in  A  of  the  same  height 
as  the  cylinder. 

Again,  let  BK,  FL,  drawn  as  before,  be  each  equal  to  the 
perimeter  of  the  polygon  inscribed  in  A, 
Then,  in  this  case, 

A  KDM  >  (polygon  inscribed  in  A) 
(since   the  perpendicular  from  the  centre  on   a  side  of  the 
polygon  is  less  than  the  radius  of  A), 

Also  A  LFN  =  O  EL  =  surface  of  prism  (excluding  bases). 
Now 
(polygon  in  A)  :  (polygon  in  B)  ==  MD^ :  jET^ 

=  l\KDM :  ALFN,  as  before. 
And  A  KDM  >  (polygon  in  A  ). 

Therefore 
A  LFN,  or  (surface  of  prism)  >  (polygon  in  B), 
But  this  is  impossible,  because 

(polygon  about  B)  :  (polygon  in  B)<  B  :  S, 

<  (polygon  about  B)  :  8,  a  fortiori, 
so  that  (polygon  in  B)  >  5, 

>  (surface  of  prism),  a  fortiori. 
Hence  B  is  neither  greater  nor  less  than  8,  and  therefore 

B^8 
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Proposition  14. 

The  surface  of  any  isosceles  cone  excluding  the  base  is  equal 
to  a  circle  whose  radius  is  a  mean  proportional  between  the  side 
of  the  cone  [a  generator}  and  the  radius  of  the  circle  which  is  the 
base  of  the  cone. 

Let  the  circle  A  be  the  base  of  the  cone ;  draw  C  equal  to 
the  radius  of  the  circle,  and  D  equal  to  the  side  of  the  cone,  and 
let  jE  be  a  mean  proportional  between  C,  D. 


Draw  a  circle  B  with  radius  equal  to  E. 
Then  shall  B  be  equal  to  the  surface  of  the  cone  (excluding 
the  base),  which  we  will  call  S, 

If  not,  B  must  be  either  greater  or  less  than  S, 

I.     Suppose  B  <  S. 

Let  a  regular  polygon  be  described  about  B  and  a  similar 
one  inscribed  in  it  such  that  the  former  has  to  the  latter  a  ratio 
less  than  the  ratio  8  :  B, 

Describe  about  A  another  similar  polygon,  and  on  it  set  up 
a  pyramid  with  apex  the  same  as  that  of  the  cone. 

Then       (polygon  about  A)  :  (polygon  about  B) 

=  (polygon  about  A)  :  (surface  of  pyramid  excluding  base). 
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Therefore 

(surface  of  pyramid)  =  (polygon  about  B), 
Now    (polygon  about  jB)  :  (polygon  in  B)<  S  t  B. 
Therefore 

(surface  of  pyramid)  :  (polygon  in  B)  <  S  :  B, 
which  is  impossible,  (because  the  surface  of  the  pyramid  is 
greater  than  /S,  while  the  polygon  in  B  is  less  than  jB). 
Hence  B^S. 

II.     Suppose  B>S, 

Take  regular  polygons  circumscribed  and  inscribed  to  B  such 
that  the  ratio  of  the  former  to  the  latter  is  less  than  the  ratio 
B:8, 

Inscribe  in  J.  a  similar  polygon  to  that  inscribed  in  B,  and 
erect  a  pyramid  on  the  polygon  inscribed  in  A  with  apex  the 
same  as  that  of  the  cone. 

In  this  case 

(polygon  in  A)\  (polygon  in  B)  =  G^  :  E'^ 

>  (polygon  in  A)  :  (surface  of  pyramid  excluding  base). 

This  is  clear  because  the  ratio  of  0  to  D  is  greater  than  the 
ratio  of  the  perpendicular  from  the  centre  of  J.  on  a  side  of  the 
polygon  to  the  perpendicular  from  the  apex  of  the  cone  on  the 
same  side*. 

Therefore 

(surface  of  pyramid)  >  (polygon  in  B). 
But     (polygon  about  B)  :  (polygon  in  B)<  B  :  >S^. 
Therefore,  a  fortiori, 

(polygon  about  jB)  :  (surface  of  pyramid)  <  B  :  S; 
which  is  impossible. 

Since  therefore  jB  is  neither  greater  nor  less  than  8, 

B^S. 

*  This  is  of  course  the  geometrical  equivalent  of  saying  that,  if  a,  p  be  two 
angles  each  less  than  a  right  angle,  and  a>jS,  then  sin  a>sin  p. 
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Proposition  15. 

The  surface  of  any  isosceles  cone  has  the  same  ratio  to  its 
base  as  the  side  of  the  cone  has  to  the  radius  of  the  base. 

By  Prop.  14,  the  surface  of  the  cone  is  equal  to  a  circle 
whose  radius  is  a  mean  proportional  between  the  side  of  the 
cone  and  the  radius  of  the  base. 

Hence,  since  circles  are  to  one  another  as  the  squares  of 
their  radii,  the  proposition  follows. 


Proposition  16. 

If  an  isosceles  cone  he  cut  by  a  plane  parallel  to  the  base,  the 
portion  of  the  surface  of  the  cone  between  the  parallel  planes  is 
equal  to  a  circle  whose  radius  is  a  mean  proportional  between  (1) 
the  portion  of  the  side  of  the  cone  intercepted  by  the  parallel 
planes  and  (2)  the  line  which  is  equal  to  the  sum  of  the  radii  of 
the  circles  in  the  parallel  planes. 

Let  OAB  be  a  triangle  through  the  axis  of  a  cone,  DE  its 
intersection  with  the  plane  cutting  off  the 
frustum,  and  OFG  the  axis  of  the  cone. 

Then  the  surface  of  the  cone  OAB  is 
equal  to  a  circle  whose  radius  is  equal  to 
VOZTZa.  [Prop.  14] 

Similarly  the  surface  of  the  cone  ODE 
is  equal  to  a  circle  whose  radius  is  equal 
to  \/OWJ)F, 

And  the  surface  of  the  frustum  is 
equal  to  the  difference  between  the  two  circles. 

Now 

OA,AC-OD,DF=:DA.AC+OD.AG'-OD.DF. 

But  OD.AG=^OA.DF, 

since  OA  :AO^OD:DF. 
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B.enceOA.AG'-OD,DF==DA.AG  +  DA,DF 

^DA.(AG-hDF). 

And,  since  circles  are  to  one  another  as  the  squares  of  their 
radii,  it  follows  that  the  difference  between  the  circles  whose 
radii  are  ^/0A  ,AC,  ^/OD,DF  respectively  is  equal  to  a  circle 
whose  radius  is  4 DA  .{AG-i-DFy 

Therefore  the  surface  of  the  frustum  is  equal  to  this  circle. 

Iieiiiiiia.s. 

"  1.  Cones  having  equal  height  have  the  same  ratio  as  their 
bases;  and  those  having  equal  bases  have  the  same  ratio  as  their 
heights^. 

2.  If  a  cylinder  be  cut  by  a  plane  parallel  to  the  base,  then, 
as  the  cylinder  is  to  the  cylinder,  so  is  the  aocis  to  the  axis  "f". 

3.  The  cones  which  have  the  same  bases  as  the  cylinders  [and 
equal  height]  are  in  the  same  ratio  as  the  cylinders, 

4  Also  the  bases  of  equal  cones  are  reciprocally  proportional 
to  their  heights;  and  those  cones  whose  bases  are  reciprocally 
proportional  to  their  heights  are  equal  I. 

5.  Also  the  cones,  the  diameters  of  whose  bases  have  the  same 
ratio  as  their  axes,  are  to  one  another  in  the  triplicate  ratio  of  the 
diameters  of  the  bases  §. 

And  all  these  propositions  have  been  proved  by  earlier 
geometers." 

*  Euclid  XII.  11.  "  Cones  and  cylinders  of  equal  height  are  to  one  another 
as  their  bases." 

Euclid  XII.  14.  •*  Cones  and  cylinders  on  equal  bases  are  to  one  another  as 
their  heights." 

t  Euclid  xii.  13.  "  If  a  cylinder  be  cut  by  a  plane  parallel  to  the  opposite 
planes  [the  bases],  then,  as  the  cylinder  is  to  the  cylinder,  so  will  the  axis  be 
to  the  axis." 

X  Euclid  xii.  15.  "  The  bases  of  equal  cones  and  cylinders  are  reciprocally 
proportional  to  their  heights ;  and  those  cones  and  cylinders  whose  bases  are 
reciprocally  proportional  to  their  heights  are  equal." 

§  Euclid  XII.  12.  **  Similar  cones  and  cylinders  are  to  one  another  in  the 
triplicate  ratio  of  the  diameters  of  their  bases." 
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Proposition  17. 

If  there  he  two  isosceles  cones,  and  the  surface  of  one  cone  he 
equal  to  the  base  of  the  other,  while  the  perpendicular  from  the 
centre  of  the  base  [of  the  first  cone]  on  the  side  of  that  cone  is 
equal  to  the  height  [of  the  second],  the  cones  will  be  equal. 

Let  OAB,  DEF  be  triangles  through  the  axes  of  two  cones 
respectively,  G,  G  the  centres  of  the  respective  bases,  OH  the 


perpendicular  from  0  on  FD ;  and  suppose  that  the  base  of  the 
cone  OAB  is  equal  to  the  surface  of  the  cone  DEF,  and 
that  OG==GH. 

Then,  since  the  base  of  OAB  is  equal  to  the  surface  of 
DEF, 

(base  of  cone  OAB) :  (base  of  cone  DEF) 

=  (surface  of  DEF)  :  (base  of  DEF) 

^DF:FO  [Prop.  15] 

=  DO  :  OH,  by  similar  triangles, 

^DOiOO 

Therefore  the  bases  of  the  cones  are  reciprocally  propor- 
tional to  their  heights ;  whence  the  cones  are  equal.  [Lemma 
4.] 
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Proposition  18. 

Any  solid  rhombus  consisting  of  isosceles  cones  is  equal  to 
the  cone  which  has  its  base  equal  to  the  surface  of  one  of  the 
cones  composing  the  rhombus  and  its  height  equal  to  the  perpen- 
dicular drawn  from  the  apex  of  the  second  cone  to  one  side  of 
the  first  cone. 

Let  the  rhombus  be  OABD  consisting  of  two  cones  with 
apices  0,  D  and  with  a  common  base  (the  circle  about  AB  as 
diameter). 


Let  FHK  be  another  cone  with  base  equal  to  the  surface  of 
the  cone  OAB  and  height  FG  equal  to  DE,  the  perpendicular 
from  D  on  0B» 

Then  shall  the  cone  FHK  be  equal  to  the  rhombus. 

Construct  a  third  cone  LMN  wdth  base  (the  circle  about 
MN)  equal  to  the  base  of  OAB  and  height  LP  equal  to  OD, 

Then,  since  LP^^^OD, 

LP:CD^OD:GD. 

But  [Lemma  1]  OD:CD=^  (rhombus  OADB) :  (cone  DAB), 

and  LP :  GB  =  (cone  LMN) :  (cone  DAB). 

It  follows  that 

(rhombus  OADB)=^(cone  LMN) (1). 
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Again,  since  AB  =  MN,  and 

(surface  of  OAB)  =  (base  of  FHK% 
(base  of  FHK) :  (base  of  LMN) 

=  (surface  of  OAB)  :  (base  of  OAB) 
=  OB:BG  [Prop.  15] 

=  OD  :  DE,  by  similar  triangles, 
=  LP  :  FO,  by  hypothesis. 

Thus,  in  the  cones  FHK,  LMN,  the  bases  are  reciprocally 
proportional  to  the  heights. 

Therefore  the  cones  FHK,  LMN  are  equal, 

and   hence,  by   (1),   the   cone   FHK  is   equal   to   the   given 
solid  rhombus. 

Proposition  19. 

If  an  isosceles  cone  he  cut  hy  a  plane  parallel  to  the  base, 
and  on  the  resulting  circular  section  a  cone  be  described  having 
as  its  apex  the  centre  of  the  base  [of  the  first  cone],  and  if  the 
rhombus  so  formed  be  taken  away  frovfi  the  whole  cone,  the  part 
remaining  will  be  equal  to  the  cone  with  base  equal  to  the  surface 
of  the  portion  of  the  first  cone  between  the  parallel  planes  and 
with  height  equal  to  the  perpendicular  drawn  from  the  centre  of 
the  base  of  the  first  cone  on  one  side  of  that  cone. 

Let  the  cone  OAB  be  cut  by  a  plane  parallel  to  the  base  in 
the  circle  on  DE  as  diameter.  Let  G  be  the  centre  of  the  base 
of  the  cone,  and  with  G  as  apex  and  the  circle  about  DE  as  base 
describe  a  cone,  making  with  the  cone  ODE  the  rhombus 
ODGE. 

Take  a  cone  FQH  with  base  equal  to  the  surface  of  the 
frustum  DABE  and  height  equal  to  the  perpendicular  {GK) 
from  G  on  AO. 

Then  shall  the  cone  FQH  be  equal  to  the  difference  between 
the  cone  OAB  and  the  rhombus  ODGE. 

Take  (1)  a  cone  LMN  with  base  equal  to  the  surface  of  the 
cone  OAB,  and  height  equal  to  GK, 
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(2)    a  cone  PQR  with  base  equal  to  the  surface  of  the  cone 
ODE  and  height  equal  to  OK. 


Now,  since  the  surface  of  the  cone  OAB  is  equal  to  the 
surface  of  the  cone  ODE  together  with  that  of  the  frustum 
DABEy  we  have,  by  the  construction, 

(base  of  LMN)  =  (base  of  FGH)  +  (base  of  PQR) 
and,  since  the  heights  of  the  three  cones  are  equal, 
(cone  LMN)  =  (cone  FGH)  -f  (cone  PQR), 

But  the  cone  LMN  is  equal  to  the  cone  OAB  [Prop.  17], 
and  the  cone  PQR  is  equal  to  the  rhombus  ODCE  [Prop.  18]. 

Therefore  (cone  OAB)  =  (cone  FGH) +  {rhomhns  ODCE\ 
and  the  proposition  is  proved. 

Proposition  20. 

If  one  of  the  two  isosceles  cones  forming  a  rhombus  be  cut 
by  a  plane  parallel  to  the  base  and  on  the  resulting  circular 
section  a  cone  be  described  having  the  same  apeoo  as  the  second 
cone,  and  if  the  resulting  rhombus  be  taken  from  the  whole 
rhombus,  the  remainder  will  be  equal  to  the  cone  with  base  equal 
to  the  surface  of  the  portion  of  the  cone  between  the  parallel 
planes  and  with  height  equal  to  the  perpendicular  drawn  from 
the  apew  of  the  second  *  cone  to  the  side  of  the  first  cone. 

*  There  is  a  slight  error  in  Heiberg's  translation  **prioris  coni "  and  in  the 
corresponding  note,  p.  93.  The  perpendicular  is  not  drawn  from  the  apex  of 
the  cone  which  is  cut  by  the  plane  but  from  the  apex  of  the  other. 
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Let  the  rhombus  be  OAGB,  and  let  the  cone  OAB  be  cut 
by  a  plane  parallel  to  its  base  in  the  circle  about  DE  as  diameter. 
With  this  circle  as  base  and  G  as  apex  describe  a  cone,  which 
therefore  with  ODE  forms  the  rhombus  ODGE, 


Take  a  cone  FOH  with  base  equal  to  the  surface  of  the 
frustum  DABE  and  height  equal  to  the  perpendicular  {GK) 
from  G  on  OA, 

The  cone  FGH  shall  be  equal  to  the  difference  between  the 
rhombi  OAGB,  ODGE, 

For  take  (1)  a  cone  LMN  with  base  equal  to  the  surface  of 
OAB  and  height  equal  to  GK, 

(2)  a  cone  PQR,  with  base  equal  to  the  surface  of  ODE, 
and  height  equal  to  GK, 

Then,  since  the  surface  of  OAB  is  equal  to  the  surface  of 
ODE  together  with  that  of  the  frustum  DABE,  we  have,  by 
construction, 

(base  of  LMN)  =  (base  of  PQR)  -f  (base  of  FOH), 
and  the  three  cones  are  of  equal  height ; 
therefore    (cone  LMN)  =  (cone  PQR)  -i-  (cone  FOH), 

But  the  cone  LMN  is  equal  to  the  rhombus  OAGB,  and  the 
cone  PQR  is  equal  to  the  rhombus  ODGE  [Prop.  18]. 

Hence  the  cone  FOH  is  equal  to  the  difference  between  the 
two  rhombi  OAGB,  ODGE, 
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Proposition  21. 

A  regular  polygon  of  an  even  number  of  sides  being  inscribed 
in  a  circle,  as  ABC.,.A\,,G'B'A^  so  that  A  A'  is  a  diameter, 
if  two  angular  points  next  but  one  to  each  other,  as  B,  B\  be 
joined,  and  the  other  lines  parallel  to  BB'  and  joining  pairs 
of  angular  points  be  drawn,  as  GC\  DD\..,  then 

(BB'  +  00'  + ...) :  AA'  =  A'B  :  BA. 

Let  BB\  GG\  DD\...  meet  A  A'  in  F,  G,  jET,...;  and  let 
GB\  DG\,,.  be  joined  meeting  A  A'  in  K,  L,,,,  respectively. 


AB. 


Then  clearly  GB\  DG',,,,  are  parallel  to  one  another  and  to 


Hence,  by  similar  triangles, 

BF:FA==BT:FK 
=  GG :  GK 
^G'G  :  GL 


•  E'liIA'; 
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and,  summing  the  antecedents  and  consequents  respectively,  we 
have 

(BB'  +  GC  +  ...) :  AA'  =  BF  :  FA 

==A'B:BA. 


Proposition  22. 

If  a  polygon  be  inscribed  in  a  segment  of  a  circle  LAU  so 
that  all  its  sides  excluding  the  base  are  equal  and  their  number 
even,  as  LK,  ,.A,,  ,K'L'y  A  being  the  middle  point  of  the  segment, 
and  if  the  lines  BB\  GG\,,,  parallel  to  the  base  LU  and  joining 
pairs  of  angular  points  be  drawn,  then 

(BB'  +  GG'  +  ...  +LM)  :  AM  =  A'B  :  BA, 

where  M  is  the  middle  point  of  LL'  and  A  A'  is  the  diameter 
through  M. 


Joining  GB\  DG',,,.LK',  as  in  the  last  proposition,  and 
supposing  that  they  meet  AM  in  P,  Q,...Ry  while  BB\  GG\,,,, 
KK'  meet  AM  in  F,  (?,...  Hy  we  have,  by  similar  triangles, 
BF:FA^B'F:FP 
^GGiPQ 
=  G'G  :  OQ 


=  LM:RM', 
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and,  summing  the  antecedents  and  consequents,  we  obtain 

^A'B:BA. 


Proposition  23. 

Take  a  great  circle  ABC,  of  a  sphere,  and  inscribe  in  it 
a  regular  polygon  whose  sides  are  a  multiple  of  four  in  number. 
Let  AA\  MM'  be  diameters  at  right  angles  and  joining 
opposite  angular  points  of  the  polygon. 


Then,  if  the  polygon  and  great  circle  revolve  together  about 
the  diameter  AA\  the  angular  points  of  the  polygon,  except  A, 
A\  will  describe  circles  on  the  surface  of  the  sphere  at  right 
angles  to  the  diameter  AA\  Also  the  sides  of  the  polygon 
will  describe  portions  of  conical  surfaces,  e.g.  BO  will  describe 
a  surface  forming  part  of  a  cone  whose  base  is  a  circle  about 
CG^  as  diameter  and  whose  apex  is  the  point  in  which  GB, 
G'B'  produced  meet  each  other  and  the  diameter  AA\ 

Comparing  the  hemisphere  MAM'  and  that  half  of  the 
figure  described  by  the  revolution  of  the  polygon  which  is 
included  in  the  hemisphere,  we  see  that  the  surface  of  the 
hemisphere  and  the  surface  of  the  inscribed  figure  have  the 
same  boundaries  in  one  plane  (viz.   the  circle   on  MM'  as 
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diameter),  the  former  surface  entirely  includes  the  latter,  and 
they  are  both  concave  in  the  same  direction. 

Therefore  [Assumptions,  4]  the  surface  of  the  hemisphere 
is  greater  than  that  of  the  inscribed  figure ;  and  the  same  is 
true  of  the  other  halves  of  the  figures. 

Hence  the  surface  of  the  sphere  is  greater  than  the  surface 
described  by  the  revolution  of  the  polygon  inscribed  in  the  great 
circle  about  the  diameter  of  the  great  circle. 

Proposition  24. 

If  a  regular  polygon  AB.,,A\,.B^A,  the  number  of  whose 
sides  is  a  multiple  of  four,  be  inscribed  in  a  great  circle  of  a 
sphere,  and  if  BB^  subtending  two  sides  be  joined,  and  all  the 
other  lines  parallel  to  BB'  and  joining  pairs  of  angular  points 
be  drawn,  then  the  surface  of  the  figure  inscribed  in  the  sphere 
by  the  revolution  of  the  polygon  about  the  diameter  A  A'  is  equal 
to  a  circle  the  square  of  whose  radius  is  equal  to  the  rectangle 
B A  (BB'  +  CC +  ,.,). 

The  surface  of  the  figure  is  made  up  of  the  surfaces  of  parts 
of  different  cones. 


E 

C 

■»  ^.^■'<^!^^^-^^^^^^^ 

Y 

B 

\ 

C 

Y* 

Now  the  surface  of  the  cone  ABB'  is  equal  to  a  circle  whose 
radius  is  \/BA  .  IBB\  [Prop.  14] 
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The  surface  of  the  frustum  BB'G'G  is  equal  to  a  circle  of 
radius  ^JBG7^(BWTCC^,  [Prop.  16] 

and  so  on. 

It  follows,  since  BA  =BG=  ...,  that  the  whole  surface  is 
equal  to  a  circle  whose  radius  is  equal  to 

'^BA  {BB'-i- GO' +,,,-}- MM' -^...TYTj. 

Proposition  25.  ^ 

The  surface  of  the  figure  inscribed  in  a  sphere  as  in  the  last 
propositions^  consisting  of  portions  of  conical  surfaces,  is  less  than 
four  times  the  greatest  circle  in  the  sphere. 

Let  AB.,.A\..B'A  be  a  regular  polygon  inscribed  in  a 
great  circle,  the  number  of  its  sides  being  a  multiple  of  four. 


As  before,  let  BB'  be  drawn  subtending  two  sides,  and 
GG\,..YY'  parallel  to  BB'. 

Let  iJ  be  a  circle  such  that  the  square  of  its  radius  is  equal 
to 

so  that  the  surface  of  the  figure  inscribed  in  the  sphere  is  equal 
to  R  [Prop.  24] 
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Now 


(££'  +  CC"  +  . . .  +  YY')  :AA'===A'B:  AB,    [Prop.  21] 

whence       AB  {BB'  +  (70'  -f . . .  +  YY')  ^AA\  A'B. 

Hence  (radius  of  Rf  =  A  A' .  A'B 

<  AA'\ 

Therefore  the  surface  of  the  inscribed  figure,  or  the  circle  R, 
is  less  than  four  times  the  circle  AMA'M\ 


Proposition  26. 

The  figure  inscribed  as  above  in  a  sphere  is  equal  [in  volume] 
to  a  cone  whose  base  is  a  circle  equal  to  the  surface  of  the  figure 
inscribed  in  the  sphere  and  whose  height  is  equal  to  the 
perpendicular  drawn  from  the  centre  of  the  sphere  to  one  side  of 
the  polygon. 

Suppose,  as  before,  that  AB,,,A\,,B'A  is  the  regular 
polygon  inscribed  in  a  great  circle,  and  let  BB\  CO',,.,  be 
joined. 


With  apex  0  construct  cones  whose  bases  are  the  circles 
on  BB\  CC\  ...  as  diameters  in  planes  perpendicular  to  AA\ 

H.  A.  3 
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Then  OBAB'  is  a  solid  rhombus,  and  its  volume  is  equal  to 
a  cone  whose  base  is  equal  to  the  surface  of  the  cone  ABB'  and 
whose  height  is  equal  to  the  perpendicular  from  0  on  AB 
[Prop.  18],     Let  the  length  of  the  perpendicular  be  p. 

Again,  if  GB,  G'B'  produced  meet  in  T,  the  portion  of  the 
solid  figure  which  is  described  by  the  revolution  of  the  triangle 
BOG  about  AA'  is  equal  to  the  difference  between  the  rhombi 
OGTC  and  OBTB\  i.e.  to  a  cone  whose  base  is  equal  to  the 
surface  of  the  frustum  BBVG  and  whose  height  is  p  [Prop.  20]. 

Proceeding  in  this  manner,  and  adding,  we  prove  that,  since 
cones  of  equal  height  are  to  one  another  as  their  bases,  the 
volume  of  the  solid  of  revolution  is  equal  to  a  cone  with  height 
p  and  base  equal  to  the  sum  of  the  surfaces  of  the  cone  BAB\ 
the  frustum  BB'G'G,  etc.,  i.e.  a  cone  with  height  p  and  base 
equal  to  the  surface  of  the  solid. 


Proposition  27. 

The  figure  inscribed  in  the  sphere  as  before  is  less  than 
four  times  the  cone  whose  base  is  equal  to  a  great  circle  of 
the  sphere  and  whose  height  is  equal  to  the  radius  of  the 


By  Prop.  26  the  volume  of  the  solid  figure  is  equal  to  a  cone 
whose  base  is  equal  to  the  surface  of  the  solid  and  whose  height 
is  jp,  the  perpendicular  from  0  on  any  side  of  the  polygon.  Let 
jB  be  such  a  cone. 

Take  also  a  cone  S  with  base  equal  to  the  great  circle,  and 
height  equal  to  the  radius,  of  the  sphere. 

Now,  since  the  surface  of  the  inscribed  solid  is  less  than  four 
times  the  great  circle  [Prop.  25],  the  base  of  the  cone  R  is  less 
than  four  times  the  base  of  the  cone  S. 

Also  the  height  (p)  of  R  is  less  than  the  height  of  S, 
Therefore  the  volume  of  R  is  less  than  four  times  that  of  S; 
and  the  proposition  is  proved. 
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Proposition  28. 

Let  a  regular  polygon,  whose  sides  are  a  multiple  of  four  in 
number,  be  circumscribed  about  a  great  circle  of  a  given 
sphere,  as  AB,,,A\.,B'A;  and  about  the  polygon  describe 
another  circle,  which  will  therefore  have  the  same  centre  as  the 
great  circle  of  the  sphere.  Let  AA'  bisect  the  polygon  and 
cut  the  sphere  in  a,  a\ 

M 


If  the  great  circle  and  the  circumscribed  polygon  revolve 
together  about  AA',  the  great  circle  will  describe  the  surface 
of  a  sphere,  the  angular  points  of  the  polygon  except  Ay  A'  will 
move  round  the  surface  of  a  larger  sphere,  the  points  of  contact 
of  the  sides  of  the  polygon  with  the  great  circle  of  the  inner 
sphere  will  describe  circles  on  that  sphere  in  planes  perpen- 
dicular to  AA\  and  the  sides  of  the  polygon  themselves  will 
describe  portions  of  conical  surfaces.  The  circumscribed  figure 
will  thus  be  greater  than  the  sphere  itself. 

Let  any  side,  as  BM,  touch  the  inner  circle  in  K,  and  let  K' 
be  the  point  of  contact  of  the  circle  with  B'M\ 

Then  the  circle  described  by  the  revolution  of  KK'  about 
A  A'  is  the  boundary  in  one  plane  of  two  surfaces 

(1)  the  surface  formed  by  the  revolution  of  the  circular 
segment  KaK\  and 

3—2 
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(2)  the  surface  formed  by  the  revolution  of  the  part 
KB,..A,.,FK'  of  the  polygon. 

Now  the  second  surface  entirely  includes  the  first,  and  they 
are  both  concave  in  the  same  direction ; 

therefore  [^Assumptions,  4]  the  second  surface  is  greater 
than  the  first. 

The  same  is  true  of  the  portion  of  the  surface  on  the  opposite 
side  of  the  circle  on  KK'  as  diameter. 

Hence,  adding,  we  see  that  the  surface  of  the  figure 
circumscribed  to  the  given  sphere  is  greater  than  that  of  the 
sphere  itself 

Proposition  29. 

In  a  figure  circumscribed  to  a  sphere  in  the  manner  shown 
in  the  previous  proposition  the  surface  is  equal  to  a  circle  the 
square  on  whose  radius  is  equal  to  AB (BB^  4-  CG^  +...). 

For  the  figure  circumscribed  to  the  sphere  is  inscribed  in  a 
larger  sphere,  and  the  proof  of  Prop.  24  applies. 

Proposition  30. 

The  surface  of  a  figure  circumscribed  as  before  about  a  sphere 
is  greater  than  four  times  the  great  circle  of  the  sphere. 
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Let  AB.,,A\,,B'A  be  the  regular  polygon  of  ^n  sides 
which  by  its  revolution  about  AA^  describes  the  figure  circum- 
scribing the  sphere  of  which  amdw!  is  a  great  circle.  Suppose 
aa!,  AA'  to  be  in  one  straight  line. 

Let  i2  be  a  circle  equal  to  the  surface  of  the  circumscribed 
solid. 

Now  {BB'^CC'^-...)\AA!^A'B\BA,  [as  in  Prop.  21] 
so  that  AB{BB' ■VGG''\-,,.)=^AA\A'B. 

Hence  (radius  of  E)  =  ^AA!  .A'B  [Prop.  29] 

>A'B. 

But  A'B  =  20P,  where  P  is  the  point  in  which  AB  touches 
the  circle  amam\ 

Therefore     (radius  of  R)  >  (diameter  of  circle  amdm!) ; 
whence  jR,  and  therefore  the  surface  of  the  circumscribed  solid, 
is  greater  than  four  times  the  great  circle  of  the  given  sphere. 

Proposition  31. 

The  solid  of  revolution  circumscribed  as  before  about  a  sphere 
is  equal  to  a  cone  whose  base  is  equal  to  the  surface  of  the  solid 
and  whose  height  is  equal  to  the  radius  of  the  sphere. 

The  solid  is,  as  before,  a  solid  inscribed  in  a  larger  sphere ; 
and,  since  the  perpendicular  on  any  side  of  the  revolving  polygon 
is  equal  to  the  radius  of  the  inner  sphere,  the  proposition  is 
identical  with  Prop.  26. 

Cor.  The  solid  circumscribed  about  the  smaller  sphere  is 
greater  than  four  times  the  cone  whose  base  is  a  great  circle 
of  the  sphere  and  whose  height  is  equal  to  the  radius  of  the 
sphere. 

For,  since  the  surface  of  the  solid  is  greater  than  four  times 
the  great  circle  of  the  inner  sphere  [Prop.  30],  the  cone  whose 
base  is  equal  to  the  surface  of  the  solid  and  whose  height  is  the 
radius  of  the  sphere  is  greater  than  four  times  the  cone  of 
the  same  height  which  has  the  great  circle  for  base.    [Lemma  1.] 

Hence,  by  the  proposition,  the  volume  of  the  solid  is  greater 
than  four  times  the  latter  cone. 
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Proposition  32. 

If  a  regular  polygon  with  ^n  sides  be  inscribed  in  a  great 
circle  of  a  sphere,  as  ab,,,a\,,b'ay  and  a  similar  polygon 
AB,,,A\,,B'A  be  described  about  the  great  circle,  and  if  the 
polygons  revolve  with  the  great  circle  about  the  diameters  aa\ 
A  A'  respectively,  so  that  they  describe  the  surfaces  of  solid 
figures  inscribed  in  and  circumscribed  to  the  sphere  respectively, 
then 

(1)  the  surfaces  of  the  drcuTnscribed  and  inscribed  figures 
are  to  one  another  in  the  duplicate  ratio  of  their  sides,  and 

(2)  the  figures  themselves  [i.e.  their  volumes']  are  in  the 
triplicate  ratio  of  their  sides. 

(1)  Let  AA\  aa^  be  in  the  same  straight  line,  and  let 
MmOm'M^  be  a  diameter  at  right  angles  to  them. 


B, 

ifh 

^ 

B^ 

^ 

o           At 

^^-^"'"^^ 

Join  BB\  GC\ ...  and  66',  cc\ ...  which  will  all  be  parallel 
to  one  another  and  MM\ 

Suppose  R,  S  to  be  circles  such  that 

R  =  (surface  of  circumscribed  solid), 

8  =  (surface  of  inscribed  solid). 
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Then        (radiusofi2)»  =  ^5(B5'  +  00'  +  ...)    [Prop.  29] 
(radius  of  Sf  =  ab  {hV  +  cc'  4- . . .)•  [Prop.  24] 

And,  since  the  polygons  are  similar,  the  rectangles  in  these 
two  equations  are  similar,  and  are  therefore  in  the  ratio  of 

AB^ :  ah\ 
Hence 

(surface  of  circumscribed  solid)  :  (surface  of  inscribed  solid) 

^AB':ah\ 

(2)  Take  a  cone  V  whose  base  is  the  circle  R  and  whose 
height  is  equal  to  Oa,  and  a  cone  W  whose  base  is  the  circle  S 
and  whose  height  is  equal  to  the  perpendicular  from  0  on  ah, 
which  we  will  call  p. 

Then  F,  W  are  respectively  equal  to  the  volumes  of  the 
circumscribed  and  inscribed  figures.  [Props.  31,  26] 

Now,  since  the  polygons  are  similar, 

AB  :  ah  =  0a  :p 

=  (height  of  cone  V)  :  (height  of  cone  W) ; 

and,  as  shown  above,  the  bases  of  the  cones  (the  circles  iJ,  S) 
are  in  the  ratio  of  AB*^  to  ab^. 

Therefore  F :  F  =  AB^  :  ah^ 

Proposition  33. 

The  surface  of  any  sphere  is  equal  to  four  times  the  greatest 
circle  in  it 

Let  Che  B,  circle  equal  to  four  times  the  great  circle. 

Then,  if  G  is  not  equal  to  the  surface  of  the  sphere,  it  must 
either  be  less  or  greater. 

I.     Suppose  C  less  than  the  surface  of  the  sphere. 

It  is  then  possible  to  find  two  lines  ^,  7,  of  which  yS  is  the 
greater,  such  that 

^  :y<  (surface  of  sphere)  :  C  [Prop.  2] 

Take  such  lines,  and  let  S  be  a  mean  proportional  between 
them. 
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Suppose  similar  regular  polygons  with  4!n  sides  circum- 
scribed about  and  inscribed  in  a  great  circle  such  that  the  ratio 
of  their  sides  is  less  than  the  ratio  0  :  S.  [Prop.  3] 


Let  the  polygons  with  the  circle  revolve  together  about 
a  diameter  common  to  all,  describing  solids  of  revolution  as 
before. 

Then  (surface  of  outer  solid)  :  (surface  of  inner  solid) 

=  (side  of  outer)^ :  (side  of  inner)*      [Prop.  32] 

<  /8^ :  S^  or  i8  :  7 

<  (surface  of  sphere)  :  0,  a  fortiori. 

But  this  is  impossible,  since  the  surface  of  the  circum- 
scribed solid  is  greater  than  that  of  the  sphere  [Prop.  28],  while 
the  surface  of  the  inscribed  solid  is  less  than  G  [Prop.  25]. 

Therefore  G  is  not  less  than  the  surface  of  the  sphere. 
II.     Suppose  G  greater  than  the  surface  of  the  sphere. 
Take  lines  /3,  y,  of  which  yS  is  the  greater,  such  that 
/3  :  7  <  (7  :  (surface  of  sphere). 

Circumscribe  and  inscribe  to  the  great  circle  similar  regular 
polygons,  as  before,  such  that  their  sides  are  in  a  ratio  less  than 
that  of  0  to  S,  and  suppose  solids  of  revolution  generated  in  the 
usual  manner. 
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Then,  in  this  case, 

(surface  of  circumscribed  solid)  :  (surface  of  inscribed  solid) 

<  G  :  (surface  of  sphere). 

But  this  is  impossible,  because  the  surface  of  the  circum- 
scribed solid  is  greater  than  0  [Prop.  30],  while  the  surface  of 
the  inscribed  solid  is  less  than  that  of  the  sphere  [Prop.  23]. 

Thus  G  is  not  greater  than  the  surface  of  the  sphere. 

Therefore,  since  it  is  neither  greater  nor  less,  G  is  equal  to 
the  surface  of  the  sphere. 

Proposition  34. 

Any  sphere  is  equal  to  four  times  the  cone  which  has  its  base 
equal  to  the  greatest  circle  in  the  sphere  and  its  height  equal 
to  the  radium  of  the  sphere. 

Let  the  sphere  be  that  of  which  ama'm'  is  a  great  circle. 

If  now  the  sphere  is  not  equal  to  four  times  the  cone 
described,  it  is  either  greater  or  less. 

I.  If  possible,  let  the  sphere  be  greater  than  four  times  the 
cone. 

Suppose  F  to  be  a  cone  whose  base  is  equal  to  four  times 
the  great  circle  and  whose  height  is  equal  to  the  radius  of  the 
sphere. 

Then,  by  hypothesis,  the  sphere  is  greater  than  F;  and  two 
lines  y8,  7  can  be  found  (of  which  ^  is  the  greater)  such  that 

/3  :  7  <  (volume  of  sphere)  :  F. 

Between  /3  and  7  place  two  arithmetic  means  S,  €. 

As  before,  let  similar  regular  polygons  with  sides  4^n  in 
number  be  circumscribed  about  and  inscribed  in  the  great 
circle,  such  that  their  sides  are  in  a  ratio  less  than  /S  :  8. 

Imagine  the  diameter  aa'  of  the  circle  to  be  in  the  same 
straight  line  with  a  diameter  of  both  polygons,  and  imagine 
the  latter  to  revolve  with  the  circle  about  aa\  describing  the 
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surfaces  of  two  solids  of  revolution.    The  volumes  of  these  solids 
are  therefore  in  the  triplicate  ratio  of  their  sides.        [Prop.  32] 
Thus  (vol.  of  outer  solid)  :  (vol.  of  inscribed  solid) 

<  ff^  :  8^  by  hypothesis, 

<  /3  :  7,  a  fortiori  (since  ^  :y>  ^  :  8^)*, 

<  (volume  of  sphere)  :  F,  a  fortiori. 

But  this  is  impossible,  since  the  volume  of  the  circumscribed 


p    d 


*  That  ft:y>^:8^   is  assumed  by  Archimedes.      Eutocius  proves  the 
property  in  his  commentary  as  foUows. 

Take  x  such  that  /5  :  8  =  5  :  ar. 

Thus  p~-$:p=8-x:d 

and,  since  iS>5,  p-d>8~x. 


But,  by  hypothesis, 
Therefore 


or 


X>€. 

B  :  05=0;  :  y, 
8-x>x-~y, 
B-ox-y, 
e-7>a;-y; 


Again,  suppose 
and,  as  before,  we  have 
so  that,  a  fortiori^ 

Therefore 
and,  since  x>€,  y>y. 

Now,  by  hypothesis,  ft  5,  x,  y  are  in  continued  proportion ; 
therefore  ^^  :  8^=^  :y 

</3  :  7. 
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solid  is  greater  than  that  of  the  sphere  [Prop.  28],  while  the 
volume  of  the  inscribed  solid  is  less  than  V  [Prop.  27]. 

Hence  the  sphere  is  not  greater  than  F,  or  four  times  the 
cone  described  in  the  enunciation. 

II.     If  possible,  let  the  sphere  be  less  than  F. 

In  this  case  we  take  /?,  7  (/S  being  the  greater)  such  that 

j3  :  y<V:  (volume  of  sphere). 

The  rest  of  the  construction  and  proof  proceeding  as  before, 
we  have  finally 

(volume  of  outer  solid)  :  (volume  of  inscribed  solid) 

<  F :  (volume  of  sphere). 

But  this  is  impossible,  because  the  volume  of  the  outer 
solid  is  greater  than  F  [Prop.  31,  Cor.],  and  the  volume  of  the 
inscribed  solid  is  less  than  the  volume  of  the  sphere. 

Hence  the  sphere  is  not  less  than  F. 

Since  then  the  sphere  is  neither  less  nor  greater  than  F,  it 
is  equal  to  F,  or  to  four  times  the  cone  described  in  the  enun- 
ciation. 

Cor.  From  what  has  been  proved  it  follows  that  every 
cylinder  whose  base  is  the  greatest  circle  in  a  sphere  and  whose 
height  is  equal  to  the  diameter  of  the  sphere  is  f  of  the  sphere^ 
and  its  surface  together  with  its  bases  is  |  of  the  surface  of  the 
sphere. 

For  the  cylinder  is  three  times  the  cone  with  the  same 
base  and  height  [Eucl.  xii.  10],  i.e.  six  times  the  cone  with 
the  same  base  and  with  height  equal  to  the  radius  of  the 
sphere. 

But  the  sphere  is  four  times  the  latter  cone  [Prop.  34]. 
Therefore  the  cylinder  is  f  of  the  sphere. 

Again,  the  surface  of  a  cylinder  (excluding  the  bases)  is 
equal  to  a  circle  whose  radius  is  a  mean  proportional  between 
the  height  of  the  cylinder  and  the  diameter  of  its  base 
[Prop.  13]. 
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In  this  case  the  height  is  equal  to  the  diameter  of  the  base 
and  therefore  the  circle  is  that  whose  radius  is  the  diameter  of 
the  sphere,  or  a  circle  equal  to  four  times  the  great  circle  of 
the  sphere. 

Therefore  the  surface  of  the  cylinder  with  the  bases  is  equal 
to  six  times  the  great  circle. 

And  the  surface  of  the  sphere  is  four  times  the  great  circle 
[Prop.  33] ;  whence 

(surface  of  cylinder  with  bases)  =  f .  (surface  of  sphere). 

Proposition  35. 

If  in  a  segment  of  a  circle  LAU  {where  A  is  the  middle 
point  of  the  arc)  a  polygon  LK,..A.,,K'L^  be  inscribed  of  which 
LL'  is  one  side,  while  the  other  sides  are  2n  in  number  and  all 
equalj  and  if  the  polygon  revolve  with  the  segment  about  the 
diameter  AM,  generating  a  solid  figure  inscribed  in  a  segment  of 
a  sphere,  then  the  surface  of  the  inscribed  solid  is  equal  to  a 
circle  the  square  on  whose  radius  is  equal  to  the  rectangle 

AB(BB'i-CC'-^...+KK'  +  ^^-^y 


^/^^^^ 

■^B' 

/ 

\ 

i 

!-\ 

M 

y 

The  surface  of  the  inscribed  figure  is  made  up  of  portions  of 
surfaces  of  cones. 
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If  we  take  these  successively,  the  surface  of  the  cone  BAB' 
is  equal  to  a  circle  whose  radius  is 


^AB,^BB\  [Prop.  14] 

The  surface  of  the  frustum  of  a  cone  BCG^B'  is  equal  to 
a  circle  whose  radius  is 


V' 


AB.^^^^-';  [Prop.  16] 

and  so  on. 

Proceeding  in  this  way  and  adding,  we  find,  since  circles 
are  to  one  another  as  the  squares  of  their  radii,  that  the 
surface  of  the  inscribed  figure  is  equal  to  a  circle  whose  radius 
is 


V' 


AB  (bB'  +  00'  +  ...  +  KK'  +  ^\  . 


Proposition  36. 


The  surface  of  the  figure  inscribed  as  before  in  the  segment 
of  a  sphere  is  less  than  that  of  the  segment  of  the  sphere. 

This  is  clear,  because  the  circular  base  of  the  segment  is  a 
common  boundary  of  each  of  two  surfaces,  of  which  one,  the 
segment,  includes  the  other,  the  solid,  while  both  are  concave 
in  the  same  direction  [Assumptions,  4]. 


Proposition  37. 

The  surface  of  the  solid  figure  inscribed  in  the  segment  of  the 
sphere  by  the  revolution  of  LK. . .  J. . .  ,K'L'  about  AM  is  less  than 
a  circle  with  radius  equal  to  AL, 

Let  the  diameter  AM  meet  the  circle  of  which  LAU  is  a 
segment  again  in  A\     Join  A'B, 

As  in  Prop.  35,  the  surface  of  the  inscribed  solid  is  equal  to 
a  circle  the  square  on  whose  radius  is 

AB{BB'  -vCC  ■{-,.,-{■  KK'  -{-LM). 
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=  A'B.AM 
<  A' A  .  AM 
<AL\ 


[Prop.  22] 


B^^n 

=^  B' 

,/ 

A/ 
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Hence  the  surface  of  the  inscribed  solid  is  less  than  the 
circle  whose  radius  is  AL, 


Proposition  38. 

The  solid  figure  described  as  before  in  a  segment  of  a  sphere 
less  than  a  hemisphere,  together  with  the  cone  whose  base  is  the 
base  of  the  segment  and  whose  apex  is  the  centre  of  the  sphere, 
is  equal  to  a  cone  whose  base  is  equal  to  the  surface  of  the 
inscribed  solid  and  whose  height  is  equal  to  the  perpendicular 
from  the  centre  of  the  sphere  on  any  side  of  the  polygon. 

Let  0  be  the  centre  of  the  sphere,  and  p  the  length  of  the 
perpendicular  from  0  on  AB, 

Suppose  cones  described  with  0  as  apex,  and  with  the 
circles  on  BB\  GG\..,  as  diameters  as  bases. 

Then  the  rhombus  OBAB'  is  equal  to  a  cone  whose  base  is 
€qual  to  the  surface  of  the  cone  BAB\  and  whose  height  is  p, 

[Prop.  18] 

Again,  if  CB,  G^B'  meet  in  T,  the  solid  described  by  the 
triangle  BOG  as  the  polygon  revolves  about  J.  0  is  the  difference 
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between  the  rhombi  OCTC  and  OBTB\  and  is  therefore  equal 
to  a  cone  whose  base  is  equal  to  the  surface  of  the  frustum 
BGG'B'  and  whose  height  is  p,  [Prop.  20] 

Similarly  for  the  part  of  the  solid  described  by  the  triangle 
GOD  as  the  polygon  revolves ;  and  so  on. 


Hence,  by  addition,  the  solid  figure  inscribed  in  the  segment 
together  with  the  cone  OLL'  is  equal  to  a  cone  whose  base  is 
the  surface  of  the  inscribed  solid  and  whose  height  is  p. 

Cor.  The  cone  whose  base  is  a  circle  with  radius  equal  to 
AL  and  whose  height  is  equal  to  the  radius  of  the  sphere  is 
greater  than  the  sum  of  the  inscribed  solid  and  the  cone  OLL\ 

For,  by  the  proposition,  the  inscribed  solid  together  with 
the  cone  OLL'  is  equal  to  a  cone  with  base  equal  to  the  surface 
of  the  solid  and  with  height  p. 

This  latter  cone  is  less  than  a  cone  with  height  equal  to  OA 
and  with  base  equal  to  the  circle  whose  radius  is  ALj  because 
the  height  p  is  less  than  0-4,  while  the  surface  of  the  solid  is 
less  than  a  circle  with  radius  AL.  [Prop.  37] 


Proposition  39. 

Let  laV  be  a  segment  of  a  great  circle  of  a  sphere,  being  less 
than  a  semicircle.  Let  0  be  the  centre  of  the  sphere,  and  join 
Oly  or.  Suppose  a  polygon  circumscribed  about  the  sector  OlaV 
such  that  its  sides,  excluding  the  two  radii,  are  2n  in  number 
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and  all  equal,  as  LK, ...  BA,  AB\  ...  K'L' ;  and  let  OA  be  that 
radius  of  the  great  circle  which  bisects  the  segment  lal\ 

The  circle  circumscribing  the  polygon  will  then  have  the 
same  centre  0  as  the  given  great  circle. 

Now  suppose  the  polygon  and  the  two  circles  to  revolve 
together  about  OA,     The  two  circles  will  describe  spheres,  the 


angular  points  except  A  will  describe  circles  on  the  outer 
sphere,  with  diameters  BB'  etc.,  the  points  of  contact  of  the 
sides  with  the  inner  segment  will  describe  circles  on  the  inner 
sphere,  the  sides  themselves  will  describe  the  surfaces  of  cones 
or  frusta  of  cones,  and  the  whole  figure  circumscribed  to  the 
segment  of  the  inner  sphere  by  the  revolution  of  the  equal 
sides  of  the  polygon  will  have  for  its  base  the  circle  on  LL' 
as  diameter. 

The  surface  of  the  solid  figure  so  circumscribed  about  the 
sector  of  the  sphere  [excluding  its  base]  will  be  greater  than  that 
of  the  segment  of  the  sphere  whose  base  is  the  circle  on  IV  as 
diameter. 

For  draw  the  tangents  IT,  I'T  to  the  inner  segment  at  I,  V. 
These  with  the  sides  of  the  polygon  will  describe  by  their 
revolution  a  solid  whose  surface  is  greater  than  that  of  the 
segment  [Assumptions,  4]. 

But  the  surface  described  by  the  revolution  of  IT  is  less 
than  that  described  by  the  revolution  of  LT^  since  the  angle  TIL 
is  a  right  angle,  and  therefore  LT>IT. 

Hence,  a  fortiori,  the  surface  described  hy  LK,,,A.,,K'L' 
is  greater  than  that  of  the  segment. 
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Cor.  The  surface  of  the  figure  so  described  about  the  sector 
of  the  sphere  is  equal  to  a  circle  the  square  on  whose  radius 
is  equal  to  the  rectangle 

AB{BB'  +  GG'  +  ...  +  KK'  +  i^LL'). 

For  the  circumscribed  figure  is  inscribed  in  the  outer  sphere, 
and  the  proof  of  Prop.  35  therefore  applies. 


Proposition  40. 

The  surface  of  the  figure  circumscribed  to  the  sector  as  before 
is  greater  than  a  circle  whose  radius  is  equal  to  al. 

Let  the  diameter  AaO  meet  the  great  circle  and  the  circle 
circumscribing  the  revolving  polygon  again  in  a\  A\  Join 
A'B,  and  let  ON  be  drawn  to  N,  the  point  of  contact  of  AB 
with  the  inner  circle. 


Now,  by  Prop,  39,  Cor.,  the  surface  of  the  solid  figure 
circumscribed  to  the  sector  OlAV  is  equal  to  a  circle  the  square 
on  whose  radius  is  equal  to  the  rectangle 

Ab(bB'  +  GC'^.,.-{-KK'  +  ^). 

But  this  rectangle  is  equal  to  A^B.AM  [as  in  Prop.  22]. 

H.  A.  4 
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Next,  since  AL' ,  aV  are  parallel,  the  triangles  AML\  amV 
are  similar.     And  AL'  >  aV ;  therefore  AM>  am. 

Also  A'B:^20N=:aa', 

Therefore  A'B .  AM  >  am .  aa' 

>  aV\ 

Hence  the  surface  of  the  solid  figure  circumscribed  to  the 
sector  is  greater  than  a  circle  whose  radius  is  equal  to  al\  or  al. 

Cor.  1.  The  volume  of  the  figure  circumscribed  about  the 
sector  together  with  the  cone  whose  apex  is  0  and  base  the  circle 
on  LL'  as  diameter,  is  equal  to  the  volume  of  a  cone  whose  base 
is  equal  to  the  surface  of  the  circumscribed  figure  and  whose 
height  is  ON', 

For  the  figure  is  inscribed  in  the  outer  sphere  which  has  the 
same  centre  as  the  inner.     Hence  the  proof  of  Prop.  38  applies. 

Cor.  2.  The  volume  of  the  circumscribed  figure  with  the  cone 
OLL'  is  greater  than  the  cone  whose  base  is  a  circle  with  radius 
equal  to  al  and  whose  height  is  equal  to  the  radius  (Oa)  of  the 
inner  sphere* 

For  the  volume  of  the  figure  with  the  cone  OLL^  is  equal  to 
a  cone  whose  base  is  equal  to  the  surface  of  the  figure  and 
whose  height  is  equal  to  ON. 

And  the  surface  of  the  figure  is  greater  than  a  circle  with 
radius  equal  to  al  [Prop.  40],  while  the  heights  Oa,  ON  are 
equal. 

Proposition  41. 

Let  lar  be  a  segment  of  a  great  circle  of  a  sphere  which  is 
less  than  a  semicircle. 

Suppose  a  polygon  inscribed  in  the  sector  Olal'  such  that 
the  sides  Ik,...  6a,  ab\  . . .  k^V  are  2n  in  number  and  all  equal. 
Let  a  similar  polygon  be  circumscribed  about  the  sector  so  that 
its  sides  are  parallel  to  those  of  the  first  polygon ;  and  draw 
the  circle  circumscribing  the  outer  polygon. 

Now  let  the  polygons  and  circles  revolve  together  about 
OaA,  the  radius  bisecting  the  segment  laV. 
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Then  (1)  the  surfaces  of  the  outer  and  inner  solids  of  revolution 
so  described  are  in  the  ratio  of  AB^  to  alf,  and  (2)  their  volumes 
together  with  the  corresponding  cones  with  the  same  base  and 
with  apex  0  in  each  case  are  as  AB^  to  a¥. 
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(1)     For  the  surfaces  are  equal  to  circles  the  squares  on 
whose  radii  are  equal  respectively  to 

AB{bB' -\-GG' ^  ,,,^KK' ^^^, 

[Prop.  39,  Cor.] 

[Prop.  35] 

Therefore 


and 


a&(66'  +  cc'+...+M'  +  ~ 


But  these  rectangles  are  in  the  ratio  of  -45'  to  oh 
so  are  the  surfaces. 

(2)  Let  OniV^be  drawn  perpendicular  to  ah  and  AB\  and 
suppose  the  circles  which  are  equal  to  the  surfaces  of  the  outer 
and  inner  solids  of  revolution  to  be  denoted  by  B,  s  respectively. 

Now  the  volume  of  the  circumscribed  solid  together  with 
the  cone  OLL'  is  equal  to  a  cone  whose  base  is  B  and  whose 
height  is  OR  [Prop.  40,  Cor.  1]. 

And  the  volume  of  the  inscribed  figure  with  the  cone  Oil'  is 
equal  to  a  cone  with  base  s  and  height  On  [Prop.  38]. 

But  /Sf:5==J.S^•a6^ 

and  ON:On  =  AB:  ak 

Therefore  the  volume  of  the  circumscribed  solid  together  with 
the  cone  OLL'  is  to  the  volume  of  the  inscribed  solid  together 
with  the  cone  OIU  as  AB^  is  to  ab^  [Lemma  5]. 

4—2 
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Proposition  42. 

If  laV  he  a  segment  of  a  sphere  less  than  a  hemisphere  and 
Oa  the  radius  perpendicular  to  the  base  of  the  segment,  the 
surface  of  the  segment  is  equal  to  a  circle  whose  radius  is  equal 
to  aL 

Let  R  he  a  circle  whose  radius  is  equal  to  al.  Then  the 
surface  of  the  segment,  which  we  will  call  S,  must,  if  it  be  not 
equal  to  R,  be  either  greater  or  less  than  R. 


I.     Suppose,  if  possible,  S>R. 

Let  lal'  be  a  segment  of  a  great  circle  which  is  less  than  a 
semicircle.  Join  01,  Ol\  and  let  similar  polygons  with  2n  equal 
sides  be  circumscribed  and  inscribed  to  the  sector,  as  in  the 
previous  propositions,  but  such  that 

(circumscribed  polygon)  :  (inscribed  polygon) <S  :  B, 

[Prop.  6] 

Let  the  polygons  now  revolve  with  the  segment  about  OaA, 
generating  solids  of  revolution  circumscribed  and  inscribed  to 
the  segment  of  the  sphere. 

Then 

(surface  of  outer  solid)  :  (surface  of  inner  solid) 


:  AB'  :  aV 


[Prop.  41] 


=  (circumscribed  polygon)  :  (inscribed  polygon) 
<  S  :  R,hy  hypothesis. 
But  the  surface  of  the  outer  solid  is  greater  than  S  [Prop.  39]. 
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Therefore  the  surface  of  the  inner  solid  is  greater  than  E ; 
which  is  impossible,  by  Prop.  37. 

II.     Suppose,  if  possible,  8<  R, 

In  this  case  we  circumscribe  and  inscribe  polygons  such  that 
their  ratio  is  less  than  R  :  S;  and  we  arrive  at  the  result  that 

(surface  of  outer  solid)  :  (surface  of  inner  solid) 
<R:S. 

But  the  surface  of  the  outer  solid  is  greater  than  R  [Prop.  40]. 
Therefore  the  surface  of  the  inner  solid  is  greater  than  S :  which 
is  impossible  [Prop.  36]. 

Hence,  since  S  is  neither  greater  nor  less  than  i?, 

S=^R, 


Proposition  43. 

Even  if  the  segment  of  the  sphere  is  greater  than  a  hemisphere, 
its  surface  is  still  equal  to  a  circle  whose  radius  is  equal  to  al. 

For  let  ZaiV  be  a  great  circle  of  the  sphere,  aa  being  the 
diameter  perpendicular  to  ir ;  and  let 
?aT  be  a  segment  less  than  a  semi- 
circle. 

Then,  by  Prop.  42,  the  surface  of 
the  segment  la'V  of  the  sphere  is 
equal  to  a  circle  with  radius  equal  to 
aL 

Also  the  surface  of  the  whole 
sphere  is  equal  to  a  circle  with  radius 
equal  to  aa'  [Prop.  33]. 

But  aa'^  —  a'l'^^aV,  and  circles  are  to  one  another  as  the 
squares  on  their  radii. 

Therefore  the  surface  of  the  segment  laV,  being  the  difference 
between  the  surfaces  of  the  sphere  and  of  la^l\  is  equal  to  a 
circle  with  radius  equal  to  al. 
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Proposition  44. 

The  volume  of  any  sector  of  a  sphere  is  equal  to  a  cone  whose 
base  is  equal  to  the  surface  of  the  segment  of  the  sphere  included 
in  the  sector,  and  whose  height  is  equal  to  the  radius  of  the 
sphere. 

Let  jB  be  a  cone  whose  base  is  equal  to  the  surface  of  the 
segment  laV  of  a  sphere  and  whose  height  is  equal  to  the  radius 
of  the  sphere ;  and  let  8  be  the  volume  of  the  sector  Olal\ 


Then,  if  S  is  not  equal  to  iJ,  it  must  be  either  greater  or 


less. 

I.     Suppose,  if  possible,  that  S>R. 

Find  two  straight  lines  /3,  7,  of  which  ^  is  the  greater,  such 
that 

0:y<S:R; 

and  let  S,  e  be  two  arithmetic  means  between  /3,  7. 

Let  laV  be  a  segment  of  a  great  circle  of  the  sphere. 
Join  01,  or,  and  let  similar  polygons  with  2n  equal  sides  be 
circumscribed  and  inscribed  to  the  sector  of  the  circle  as  before, 
but  such  that  their  sides  are  in  a  ratio  less  than  /8 :  S. 
[Prop.  4]. 
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Then  let  the  two  polygons  revolve  with  the  segment  about 
OaA,  generating  two  solids  of  revolution. 

Denoting  the  volumes  of  these  solids  by  V,  v  respectively, 
we  have 

(  F  +  cone  OLL')  :  (v  +  cone  OW)  =  AB'  :  ah'         [Prop.  41] 

<  /5  :  7,  a  fortiori*, 
<S :  R,hy  hypothesis. 

Now  (F+cone  0LL')>8, 

Therefore  also  {v  +  cone  Oil')  >  R. 

But  this  is  impossible,  by  Prop.  88,  Cor.  combined  with  Props. 
42,  43. 

Hence  .     S  i^  R. 

II.     Suppose,  if  possible,  that  8  <  R, 
In  this  case  we  take  y8,  7  such  that 
/3:7<iJ:iS, 
and  the  rest  of  the  construction  proceeds  as  before. 
We  thus  obtain  the  relation 

(  F4-  cone  OLL)  :  {v  +  cone  Oil')  <  R  :  S. 
Now  {v  +  cone  OIV)  <  8. 

Therefore  (  F  4-  cone  OLU)  <  R ; 

which  is  impossible,  by  Prop.  40,  Cor.  2  combined  with  Props. 
42,  43. 

Since  then  8  is  neither  greater  nor  less  than  iJ, 
*  Cf.  note  on  Prop.  34,  p.  42.. 
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"  Archimedes  to  Dositheus  greeting. 

On  a  former  occasion  you  asked  me  to  write  out  the  proofs  of 
the  problems  the  enunciations  of  which  I  had  myself  sent  to 
Conon.  In  point  of  fact  they  depend  for  the  most  part  on  the 
theorems  of  which  I  have  already  sent  you  the  demonstrations, 
namely  (1)  that  the  surface  of  any  sphere  is  four  times  the 
greatest  circle  in  the  sphere,  (2)  that  the  surface  of  any 
segment  of  a  sphere  is  equal  to  a  circle  whose  radius  is  equal 
to  the  straight  line  drawn  from  the  vertex  of  the  segment  to 
the  circumference  of  its  base,  (3)  that  the  cylinder  whose  base 
is  the  greatest  circle  in  any  sphere  and  whose  height  is  equal 
to  the  diameter  of  the  sphere  is  itself  in  magnitude  half  as 
large  again  as  the  sphere,  while  its  surface  [including  the  two 
bases]  is  half  as  large  again  as  the  surface  of  the  sphere,  and 
(4)  that  any  solid  sector  is  equal  to  a  cone  whose  base  is  the 
circle  which  is  equal  to  the  surface  of  the  segment  of  the  sphere 
included  in  the  sector,  and  whose  height  is  equal  to  the  radius 
of  the  sphere.  Such  then  of  the  theorems  and  problems  as 
depend  on  these  theorems  I  have  written  out  in  the  book 
which  I  send  herewith ;  those  which  are  discovered  by  means 
of  a  different  sort  of  investigation,  those  namely  which  relate 
to  spirals  and  the  conoids,  I  will  endeavour  to  send  you  soon. 
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The  first  of  the  problems  was  as  follows :  Given  a  sphere,  to 
find  a  plane  area  equal  to  the  surface  of  the  sphere. 

The  solution  of  this  is  obvious  from  the  theorems  aforesaid. 
For  four  times  the  greatest  circle  in  the  sphere  is  both  a  plane 
area  and  equal  to  the  surface  of  the  sphere. 

The  second  problem  was  the  following." 

Proposition  1.     (Problem.) 

Griven  a  cone  or  a  cylinder,  to  find  a  sphere  equal  to  the  cone 
or  to  the  cylinder. 

If  V  be  the  given  cone  or  cylinder,  we  can  make  a  cylinder 
equal  to  f  F.  Let  this  cylinder  be  the  cylinder  whose  base 
is  the  circle  on  AB  as  diameter  and  whose  height  is  OD. 

Now,  if  we  could  make  another  cylinder,  equal  to  the 
cylinder  {OD)  but  such  that  its  height  is  equal  to  the  diameter 
of  its  base,  the  problem  would  be  solved,  because  this  latter 
cylinder  would  be  equal  to  |F,  and  the  sphere  whose  diameter 
is  equal  to  the  height  (or  to  the  diameter  of  the  base)  of  the 
same  cylinder  would  then  be  the  sphere  required  [I.  34,  Cor.]. 


Suppose  the  problem  solved,  and  let  the  cylinder  {CG)  be 
equal  to  the  cylinder  {OD),  while  EF,  the  diameter  of  the  base, 
is  equal  to  the  height  GG. 
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Then,  since  in  equal  cylinders  the  heights  and  bases  are 
reciprocally  proportional, 

AB' :  EF'  =GO:0D 

^EF:  OD (1). 

Suppose  MN  to  be  such  a  line  that 

EF'  =  AB.MN (2). 

Hence  AB:EF==  EF :  MN, 

and,  combining  (1)  and  (2),  we  have 

AB:MF=EF:OD, 

or  AB:EF^MN:  OD, 

Therefore         AB  :  EF  ==EF:MN  =  MN:  OD, 

and  EF,  MN  are  two  mean  proportionals  between  AB,  OD. 

The  synthesis  of  the  problem  is  therefore  as  follows.  Take 
two  mean  proportionals  EF,  MN  between  AB  and  OD,  and 
describe  a  cylinder  whose  base  is  a  circle  on  EF  as  diameter 
and  whose  height  GQ  is  equal  to  EF. 

Then,  since 

AB  :  EF=EF  :MN  =  MN:  OD, 

EF'^AB.MN, 

and  therefore  AB* :  EF'  =  AB  :  MN 

=  EF:OD 

=:CG'.OD; 

whence  the  bases  of  the  two  cylinders  (OD),  {GG)  are  recipro- 
cally proportional  to  their  heights. 

Therefore  the  cylinders  are  equal,  and  it  follows  that 

cylinder  (CG^)  =  fF. 

The  sphere  on  EF  as  diameter  is  therefore  the  sphere 
required,  being  equal  to  V. 
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Proposition  2. 

//  BAB'  be  a  segment  of  a  sphere^  BB'  a  diameter  of  the 
base  of  the  segment,  and  0  the  centre  of  the  sphere,  and  if  A  A' 
be  the  diameter  of  the  sphere  bisecting  BB'  in  M,  then  the  volume 
of  the  segment  is  equal  to  that  of  a  cone  whose  base  is  the  same 
as  that  of  the  segment  and  whose  height  is  h,  where 

h:AM=:OA'-^A'M:A'M. 

Measure  MH  along  MA  equal  to  h,  and  MH'  along  MA' 
equal  to  h\  where 

h'  :A'M::=OA+AM  :AM. 

Suppose  the  three  cones  constructed  which  have  0,  H 
H'  for  their  apices  and  the  base  {BB')  of  the  segment  for  their 
common  base.     Join  AB,  A'B. 


Let  (7  be  a  cone  whose  base  is  equal  to  the  surface  of  the 
segment  BAB'  of  the  sphere,  i.e.  to  a  circle  with  radius  equal 
to  AB  [I.  42],  and  whose  height  is  equal  to  OA. 

Then  the  cone  (7  is  equal  to  the  solid  sector  OBAB'  [I.  44]. 

Now,  since    HM  :  MA  =  OA'  +  A'M  :  A'M, 

dividendo,  HA  :  AM  ^  OA  :  A'M, 

and,  alternately,  HA  :  AO  =  AM  :  MA', 

so  that 

HO:OA  =  AA'  :  A'M 

=:AB':BM' 

=  (base  of  cone  C)  :  (circle  on  BB'  as  diameter). 
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But  OA  is  equal  to  the  height  of  the  cone  (7;  therefore,  since 
cones  are  equal  if  their  bases  and  heights  are  reciprocally 
proportional,  it  follows  that  the  cone  G  (or  the  solid  sector 
OBAB')  is  equal  to  a  cone  whose  base  is  the  circle  on  BB'  as 
diameter  and  whose  height  is  equal  to  OH, 

And  this  latter  cone  is  equal  to  the  sum  of  two  others 
having  the  same  base  and  with  heights  Oif,  MH,  i.e.  to  the 
solid  rhombus  OBHB\ 

Hence  the  sector  OBAB'  is  equal  to  the  rhombus  OBHB\ 

Taking  away  the  common  part,  the  cone  OBB\ 

the  segment  BAB^  =  the  cone  HBB\ 
Similarly,  by  the  same  method,  we  can  prove  that 

the  segment  BA'F  =  the  cone  H'BF. 
Alternative  proof  of  the  latter  property. 

Suppose  D  to  be  a  cone  whose  base  is  equal  to  the  surface 
of  the  whole  sphere  and  whose  height  is  equal  to  OA, 

Thus  D  is  equal  to  the  volume  of  the  sphere.         [I.  33,  34] 

Now,  since    OA' -^  A'M  :  A'M  =  HM  :  MA, 

dividendo  and  alternando,  as  before, 

OA  :AH=^A'M:MA. 

Again,  since        H'M  :  MA'  =^  OA -^  AM  :  AM, 

H'A'  :OA=A'M:MA 

=  OA  :  AH,  from  above. 

Componendo,  HO  :OA=^OH:  HA (1). 

Alternately,  HOiOH^^OA  :  AH (2), 

and,  componendo,      HH'  :  HO  =  OH  :  HA, 

=  HV  :OAjYom(l), 

whence  HH\OA=H'0,OH (3). 

Next,  since  HV  :OH  =  OA  :  AH,  by  (2), 

=  A'M:MA, 

(HV  +  OHy  :  HV .  OH  =  (A'M  +  MAf  :  A'M,  MA, 
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whence,  by  means  of  (3), 

HH"" :  HH' .  OA  =  AA''  :  A'M.  MA, 

or  HH'  :  OA  =  AA'^ :  BM\ 

Now  the  cone  D,  which  is  equal  to  the  sphere,  has  for  its  base 
a  circle  whose  radius  is  equal  to  AA',  and  for  its  height  a  line 
equal  to  OA, 

Hence  this  cone  D  is  equal  to  a  cone  whose  base  is  the  circle 
on  BB^  as  diameter  and  whose  height  is  equal  to  HH' ; 

therefore         the  cone  D  =  the  rhombus  HBH^B', 

or  the  rhombus  HBH'B'  =  the  sphere. 

But  the  segment  BAB'  —  the  cone  HBB' ; 

therefore  the  remaining  segment  jB^'J5'  =  the  cone  H^BB\ 

Cor.  The  segment  BAB'  is  to  a  cone  with  the  same  base  and 
equal  height  in  the  ratio  of  OA'  -f  A'M  to  A'M. 

Proposition  3.     (Problem.) 

To  cut  a  given  sphere  by  a  plane  so  that  the  surfaces  of  the 
segments  may  have  to  one  another  a  given  ratio. 

Suppose  the  problem  solved.  Let  AA'  be  a  diameter  of  a 
great  circle  of  the  sphere,  and  suppose  that  a  plane  perpendicular 
to  A  A'  cuts   the   plane   of  the   great   circle   in  the  straight 


line  BB\  and  AA'  in  Jf,  and  that  it  divides  the  sphere  so  that 
the  surface  of  the  segment  BAB'  has  to  the  surface  of  the 
segment  BA'B'  the  given  ratio. 
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Now  these  surfaces  are  respectively  equal  to  circles  with 
radii  equal  to  AB,  A'B  [I.  42,  43]. 

Hence  the  ratio  AB^ :  A^B^  is  equal  to  the  given  ratio,  i.e. 
J. If  is  to  MA'  in  the  given  ratio. 

Accordingly  the  synthesis  proceeds  as  follows. 

If  ^  :  jBT  be  the  given  ratio,  divide  A  A'  in  M  so  that 

AM:MA'=^H:K, 

Then  AM  :  MA'  =  AB' :  A'B' 

=  (circle  with  radius  AB)  :  (circle  with  radius  A'B) 

=  (surface  of  segment  BAB')  :  (surface  of  segment  BA'B'). 

Thus  the  ratio  of  the  surfaces  of  the  segments  is  equal  to 
the  ratio  H  :  K, 

Proposition  4.     (Problem.) 

To  cut  a  given  sphere  hy  a  plane  so  that  the  volumes  of  the 
segments  are  to  one  another  in  a  given  ratio. 

Suppose  the  problem  solved,  and  let  the  required  plane  cut 
the  great  circle  ABA'  at  right  angles  in  the  line  BB',  Let 
A  A'  be  that  diameter  of  the  great  circle  which  bisects  BB'  at 
right  angles  (in  M),  and  let  0  be  the  centre  of  the  sphere. 


that 
and 


Take  H  on  OA  produced,  and  H'  on  OA'  produced,  such 


OA'  -^  A'M  :  A'M  ^  HM  :  MA, (1), 

OA-\-AM:AM=^H'M:MA' (2). 

Join  BH,B'H,BH',B'H'. 
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Then  the  cones  HBB\  H'BB'  are  respectively  equal  to  the 
segments  BAB\  BA'B'  of  the  sphere  [Prop.  2]. 

Hence  the  ratio  of  the  cones,  and  therefore  of  their  altitudes, 
is  given,  i.e. 

J?Jf:£r'if=:  the  given  ratio (3). 

We  have  now  three  equations  (1),  (2),  (3),  in  which  there 
appear  three  as  yet  undetermined  points  M,  H,  H' ;  and  it  is 
first  necessary  to  find,  by  means  of  them,  another  equation  in 
which  only  one  of  these  points  {M)  appears,  i.e.  we  have,  so  to 
speak,  to  eliminate  H,  H\ 

Now,  from  (3),  it  is  clear  that  HH' :  H'M  is  also  a  given 
ratio ;  and  Archimedes'  method  of  elimination  is,  first,  to  find 
values  for  each  of  the  ratios  A'H' :  WM  and  HT  :  H'A'  which 
are  alike  independent  of  H,  H\  and  then,  secondly y  to  equate 
the  ratio  compounded  of  these  two  ratios  to  the  known  value 
of  the  ratio  HH' :  H'M, 

{a)     To  find  such  a  value  for  A'H' :  H'M, 

It  is  at  once  clear  from  equation  (2)  above  that 

A'H':H'M=-OA  :  OA  +  AM (4). 

(6)     To  find  such  a  value  for  HH' :  A'H\ 
From  (1)  we  derive 

A'M  :  MA  =  OA'  +  A'M  :  HM 

=  OA':AH (5); 

and,  from  (2),      A'M  :  MA  =  H'M  :  OA  +  AM 

=  A'H':OA (6). 

Thus  HA:AO=^OA':A'H\ 

whence  OH  :  OA'  =  OH' :  A'H\ 

or  OH:  OH' ==  OA' :  A'H\ 

It  follows  that 

HH':  OH'^OH'  :A'H', 
or  HH\H'A'=OW\ 

Therefore     HH' :  H'A'  =  OH"  :  H'A" 

==AA'' :  A'M\  by  means  of  (6) 
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(c)  To  express  the  ratios  A'H' :  H'M  and  HH' :  H'M more 
simply  we  make  the  following  construction.  Produce  OA  to  D 
so  that  OA  =AD,  (D  will  lie  beyond  H,  for  A'M>MA,  and 
therefore,  by  (5),  OA  >AH.) 

Then  A'H' :  H'M=:  OA  :  OA  +  AM 

=  AD:DM (7). 

Now  divide  AD  Sit  E  so  that 

HH':H'M  =  AD  :  DE (8). 

Thus,  using  equations  (8),  (7)  and  the  value  of  HH'  :  H'A' 
above  found,  we  have 

AD:DE  =  HH':H'M 

=  (HH' :  H'A') .  {A'H' :  H'M) 
=  {AA'' :  A'M')  ,{AD  :  DM). 
But  AD:DE=  {DM  :  DE) .  {AD  :  DM\ 

Therefore  MD  :  DE  ^  AA'' :  A'M"^ (9). 

And  D  is  given,  since  AD-  OA.     Also  AD  :  DE  (being  equal 
to  HH' :  H'M)  is  a  given  ratio.     Therefore  DE  is  given. 

Hence  the  problem  reduces  itself  to  the  problem  of  dividing 
A'D  into  two  parts  at  M  so  that 

MD  :  (a  given  length)  =  (a  given  area)  :  A'M^. 

Archimedes  adds :  "  If  the  problem  is  propounded  in  this 

general  form,  it  requires  a  Btopta-fio^  [i.e.  it  is  necessary  to 

investigate  the  limits  of  possibility],  but,  if  there  be  added  the 

conditions  subsisting  in  the  present  case,  it  does  not  require  a 

toptarfio<;. 

In  the  present  case  the  problem  is : 

Given  a  straight  line  A' A  produced  to  D  so  that  A' A  =  2AD, 
and  given  a  point  E  on  AD,  to  cut  AA'  in  a  point  M  so  that 

AA'':A'M'  =  MD:DE. 
"  And  the  analysis  and  synthesis  of  both  problems  will  be 
given  at  the  end*.'' 

The  synthesis  of  the  main  problem  will  be  as  follows.  Let 
R  :  8  he  the  given  ratio,  R  being  less  than  8,    AA'  being  a 

*  See  the  note  following  this  proposition. 
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diameter  of  a  great  circle,  and  0  the  centre,  produce  OA  to  D 
so  that  OA  =AD,  and  divide  AD  in  E  so  that 
AE:ED  =  R:S. 
Then  cut  AA'  in  M  so  that 

MD:DE  =  AA'^ :  ^'if I 
Through  M  erect  a  plane  perpendicular  to  AA^  \  this  plane 
will  then  divide  the  sphere  into  segments  which  will  be  to  one 
another  as  R  to  S. 

Take  H  on  A' A  produced,  and  H'  on  AA'  produced,  so  that 

OA'  ■¥  A'M  :  A'M  =^  HM  :  MA, (1), 

OA  +  AM:AM=^H'M'.MA' (2). 

We  have  then  to  show  that 

HM  :  MH'  =  R  :  S,  or  AE  :  ED. 
(a)     We  first  find  the  value  of  HH' :  H'A'  as  follows. 
As  was  shown  in  the  analysis  (6), 
HH\H'A'=OH'\ 
or  HH' :  H'A'  =  OT' :  E'A'' 

=  AA' :  A'M^ 
=  MD  :  DE,  by  construction. 
(/8)     Next  we  have 

H'A' :  jy'if  =  OA:OA+  AM 
=  ^i)  :  DM, 
Therefore       HH' :  if 'if  =  (HH' :  H'A') .  (H'A' :  H'M) 

=  {MD:DE).(AD:DM) 
=  AD:DE, 
whence  HM  :  ifff '  =  AE  :  ED 

=  R  :  S.  Q.  E.  D. 


i\^o^g.  The  solution  of  the  subsidiary  problem  to  which  the 
original  problem  of  Prop.  4  is  reduced,  and  of  which  Archimedes 
promises  a  discussion,  is  given  in  a  highly  interesting  and 
important  note  by  Eutocius,  who  introduces  the  subject  with 
the  following  explanation. 

H.  A.  5 
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"He  [Archimedes]  promised  to  give  a  solution  of  this 
problem  at  the  end,  but  we  do  not  find  the  promise  kept  in  any 
of  the  copies.  Hence  we  find  that  Dionysodorus  too  failed  to 
light  upon  the  promised  discussion  and,  being  unable  to  grapple 
with  the  omitted  lemma,  approached  the  original  problem  in  a 
different  way,  which  I  shall  describe  later.  Diodes  also  ex- 
pressed in  his  work  wepl  Trvpicov  the  opinion  that  Archimedes 
made  the  promise  but  did  not  perform  it,  and  tried  to  supply 
the  omission  himself.  His  attempt  I  shall  also  give  in  its 
order.  It  will  however  be  seen  to  have  no  relation  to  the 
omitted  discussion  but  to  give,  like  Dionysodorus,  a  construction 
arrived  at  by  a  different  method  of  proof  On  the  other  hand, 
as  the  result  of  unremitting  and  extensive  research,  I  found  in 
a  certain  old  book  some  theorems  discussed  which,  although  the 
reverse  of  clear  owing  to  errors  and  in  many  ways  faulty  as 
regards  the  figures,  nevertheless  gave  the  substance  of  what  I 
sought,  and  moreover  to  some  extent  kept  to  the  Doric  dialect 
affected  by  Archimedes,  while  they  retained  the  names  familiar  in 
old  usage,  the  parabola  being  called  a  section  of  a  right-angled 
cone,  and  the  hyperbola  a  section  of  an  obtuse-angled  cone; 
whence  I  was  led  to  consider  whether  these  theorems  might 
not  in  fact  be  what  he  promised  he  would  give  at  the  end.  For 
this  reason  I  paid  them  the  closer  attention,  and,  after  finding 
great  difficulty  with  the  actual  text  owing  to  the  multitude  of 
the  mistakes  above  referred  to,  I  made  out  the  sense  gradually 
and  now  proceed  to  set  it  out,  as  well  as  I  can,  in  more  familiar 
and  clearer  language.  And  first  the  theorem  will  be  treated 
generally,  in  order  that  what  Archimedes  says  about  the  limits 
of  possibility  may  be  made  clear ;  after  which  there  will  follow 
the  special  application  to  the  conditions  stated  in  his  analysis 
of  the  problem." 

The  investigation  which  follows  may  be  thus  reproduced. 
The  general  problem  is: 

Given  two  straight  lines  AB,  AC  and  an  area  D,  to  divide 
AB  at  M  so  that 

AM:AG=^D  :MB\ 


ON  THE  SPHERE   AND   CYLINDER  II. 


67 


Analysis. 

Suppose  M  found,  and  suppose  AG  placed  at  right  angles  to 
AB.  Join  CM  and  produce  it.  Draw  EBN  through  B  parallel 
to  AG  meeting  GM  in  JSf,  and  through  G  draw  GHE  parallel  to 
AB  meeting  EBN  in  E.  Complete  the  parallelogram  GENF, 
and  through  M  draw  PMH  parallel  to  AG  meeting  FN  in  P. 

Measure  EL  along  EN  so  that 

GE.EL(otAB.EL)  =  D. 
Then,  by  hypothesis, 
AM:AG==GE,EL:MB\ 
And 

AM:AG=GE:EN, 

by  similar  triangles, 

=rGE.EL:EL,EK 

It  follows  that     PN'  =  MB'  =  EL .  EN. 

Hence,  if  a  parabola  be  described  with  vertex  E,  axis  EN,  and 
parameter  equal  to  EL,  it  will  pass  through  P ;  and  it  will  be 
given  in  position,  since  EL  is  given. 

Therefore  P  lies  on  a  given  parabola. 

Next,  since  the  rectangles  FH,  AE  are  equal, 

FP,PH=AB.BE. 

Hence,  if  a  rectangular  hyperbola  be  described  with  GE,  GF 
as  asymptotes  and  passing  through  B,  it  will  pass  through  P. 
And  the  hyperbola  is  given  in  position. 

Therefore  P  lies  on  a  given  hyperbola. 

Thus  P  is  determined  as  the  intersection  of  the  parabola 
and  hyperbola.     And  since  P  is  thus  given,  M  is  also  given. 

Now,  since  AM  lAG^D:  MB\ 

AM.MB^^AG.D. 

But  AG ,  Bis  given,  and  it  will  he  proved  later  that  the  maximum 
value  of  AM.  MB^  is  that  which  it  assumes  when  BM=  2AM. 

5—2 
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Q  Gi' 


Hence  it  is  a  necessary  condition  of  the  possibility  of  a 
solution  that  ACD  must  not  be  greater  than  ^AB  .(^ABy\  or 
^AB\ 

Synthesis. 

If  0  be  such  a  point  on  AB  that  BO  =  ^AO,  we  have  seen 
that,  in  order  that  the  solution  may  be  possible, 

AC,Di^AO.OB\ 

Thus  AG .DiH  either  equal  to,  or  less  than,  AO .  OB^. 

(1)  I{AG.D=:AO.  0B\  then  the  point  0  itself  solves  the 
problem. 

(2)  Let  AG,D  be  less  than  AO,OB\ 

Place  AG  at  right  angles  to  AB.  Join  00,  and  produce  it 
to  B,  Draw  EBR  through  B  parallel  to  AG  meeting  GO  in  E, 
and  through  0  draw  GE  parallel 
to  AB  meeting  EBR  in  E.  Com- 
plete the  parallelogram  GERF, 
and  through  0  draw  QOK  parallel 
to  AG  meeting  FR  in  Q  and  GE 
iuK. 

Then,  since 

AG.D<AO.OB\ 
measure  RQ'  along  RQ  so  that 

AG,D=^AO.Q'R\ 
or  AO:AG  =  D:Q'R\ 

Measure  EL  along  ER  so  that 

D^GE.EL  (or  AB. EL), 
Now,  since       AO  :  AG  =  D  :  Q'R^,  by  hypothesis, 

^GE,EL:q'R\ 
and  AO  :  AG  =  GE  :  ER,  by  similar  triangles, 

=  GE .  EL  :  j&i .  ER, 

it  follows  that 


\/' 

o 

/: 

V^- 

^ 

"V 
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Describe  a  parabola  with  vertex  E,  axis  ER,  and  parameter 
equal  to  EL.     This  parabola  will  then  pass  through  Q\ 

Again,  rect.  FK  =  rect.  AE, 

or  FQ,QK:=AB.BE', 

and,  if  we  describe  a  rectangular  hyperbola  with  asymptotes 
CEj  OF  and  passing  through  B,  it  will  also  pass  through  Q, 

Let  the  parabola  and  hyperbola  intersect  at  P,  and  through 
P  draw  PMH  parallel  to  AG  meeting  AB  in  M  and  CE 
in  H,  and  OPN  parallel  to  AB  meeting  GF  in  G  and  ER 
inN. 

Then  shall  M  be  the  required  point  of  division. 

Since  PG.PH=AB.BE, 

rect.  GM=  rect  ME, 

and  therefore  GMN  is  a  straight  line. 

Thus  AB,BE^PG.PH  =  AM.EN (1). 

Again,  by  the  property  of  the  parabola, 

PN'  =  EL.EN, 

or  MB' =^  EL, EN (2). 

From  (1)  and  (2) 

AM:EL=^AB.BE:MB\ 
or  AM.AB  :  AB.EL^AB^AG  :  MB\ 

Alternately, 

AM.AB  :  AB.AG:=AB.EL  :  MB\ 
or  AM:AG^D:MB\ 

Proof  of  8  CO p  LCr fi6  <;. 

It  remains  to  be  proved  that,  if  AB  be  divided  at  0  so  that 
BO  =  2A0,  then  AG .  OJB'  is  the  maximum  value  of  AM .  MB"", 

or  AG,GB'>AM.MB\ 

where  M  is  any  point  on  AB  other  than  0. 
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Suppose  that      AOi  AO^CE.EL  i  0B\ 
so  that  AO.OB^^CE.EU .AG. 

Join  (70,  and  produce  it  to  i\^; 
draw  EBN  through  B  parallel 
to  AG,  and  complete  the  paral- 
lelogram GENF. 

Through  0  draw  POH 
parallel  to  AG  meeting  FN 
in  P  and  GE  in  H, 

With  vertex  E,  axis  EN, 
and  parameter  EL\  describe 
a  parabola.  This  will  pass 
through  P,  as  shown  in  the 
analysis  above,  and  beyond  P 
will  meet  the  diameter  CPof 
the  parabola  in  some  point. 

Next  draw  a  rectangular 
hyperbola  with  asymptotes  GE, 
GF  and  passing  through  B. 
This  hyperbola  will  also  pass 
through  P,  as  shown  in  the 
analysis. 

Produce  NE  to  T  so  that 
TE^EN  Join  TP  meeting 
GE  in  Y,  and  produce  it  to 
meet  GF  in  F.  Thus  TP  will 
touch  the  parabola  at  P. 

Then,  since  BO  =  2 AG, 

TP^2PW. 

And  rP  =  2PF. 

Therefore  PW=^PY, 

Since,  then,  FF  between  the  asymptotes  is  bisected  at  P,  the 
point  where  it  meets  the  hyperbola, 

WY  is  a  tangent  to  the  hyperbola. 

Hence  the  hyperbola  and  parabola,  having  a  common  tangent 
at  P,  touch  one  another  at  P. 
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Now  take  any  point  M  on  AB,  and  through  M  draw  QMK 
parallel  to  AG  meeting  the  hyperbola  in  Q  and  CE  in  K. 
Lastly,  draw  GqQR  through  Q  parallel  to  AB  meeting  OF  in  (?, 
the  parabola  in  q,  and  EI^  in  R. 

Then,  since,  by  the  property  of  the  hyperbola,  the  rectangles 
OK,  AE  are  equal,  CMR  is  a  straight  line. 

By  the  property  of  the  parabola, 

qR^=:EL\ER, 

so  that  QR^kEL'  .ER. 

Suppose  QR^^EL.ER, 

and  we  have  AM  :  AC  =^  GE  :  ER 

=  CE .  EL  '.  EL .  ER 

^GE.EL:QR'' 

=  GE,EL:MB\ 
or  AM .  MB'  =^GE,EL,AG. 

Therefore  AM,  MB'  <GE,EL\AG 

<AO.OB\ 

If  AG.D  <  AO .  OB'y  there  are  two  solutions  because  there 
will  be  two  points  of  intersection  between  the  parabola  and  the 
hyperbola. 

For,  if  we  draw  with  vertex  E  and  axis  EN  a  parabola 
whose  parameter  is  equal  to  EL,  the  parabola  will  pass  through 
the  point  Q  (see  the  last  figure) ;  and,  since  the  parabola  meets 
the  diameter  GF  beyond  Q,  it  must  meet  the  hyperbola  again 
(which  has  GF  for  its  asymptote). 

[If  we  put  AB  =  a,  BM=a),  AG  =  c,  and  D  —  lf,  the  pro- 
portion 

AM :  AG ^D:  MB" 

is  seen  to  be  equivalent  to  the  equation 

being  a  cubio  equation  with  the  term  containing  oo  omitted. 

Now  suppose  EN,  EG  to  be  axes  of  coordinates,  EN  being 
the  axis  of  y. 
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Then  the  parabola  used  in  the  above  solution  is  the 
parabola 

a   ^ 

and  the  rectangular  hyperbola  is 

y{a  —  w)  =  ac. 

Thus  the  solution  of  the  cubic  equation  and  the  conditions 
under  which  there  are  no  positive  solutions,  or  one,  or  two 
positive  solutions  are  obtained  by  the  use  of  the  two  conies.] 

[For  the  sake  of  completeness,  and  for  their  intrinsic  interest, 
the  solutions  of  the  original  problem  in  Prop.  4  given  by 
Dionysodorus  and  Diodes  are  here  appended. 

Dionysodorus'  solution. 

Let  AA'  be  a  diameter  of  the  given  sphere.  It  is  required 
to  find  a  plane  cutting  A  A'  at  right  angles  (in  a  point  M, 
suppose)  so  that  the  segments  into  which  the  sphere  is  divided 
are  in  a  given  ratio,  as  CD  :  DE. 

Produce  A^A  to  F  so  that  AF=  OA,  where  0  is  the  centre 
of  the  sphere. 


Draw  AH  perpendicular  to  AA'  and  of  such  length  that 
FA  :  AH^CE:  ED, 
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and  produce  AH  to  K  so  that 

AK'  =  FA,AH (a). 

With  vertex  F,  axis  FA,  and  parameter  equal  to  AH 
describe  a  parabola.  This  will  pass  through  K,  by  the  equa- 
tion (a). 

Draw  A'K'  parallel  to  AK  and  meeting  the  parabola  in  K^ ; 
and  with  A'F,  A'K'  as  asymptotes  describe  a  rectangular 
hyperbola  passing  through  H,  This  hyperbola  will  meet  the 
parabola  at  some  point,  as  P,  between  K  and  K' , 

Draw  FM  perpendicular  to  AA'  meeting  the  great  circle  in 
jB,  B\  and  from  H,  P  draw  HL,  PR  both  parallel  to  AA'  and 
meeting  A'K'  in  L,  R  respectively. 

Then,  by  the  property  of  the  hyperbola, 

PR.PM=^AH.HL, 

i.e.  PM,MA'  =  HA,AA\ 

or  PM:AH  =  AA'  :A'M, 

and  PM' :  AH'  =  AA"  :  A'M'. 

Also,  by  the  property  of  the  parabola, 

PM'  =  FM.AH, 

i.e.  FM:PM=PM:AH, 

or  FM:AH  =  PM':AH' 

=  AA"  :  A'M'\  from  above. 

Thus,  since  circles  are  to  one  another  as  the  squares  of  their 
radii,  the  cone  whose  base  is  the  circle  with  A'M  as  radius  and 
whose  height  is  equal  to  FM,  and  the  cone  whose  base  is  the 
circle  with  AA'  as  radius  and  whose  height  is  equal  to  AH, 
have  their  bases  and  heights  reciprocally  proportional. 

Hence  the  cones  are  equal ;  i.e.,  if  we  denote  the  first  cone 
by  tihe  symbol  c  (A'M),  FM,  and  so  on, 

c  (A'M),  FM  =  c  {AA'l  AK 

Now    c(AA'),  FA  :  c(AA'),  AH=FA:  AH 

=  CE  :  ED,  by  construction. 
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Therefore 

c(AA'\  FA  :  c(A'M),  FM=^GE:  ED (^). 

But  (1)  c  (AA'),  FA  =  the  sphere.  [I.  34] 

(2)  c(J.'Jf),  FM  can  be  proved  equal  to  the  segment  of 
the  sphere  whose  vertex  is  A'  and  height  A^M, 

For  take  G  on  AA'  produced  such  that 

GM:MA'=^FM:MA 

=:OA-^AM:  AM, 

Then  the  cone  GBB'  is  equal  to  the  segment  A'BB'  [Prop.  2]. 

And  FM:MG  =  AM  :  MA\  by  hypothesis, 

=  BM^  :  A'M\ 
Therefore 

(circle  with  rad.  BM)  :  (circle  with  rad.  A'M) 

=  FM  :  MG, 

so  that  c  {A'M),  FM  =  c  {BM),  MG 

=  the  segment  A'BB\ 

We  have  therefore,  from  the  equation  (/3)  above, 

(the  sphere)  :  (segmt.  A'BB')  =  GE  :  ED, 

whence     (segmt.  ABB)  :  (segmt.  A'BB')  =  CD  :  D^. 

Diodes^  solution. 

Diodes  starts,  like  Archimedes,  from  the  property,  proved  in 
Prop.  2,  that,  if  the  plane  of  section  cut  a  diameter  AA'  of  the 
sphere  at  right  angles  in  M,  and  if  H,  H'  be  taken  on  0-4,  OA' 
produced  respectively  so  that 

OA'  +  A'M  :  A'M^HM  :  MA, 

OA  +  AM :  AM=H'M  :  MA\ 

then  the  cones  HBB',  WBB'  are  respectively  equal  to  the 
segments  ABB\  A'BB\ 
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Then,  drawing  the  inference  that 

HA  :AM=OA':A'M, 
H'A'  :A'M=OA  -.AM, 
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he  proceeds  to  state  the  problem  in  the  following  form,  slightly 
generalising  it  by  the  substitution  of  any  given  straight  line  for 
OA  or  OA'i 

Given  a  straight  line  AA\  its  extremities  A,  A\  a  ratio  G :  D, 
and  another  straight  line  as  AK,  to  divide  AA'  at  M  and  to  find 
two  points  jff,  H'  on  A' A  and  A  A'  produced  respectively  so  that 
the  following  relations  may  hold  simultaneously, 

C:D=^HM:MH'\   (a), 

HA  :AM=AK:A'M      (^), 

H'A'  :A'M=AK:AM  )   (7). 

Analysis. 

Suppose  the  problem  solved  and  the  points  M,  H,  H'  all 
found. 

Place  AK  at  right  angles  to  AA\  and  draw  A'K'  parallel 
and  equal  to  AK,  Join  KM,  K'M,  and  produce  them  to  meet 
K'A\  KA  respectively  in  E,  F.  Join  KK\  draw  EG  through 
E  parallel  to  A' A  meeting  KF  in  (?,  and  through  M  draw  QMN 
parallel  to  AK  meeting  EG  in  Q  and  KK'  in  N, 
Now  HA:AM=  A'K'  :  A'M,  by  (^), 

-FA  \  AM,hy  similar  triangles, 
whence  HA  =  FA, 

Similarly  H'A'  =  A'E. 

Next, 
FA-\-AM:  A'K'  +  A'M=AM :  A'M 

=  AK -hAM:  EA'  +  A'M,  by  similar  triangles. 
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Therefore 

(FA  +  AM) .  (EA'  +  A'M)  =  (KA  +  AM) .  (K'A'  +  ^'Jlf ). 
Take  ^i?  along  AH  and  il'jR'  along  A'H'  such  that 

Then,  since  FA  +  J.if  =  HM,  EA'  +  J.'ilf  =  MH\  we  have 

HM,MH'  =  RM.MR' (S). 

(Thus,  if  iJ  falls  between  ^  and  H,  R'  falls  on  the  side  of  H' 
remote  from  A'y  and  vice  versa.) 


F 
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Now  0  :  i)  =  jffJf  :  MH\  by  hypothesis, 

=  i^if.i^fi^':ifir'^  by  (S). 

Measure  MV  along  J/iV  so  that  MV=A'M,  Join  ^'F  and 
produce  it  both  ways.  Draw  RP,  R'P'  perpendicular  to  RR' 
meeting  JL'F  produced  in  P,  P'  respectively.  Then,  the  angle 
MA'V  being  half  a  right  angle,  PP'  is  given  in  position,  and, 
since  i2,  R'  are  given,  so  are  P,  P'. 

And,  by  parallels, 

P'V:PV=^R'M:MR. 
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Therefore      PV.P'V:  PV'^RM.  MR'  :  RM\ 

But  pr  =  2i^i^f^ 

Therefore  PV,P'V=2RM,MR\ 

And  it  was  shown  that 

RM.MR'  :MH''  =  C:R 

Hence  PV,  P'V  :  MH''  =  2(7  :  D. 

But  MH'  =  A'M^-A'E^  VM-¥MQ=  QV. 

Therefore       QV^ :  PV.P'V  =  i)  :  20,  a  given  ratio. 
Thus,  if  we  take  a  line  p  such  that 

D  :  2(7  =  ^  :PP'*, 
and  if  we  describe  an  ellipse  with  PP'  as  a  diameter  and  p  as 
the  corresponding  parameter  [=  DD'^jPP'  in  the  ordinary 
notation  of  geometrical  conies],  and  such  that  the  ordinates  to 
PP'  are  inclined  to  it  at  an  angle  equal  to  half  a  right  angle, 
i.e.  are  parallel  to  QF  or  AK,  then  the  ellipse  will  pass 
through  Q. 

Hence  Q  lies  on  an  ellipse  given  in  position. 
Again,  since  EK  is  a  diagonal  of  the  parallelogram  GK\ 
GQ.qN=AA\A'K'. 

If  therefore  a  rectangular  hyperbola  be  described  with  KG, 
KK'  as  asymptotes  and  passing  through  A\  it  will  also  pass 
through  Q, 

Hence  Q  lies  on  a  given  rectangular  hjrperbola. 

Thus  Q  is  determined  as  the  intersection  of  a  given  ellipse 

*  There  is  a  mistake  in  the  Greek  text  here  which  seems  to  have  escaped  the 
notice  of  all  the  editors  up  to  the  present.  The  words  are  ia,v  apa  Tron^a-oofiep,  ws 
T^v  A  7rp6s  rV  5i7rXa<T/a»'  tt)s  F,  o\jTWi  rrjv  TT  irpb^  aWrfv  tlvo.  ws  t^v  #,  i.e.  (with 
the  lettering  above)  "  If  we  take  a  length  p  such  that  D  :  2(7  =  PP'  :  jp."  This 
cannot  be  right,  because  we  should  then  have 

Qy^  :  FV .  P'V  =z  PP'  :  p, 
whereas  the  two  latter  terms  should  be  reversed,  the  correct  property  of  the 
ellipse  being 

QF2  :  PV.P'V^f  :  PP\  [Apollonius  I.  21] 

The  mistake  would  appear  to  have  originated  as  far  back  as  Eutocius,  but  I 
think  that  Eutocius  is  more  likely  to  have  made  the  slip  than  Diodes  himself, 
because  any  intelligent  mathematician  would  be  more  likely  to  make  such  a  slip 
in  writing  out  another  man's  work  than  to  overlook  it  if  made  by  another. 
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and  a  given  hyperbola,  and  is  therefore  given.  Thus  M  is 
given,  and  H,  H'  can  at  once  be  found. 

Synthesis. 

Place  AA',  AK  at  right  angles,  draw  A'K'  parallel  and 
equal  to  AK,  and  join  KK'. 

Make  AR  (measured  along  A^A  produced)  and  A'R' 
(measured  along  AA'  produced)  each  equal  to  AK,  and 
through  ii,  R'  draw  perpendiculars  to  RR\ 

Then  through  A'  draw  PP'  making  an  angle  {AA'P)  with 
AA^  equal  to  half  a  right  angle  and  meeting  the  perpendiculars 
just  drawn  in  P,  P'  respectively. 

Take  a  length  p  such  that 

P:2(7  =  p:PP'*, 

and  with  PP'  as  diameter  and  p  as  the  corresponding  parameter 
describe  an  ellipse  such  that  the  ordinates  to  PP'  are  inclined 
to  it  at  an  angle  equal  to  AA'P,  i.e.  are  parallel  to  AK, 

With  asymptotes  KA,  KK'  draw  a  rectangular  hyperbola 
passing  through  A\ 

Let  the  hyperbola  and  ellipse  meet  in  Q,  and  from  Q  draw 
QMVN  perpendicular  to  AA'  meeting  AA'  in  i/,  PP'  in  V 
and  KK'  in  N.  Also  draw  GQE  parallel  to  AA'  meeting  AK, 
A'K'  respectively  in  (?,  E, 

Produce  KA,  K'M  to  meet  in  P. 

Then,  from  the  property  of  the  hyperbola, 

Oq,QN^AA',A'K', 

and,  since  these  rectangles  are  equal,  KME  is  a  straight  line. 

Measure  AH  along  AR  equal  to  AF,  and  A'H'  along  A'R' 
equal  to  A'E, 

From  the  property  of  the  ellipse, 

QV':PV,P'V^p:PP' 

=  P:2a 

*  Here  too  the  Greek  text  repeats  the  same  error  as  that  noted  on  p.  77. 
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And,  by  parallels, 

PV:P'V  =  RM:R'M, 

or  PV.P'V:P'V'  =  RM.MB':R'M', 

while  P'F'  =  2i^'i^f^  since  the  angle  RA'P  is  half  a  right 
angle. 

Therefore  PV.P'V=2RM.MR', 

whence  QV  :  2RM.  MR'  =  D:2C. 

But  QV=EA'  +  A'M=MH'. 

Therefore  RM.MR':  MH"  =  G:B. 

Again,  by  similar  triangles, 

FA  +  AM:  K'A'  +  A'M  =^AM:  A'M 

=  KA+AM:EA'  +  A'M. 
Therefore 

(FA  +AM).iEA'  +  A'M)  =  (KA  +AM).  (K'A'  +  A'M) 

or  HM .  MH'  =  RM .  MR'. 

It  follows  that 

HM.MH':MH''  =  C:D, 

or  HM:MH'  =  C:D (a). 

Also  HA:AM=^FA:AM, 

=  A'K':  A' M,hyaimi\&r 

triangles . . .  (;6), 
and  H'A' :  A'M=  EA' :  A'M 

^AK:AM (7). 

Hence  the  points  M,  H,  H'  satisfy  the  three  given 
relations.] 

Proposition  5.     (Problem.) 

To  construct  a  segment  of  a  sphere  similar  to  one  segment 
and  equal  in  volume  to  another. 

Let  ABB'  be  one  segment  whose  vertex  is  A  and  whose 
base  is  the  circle  on  BB'  as  diameter;  and  let  BEF  be  another 
segment  whose  vertex  is  D  and  whose  base  is  the  circle  on  EF 
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as  diameter.  Let  AA\  BW  be  diameters  of  the  great  circles 
passing  through  BB\  EF  respectively,  and  let  0,  C  be  the 
respective  centres  of  the  spheres. 

Suppose  it  required  to  draw  a  segment  similar  to  DEF  and 
equal  in  volume  to  ABB\ 

Analysis.  Suppose  the  problem  solved,  and  let  def  be  the 
required  segment,  d  being  the  vertex  and  ef  the  diameter  of 
the  base.  Let  dd^  be  the  diameter  of  the  sphere  which  bisects 
ef  at  right  angles,  c  the  centre  of  the  sphere. 


Let  if,  G,  g  be  the  points  where  BB\  EF,  ef  are  bisected 
at  right  angles  by  AA\  BD\  dd*  respectively,  and  produce  OA, 
CD,  cd  respectively  to  H,  K,  k,  so  that 

OA'+A'M:A'M^HM:MA\ 

aD'  +  D'G:D'0=^KG:OD 

cd^  -f  d^g  :  d'g  =  hg  :  gd 

and  suppose  cones  formed  with  vertices  H,  K,  k  and  with  the 
same  bases  as  the  respective  segments.  The  cones  will  then  be 
equal  to  the  segments  respectively  [Prop.  2]. 

Therefore,  by  hypothesis, 

the  cone  HBB'  =  the  cone  kef 
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Hence 

(circle  on  diameter  BB')  :  (circle  on  diameter  ef)  =  kg  :  HM, 

so  that  BB'':ef'  =  kg:HM (1). 

But,  since  the  segments  DEF,  def  are  similar,  so  are  the 
cones  KEF,  kef. 

Therefore  KQ\EF=^  kg :  ef. 

And  the  ratio  KG  :  EF  is  given.    Therefore  the  ratio  kg  :  ef 
is  given. 

Suppose  a  length  R  taken  such  that 

kg:ef^HM:R (2). 

Thus  R  is  given. 

Again,  since    kg:HM^  BB"  :  ef  ^ef:R,  by  (1)  and  (2), 
suppose  a  length  S  taken  such  that 

ef'  =  BB\S, 
or  BB'''.ef=^BB':8. 

Thus  BB':ef^ef:S  =  S:R, 

and  ef  8  are  two  mean  proportionals  in  continued  proportion 
between  BB\  R. 

Synthesis.  Let  ABB\  DEF  be  great  circles,  AA\  DD' 
the  diameters  bisecting  BB\  EF  at  right  angles  in  if,  G 
respectively,  and  0,  G  the  centres. 

Take  H,  K  in  the  same  way  as  before,  and  construct  the 
cones  HBB\  KEF,  which  are  therefore  equal  to  the  respective 
segments  ABB\  DEF. 

Let  iJ  be  a  straight  line  such  that 

KG\EF=^HM:R, 
and  between  BB\  R  take  two  mean  proportionals  ef  8. 

On  e/as  base  describe  a  segment  of  a  circle  with  vertex  d 
and  similar  to  the  segment  of  a  circle  DEF.  Complete  the 
circle,  and  let  dd'  be  the  diameter  through  d,  and  c  the  centre. 
Conceive  a  sphere  constructed  of  which  def  is  a  great  circle, 
and  through  ef  draw  a  plane  at  right  angles  to  dd\ 
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Then  shall  def  be  the  required  segment  of  a  sphere. 

For  the  segments  DEF,  def  of  the  spheres  are  similar,  like 
the  circular  segments  DEF,  def. 

Produce  cd  to  h  so  that 

cd^ +  d'g  :  d'g  =  kg  :  gd. 
The  cones  KEF,  kef  are  then  similar. 

Therefore        kg  :  ef=KG  :  EF=^HM  :  R, 
whence  kg :  HM  =ef:R. 

But,  since  BB\  ef  S,  R  are  in  continued  proportion, 
BB'':ef'  =  BB':S 
=  ef:R 
=  kg:HM, 

Thus  the  bases  of  the  cones  HBB\  kef  are  reciprocally 
proportional  to  their  heights.  The  cones  are  therefore  equal, 
and  def  is  the  segment  required,  being  equal  in  volume  to  the 
cone  kef  [Prop.  2] 

Proposition  6.    (Problem.) 

Given  two  segments  of  spheres,  to  find  a  third  segment  of  a 
sphere  similar  to  one  of  the  given  segments  and  having  its 
surface  equal  to  that  of  the  other. 

Let  ABB'  be  the  segment  to  whose  surface  the  surface  of 
the  required  segment  is  to  be  equal,  ABA'B'  the  great  circle 
whose  plane  cuts  the  plane  of  the  base  of  the  segment  ABB'  at 
right  angles  in  BB\  Let  A  A'  be  the  diameter  which  bisects 
BB'  at  right  angles. 

Let  DEF  be  the  segment  to  which  the  required  segment 
is  to  be  similar,  DEDT  the  great  circle  cutting  the  base  of  the 
segment  at  right  angles  in  EF.  Let  DD'  be  the  diameter 
bisecting  EF  at  right  angles  in  0. 

Suppose  the  problem  solved,  def  being  a  segment  similar 
to  DEF  and  having  its  surface  equal  to  that  of  ABB';  and 
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complete  the  figure  for  def  as  for  DEF,  corresponding  points 
being  denoted  by  small  and  capital  letters  respectively. 


Join  AB,  DF,  df. 

Now,  since  the  surfaces  of  the  segments  def,  ABB^  a|*e  equal, 
so  are  the  circles  on  df,  AB  as  diameters ;  [I.  42,  43] 

that  is,  df=  AB. 

From  the  similarity  of  the  segments  DEF,  def  we  obtain 

d'd:dg  =  D'D:DO, 

and  dg:df=^DG:DF] 

whence  d'd  :  df=  D'D  :  DF, 

or  d'd:AB==D'D:DF. 

But  AB,  D'D,  DF  are  all  given ; 

therefore  d'd  is  given. 

Accordingly  the  synthesis  is  as  follows. 

Take  d'd  such  that 

d'd  :  AB  =^  D'D  :  DF. (1). 

Describe  a  circle  on  d'd  as  diameter,  and  conceive  a  sphere 
constructed  of  which  this  circle  is  a  great  circle. 

6—2 
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Divide  d'd  a>t  g  so  that 

d'g:gd^B'G:QD, 
and  draw  through  g  a  plane  perpendicular  to  d^d  cutting  off 
the  segment  def  of  the  sphere  and  intersecting  the  plane  of  the 
great  circle  in  ef.    The  segments  def,  DEF  are  thus  similar, 
and  dg  idf^DQiDF. 

But  from  above,  componendo, 

d'd  :  dg  =  D'D  :  DO. 

Therefore,  ex  aequali,    d'd  :  df=  D'D  :  DF. 
whence,  by  (1),  d/=  AB. 

Therefore  the  segment  def  has  its  surface  equal  to  the 
surface  of  the  segment  ABE  [I.  42,  43],  while  it  is  also  similar 
to  the  segment  DEF. 

Proposition  7.     (Problem,) 

From  a  given  sphere  to  cut  off  a  segment  by  a  plane  so  that 
the  segment  may  have  a  given  ratio  to  the  cone  which  has  the  same 
base  as  the  segment  and  equal  height. 

Let  AA^  be  the  diameter  of  a  great  circle  of  the  sphere. 
It  is  required  to  draw  a  plane  at  right  angles  to  AA^  cutting 
off  a  segment,  as  ABB\  such  that  the  segment  ABB'  has  to 
the  cone  ABB'  a  given  ratio. 

Analysis. 

Suppose  the  problem  solved,  and  let  the  plane  of  section 
cut  the  plane  of  the  great  circle  in  BB',  and  the  diameter 
AA'  in  M,     Let  0  be  the  centre  of  the  sphere. 


--F 


Produce  OA  to  H  so  that 

OA'  +  A'M  :  A'M=^HM  :  MA. 


.(1). 
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Thus  the  cone  HBB^  is  equal  to  the  segment  ABB\    [Prop.  2] 

Therefore  the  given  ratio  must  be  equal  to  the  ratio  of  the 
cone  HBB'  to  the  cone  ABB\  i.e.  to  the  ratio  HM ;  MA. 

Hence  the  ratio  OA'  +  A'M:  A'M  is  given;  and  therefore 
A'M  is  given. 

Now  OA' :  A'M  >  OA'  :  A' A, 

so  that  OA'  +  A'M :  A'M  >  OA'  +  A' A  :  A' A 

>3:2. 

Thus,  in  order  that  a  solution  may  he  possible ,  it  is  a 
necessary  condition  that  the  given  ratio  must  be  greater  than 
3:2. 

The  synthesis  proceeds  thus. 

Let  AA'  be  a  diameter  of  a  great  circle  of  the  sphere,  0  the 
centre. 

Take  a  line  DE,  and  a  point  F  on  it,  such  that  DE  :  EF  is 
equal  to  the  given  ratio,  being  greater  than  3  :  2. 

Now,  since         OA'  +  A' A  :  A' A  =3:2, 

DE:EF>OA'  +  A'A  :  A'A, 
so  that  DF :  FE  >  OA' :  A' A. 

Hence  a  point  M  can  be  found  on  AA'  such  that 

DF:FE=OA'  :A'M. (2). 

Through  M  draw  a  plane  at  right  angles  to  AA'  intersecting 
the  plane  of  the  great  circle  in  BB\  and  cutting  off  from  the 
sphere  the  segment  ABB'. 

As  before,  take  H  on  OA  produced  such  that 

OA'  +  A'M:A'M  =  HM:MA. 

Therefore  HM  :MA=DE:  EF,  by  means  of  (2). 

It  follows  that  the  cone  HBB',  or  the  segment  ABB\  is  to 
the  cone  ABB'  in  the  given  ratio  DE :  EF. 
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Proposition  8. 

If  a  sphere  be  cut  by  a  plane  not  passing  through  the  centre 
into  two  segments  A^BB\  ABB\  of  which  A'BB^  is  the  greater, 
then  the  ratio 

(segmt.  A'BB')  :  {segmt.  ABB') 

<  {surface  of  A'BBJ :  {surface  of  ABBJ 
but  >  {surface  of  A'BBJ :  {surface  ofABEf"", 

Let  the  plane  of  section  cut  a  great  circle  A'BAB'  at  right 
angles  in  BB\  and  let  AA'  be  the  diameter  bisecting  BE  at 
right  angles  in  if. 

Let  0  be  the  centre  of  the  sphere. 
Join  A'B,  AB. 


As  usual,  take  H  on  OA  produced,  and  H'  on  OA'  produced, 
so  that 

OA'^A'MxA'M^HM:MA (1), 

OA^-AMxAM^H'MxMA' (2), 

and  conceive  cones  drawn  each  with  the  same  base  as  the  two 
segments  and  with  apices  if,  H'  respectively.  The  cones  are 
then  respectively  equal  to  the  segments  [Prop.  2],  and  they 
are  in  the  ratio  of  their  heights  HM,  H'M, 

Also 

(surface  of  A'BB') :  (surface  of  ABB')  =  A'B' :  AB'     [I.  42,  43] 

=  A'M:AM. 

*  This  is  expressed  in  Archimedes'  phrase  by  saying  that  the  greater  seg- 
ment has  to  the  lesser  a  ratio  "less  than  the  duplicate  {dnrXdonov)  of  that  which 
the  surface  of  the  greater  segment  has  to  the  surface  of  the  lesser,  but  greater 
than  the  sesquialterate  {^fuoKiou)  [of  that  ratio]." 
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We  have  therefore  to  prove 

(a)  that  H'M  :  MH  <  A'M' :  MA\ 

(b)  that  H'M :  MH  >  A'Mi :  MAI 

(a)  From  (2)  above, 

A'M  :  AM  =  H'M  -.OA+AM 

=  H'A' :  OA',  since  OA  =  OA'. 

Since  A'M>  AM,  H'A'  >  OA' ;  therefore,  if  we  take  K  on 
H'A'  so  that  OA'  =  A'K,  K  will  fall  between  H'  and  A'. 

And,  by  (1),        A'M  :  AM=  KM  :  MH. 

Thus  KM:MH  =  H'A' :  A'K,  since  A'K  =  OA', 

>  H'M :  MK. 

Therefore  H'M.  MH  <  KM\ 

It  follows  that 

H'M.  MH  :  MH'  <  KM'  :  MH\ 

or  H'M  :  MH  <  KM' :  MH' 

<  A'M'  :  AM',  by  (1). 

(b)  Since     OA'  =  OA, 

A'M.MAkA'O.OA, 
or  A'M:0A'<0A:AM 

<  H'A' :  A'M,  by  means  of  (2). 
Therefore                     A'M'<  H'A' .  OA' 

<  H'A' .  A'K. 
Take  a  point  N  on  A' A  such  that 

A'N'  =  H'A'.A'K. 

Thus  H'A':  A'K  ^A'N':  A'K'    (3). 

Also  H'A ':A'N  =  A'N :  A'K, 

and,  componendo, 

H'N  :  A'N=  NK :  A'K, 
whence  A'N' :  A'K'  =  H'N' :  NK'. 
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Therefore,  by  (3), 

Now  H'M:MK>H'N:  NK, 

Therefore       H'M'' :  MK^ > HA' :  A'K 

>  H'A' :  OA' 

>  A'M:  MA,  by  (2),  as  above, 
>OA'  +  A'M:MH,hya), 
>KM:MH. 

Hence  H'M' :  MH'  =  {H'M' :  MK') .  {KM' :  MH') 

>  {KM  :  MH) .  (KM' :  MH'). 
It  follows  that 

H'M:MH>KM^:MH^ 

>A'M^:AM^,hy{l), 

[The  text  of  Archimedes  adds  an  alternative  proof  of  this 
proposition,  which  is  here  omitted  because  it  is  in  fact  neither 
clearer  nor  shorter  than  the  above.] 


Proposition  9. 

Of  all  segments  of  spheres  which  have  equal  surfaces  the 
hemisphere  is  the  greatest  in  volume. 

Let  ABA'B'  be  a  great  circle  of  a  sphere,  AA'  being 
a  diameter,  and  0  the  centre.  Let  the  sphere  be  cut  by 
a  plane,  not  passing  through  0,  perpendicular  to  AA'  (at  M)^ 
and  intersecting  the  plane  of  the  great  circle  in  BB\  The 
segment  ABB'  may  then  be  either  less  than  a  hemisphere  as 
in  Fig.  1,  or  greater  than  a  hemisphere  as  in  Fig.  2, 

Let  DED'E'  be  a  great  circle  of  another  sphere,  DD' 
being  a  diameter  and  C  the  centre.  Let  the  sphere  be  cut  by 
a  plane  through  C  perpendicular  to  DD'  and  intersecting  the 
plane  of  the  great  circle  in  the  diameter  EE'. 
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Suppose  the  surfaces  of  the  segment  ABB'  and  of  the 
hemisphere  DEE^  to  be  equal. 


Since  the  surfaces  are  equal,  AB  =  DE.  [I.  42,  43] 

Now,  in  Fig.  1,    AB'  >  2AM'  and  <  2A0\ 
and,  in  Fig.  2,  AB'  <  2AM'  and  >  2A0\ 

Hence,  if  R  be  taken  on  AA^  such  that 
AR'==^AB\ 
R  will  fall  between  0  and  M. 

Also,  since  AB'=^DE\    AR:=  CD, 

Produce  OA'  to  K  so  that  OA'  =  A'K,  and  produce  A' A  to 
jy  so  that 

A'K:A'M  =  HA:AM, 

or,  componendo,    A'K-^-  A'M \  A'M=-HM\  MA (1). 

Thus  the  cone  HBB^  is  equal  to  the  segment  ABB\ 

[Prop.  2] 

Again,  produce  CD  to  F  so  that  CD  =  D^F^,  and  the  cone 
FEE'  will  be  equal  to  the  hemisphere  DEE\  [Prop.  2] 

Now  AR.RA'>AM,MA\ 

and  ^E'  =  iilS'  =  J^if .  -44'  =  AM .  4'^. 
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Hence 

AR.RA'  +  RA'>AM.MA'  +  AM.A'K, 
or  AA'.AR>AM.MK 

>HM.A'M,  by  (1). 
Therefore      AA' :  A'M  >  HM :  AR, 
or  AB' :  BM' >  HM  :  AR, 

i. e.  AR^:  BM^  >  HM :  2AR,  since  AB"  =  2AR', 

>HM:GF. 
Thus,  since  AR==GD,  or  (7^, 

(circle  on  diam.  EE')  :  (circle  on  diam.  BB')  >  HM :  OF. 
It  follows  that 

(the  cone  FEE')  >  (the  cone  HBB'), 

and  therefore  the  hemisphere  DEE'  is  greater  in  volume  than 
the  segment  ABB'. 


MEASUREMENT   OF  A   CIRCLE. 

Proposition  1. 

The  area  of  any  circle  is  equal  to  a  right-angled  triangle  in 
which  one  of  the  sides  about  the  right  angle  is  equal  to  the  radius, 
and  the  other  to  the  circumference,  of  the  circle. 

Let  ABGD  be  the  given  circle,  K  the  triangle  described. 


I 

J^ 

^^^ 

^ 
/ 

K. 

\ 

C 

) 

B 

^"^^.^ 

c 

Then,  if  the  circle  is  not  equal  to  K,  it  must  be  either 
greater  or  less. 

I.     If  possible,  let  the  circle  be  greater  than  K. 

Inscribe  a  square  ABGD,  bisect  the  arcs  AB,  BG,  GD,  DA, 
then  bisect  (if  necessary)  the  halves,  and  so  on,  until  the  sides 
of  the  inscribed  polygon  vrhose  angular  points  are  the  points  of 
division  subtend  segments  whose  sum  is  less  than  the  excess  of 
the  area  of  the  circle  over  K, 
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Thus  the  area  of  the  polygon  is  greater  than  K, 

Let  AE  be  any  side  of  it,  and  ON  the  perpendicular  onAE 
from  the  centre  0. 

Then  ON  is  less  than  the  radius  of  the  circle  and  therefore 
less  than  one  of  the  sides  about  the  right  angle  in  K,  Also  the 
perimeter  of  the  polygon  is  less  than  the  circumference  of  the 
circle,  i.e.  less  than  the  other  side  about  the  right  angle  in  K, 

Therefore  the  area  of  the  polygon  is  less  than  K ;  which  is 
inconsistent  with  the  hypothesis. 

Thus  the  area  of  the  circle  is  not  greater  than  K. 

II.     If  possible,  let  the  circle  be  less  than  K, 

Circumscribe  a  square,  and  let  two  adjacent  sides,  touching 
the  circle  in  E^  H,  meet  in  T,  Bisect  the  arcs  between  adjacent 
points  of  contact  and  draw  the  tangents  at  the  points  of 
bisection.  Let  A  be  the  middle  point  of  the  arc  EH,  and  FA  G 
the  tangent  at  A, 

Then  the  angle  TAG  is  a  right  angle. 

Therefore  TG  >  GA 

>GH. 

It  follows  that  the  triangle  FTG  is  greater  than  half  the  area 
TEAH. 

Similarly,  if  the  arc  AH  he  bisected  and  the  tangent  at  the 
point  of  bisection  be  drawn,  it  will  cut  off  from  the  area  GAH 
more  than  one-half. 

Thus,  by  continuing  the  process,  we  shall  ultimately  arrive 
at  a  circumscribed  polygon  such  that  the  spaces  intercepted 
between  it  and  the  circle  are  together  less  than  the  excess  of 
K  over  the  area  of  the  circle. 

Thus  the  area  of  the  polygon  will  be  less  than  K. 

Now,  since  the  perpendicular  from  0  on  any  side  of  the 
polygon  is  equal  to  the  radius  of  the  circle,  while  the  perimeter 
of  the  polygon  is  greater  than  the  circumference  of  the  circle, 
it  follows  that  the  area  of  the  polygon  is  greater  than  the 
triangle  K;  which  is  impossible. 
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Therefore  the  area  of  the  circle  is  not  less  than  K. 
Since  then  the  area  of  the  circle  is  neither  greater  nor  less 
than  K,  it  is  equal  to  it. 


Proposition  2. 

The  area  of  a  circle  is  to  the  square  on  its  diameter  as  11 
to  14. 

[The  text  of  this  proposition  is  not  satisfactory,  and  Archi- 
medes cannot  have  placed  it  before  Proposition  3,  as  the 
approximation  depends  upon  the  result  of  that  proposition,] 


Proposition  3. 

The  ratio  of  the  circumference  of  any  circle  to  its  diameter 
is  less  than  3|  but  greater  than  3|f . 

[In  view  of  the  interesting  questions  arising  out  of  the 
arithmetical  content  of  this  proposition  of  Archimedes,  it  is 
necessary,  in  reproducing  it,  to  distinguish  carefully  the  actual 
steps  set  out  in  the  text  as  we  have  it  from  the  intermediate 
steps  (mostly  supplied  by  Eutocius)  which  it  is  convenient  to 
put  in  for  the  purpose  of  making  the  proof  easier  to  follow. 
Accordingly  all  the  steps  not  actually  appearing  in  the  text 
have  been  enclosed  in  square  brackets,  in  order  that  it  may  be 
clearly  seen  how  far  Archimedes  omits  actual  calculations  and 
only  gives  results.  It  will  be  observed  that  he  gives  two 
fractional  approximations  to  ^/S  (one  being  less  and  the  other 
greater  than  the  real  value)  without  any  explanation  as  to  how 
he  arrived  at  them ;  and  in  like  manner  approximations  to  the 
square  roots  of  several  large  numbers  which  are  not  complete 
squares  are  merely  stated.  These  various  approximations  and 
the  machinery  of  Greek  arithmetic  in  general  will  be  found 
discussed  in  the  Introduction,  Chapter  IV.] 

I.  Let  AB  be  the  diameter  of  any  circle,  0  its  centre,  AC 
the  tangent  at  A  ;  and  let  the  angle  AOC  be  one-third  of  a 
right  angle. 
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Then  OA  :  .10[=  V3  :  1]  >265  :  153 (1), 

and  0O:C^[=2:l]  =  306:153 (2). 

First,  draw  OD  bisecting  the  angle  AOG  and  meeting  AG 
inD. 

Now  GO:OA  =  GD:  DA,  [Eucl.  VI.  3] 

so  that  [GO  +  OA:OA  =  CA:  DA,  or] 

GO  +  OA  :CA  =  OA  -.AD. 

Therefore  [by  (1)  and  (2)] 

OA  ■.AD>5n  :lo3 (3). 

Hence  OD' :  AD'  [=  {OA'  +  AD') :  AD' 

>(57r+163'):153T 

>  349450  :  23409, 

so  that  OD:  DA>oQl^:  153  (4). 


Secondly,  let  OE  bisect  the  angle  AOD,  meeting  AD  in  E. 
[Then  DO  :  OA=DE  :  EA, 

so  that        DO  +  OA:DA  =  OA:  AE.] 

Therefore       OA  :  AE[>  (591^  +  571)  :  153,  by  (3)  and  (4)] 
>1162i:153 (5). 
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[It  follows  that 

OE^  :  EA'  >  {(1162|)^  + 153'}  :  153^ 

>  (135053411  +  23409)  :  23409 

>  137394311 :  23409.] 

Thus  OE:EA>  1172|  :  153 (6). 

Thirdly,  let  OF  bisect  the  angle  AOE  and  meet  AE  in  F. 

We  thus  obtain  the  result  [corresponding  to  (3)  and  (5) 

above]  that 

OA  :  -4i^[>(1162^  +  ll72i)  :  153] 

>2334i:153 (7). 

[Therefore     OF' :  FA'  >  {(2334^^  + 153*}  :  153* 

>  5472132^^  :  23409.] 

Thus  OF  :  i^-4  >2339i  :  153 (8). 

Fourthly,  let  OG  bisect  the  angle  AOF,  meeting  AF  in  G. 
We  have  then 
OA:AG[>  (2334J  +  2339^)  :  153,  by  means  of  (7)  and  (8)] 
>4673i:153. 

Now  the  angle  AOG,  which  is  one-third  of  a  right  angle, 
has  been  bisected  four  times,  and  it  follows  that 

ZA0G  =  ^^  (a  right  angle). 

Make  the  angle  A  OH  on  the  other  side  of  OA  equal  to  the 
angle  AOG,  and  let  GA  produced  meet  OH  in  H, 

Then  zGOH==  ^^  (a  right  angle). 

Thus  GH  is  one  side  of  a  regular  polygon  of  96  sides  cir- 
cumscribed to  the  given  circle. 

And,  since  OA  :  AG  >  4673^  :  153, 

while  AB  =  20A,     GH  =  2AG, 

it  follows  that 
AB  :  (perimeter  of  polygon  of  96  sides)  [>  4673^  :  153  x  96] 

>4673|:  14688. 
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But 


14688 
4673^^ 


=  3  + 


<3  + 
<3f 


4673J 
6671' 
46721 


Therefore  the  circumference  of  the  circle  (being  less  than 
the  perimeter  of  the  polygon)  is  a  fortiori  less  than  3f  times 
the  diameter  AB. 

II.  Next  let  AB  be  the  diameter  of  a  circle,  and  let  AC, 
meeting  the  circle  in  C,  make  the  angle  GAB  equal  to  one-third 
of  a  right  angle.    Join  BG. 

Then  AG  :  GB  [=  V3  :  1]  <  1351  :  780. 

First,  let  AD  bisect  the  angle  BAG  and  meet  BG  in  d  and 
the  circle  in  D.    Join  BD. 

Then  zBAD=ZdAG 

=  Z  dBB, 
and  the  angles  at  D,  G  are  both  right  angles. 

It  follows  that  the  triangles  ABB,  [AGd],  BDd  are  similar. 


Therefore 


AD:DB=BD:Bd 

[=  AG :  Gd-\ 
=  AB:Bd 


[Eucl.  VI.  3] 


or 


=  AB  +  AG:Bd  +  Gd 
=AB+AG:BG 
BA  +  AG:BG  =  AD:DB. 
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[But  AC  :  OB <1351  :  780,  from  above, 

while  BA:BC  ==2:1 

=  1560  :  780.] 

Therefore  AD:DB<2m  :  780 (1). 

[Hence  ^^'^ :  jBD'  <  (291 1'  +  780")  :  780' 

<  9082321  :  608400.] 
Thus  AB:BD<S013l  :  780 (2). 

Secondly,  let  AE  bisect  the  angle  BAD,  meeting  the  circle 
in  E ;  and  let  BE  be  joined. 

Then  we  prove,  in  the  same  way  as  before,  that 

AE:EB[==BA+AD:BD 

<  (3013f  +  2911)  :  780,  by  (1)  and  (2)] 

<  59241  :  780 

<  5924|  X  j\  :  780  X  ^ 

<1823  :240 (3). 

[Hence        AB'  :  BE''  <  (1823'  +  240'')  :  240' 
<  3380929  :  57600.] 

Therefore  ^.5  :  5^  <  1838^^  :  240 (4). 

Thirdly,  let   AF  bisect   the  angle   BAE,  meeting  the  circle 
in  F. 

Thus  AF  :  FB  [=  BA-{-AE:  BE 

<  3661^  :  240,  by  (3)  and  (4)] 

<  3661t\  X  \h  ■■  240  X  ^ 
<1007  -.m (5). 

[It  follows  that 

AB^  :  BF'  <  (1007='  +  66')  :  66' 

<  1018405  :  4356.] 

Therefore  AB  :  BF<  1009^  :  66 (6). 

Fourthly,  let  the  angle  BAF  be  bisected  by  ^G'  meeting  the 
circle  in  0. 

Then  AG  :  OB  [=  BA  +  AF  :  BF] 

<  2016^  :  66,  by  (5)  and  (6). 
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[And  AB' :  BO'  <  {(2016^)^  +  66^}  :  66^ 

Therefore        AB  :  BG  <  2017^  :  66, 

whence  BG:AB>6Q:  2017^ (7). 

[Now  the  angle  BAG  which  is  the  result  of  the  fourth  bisection 
of  the  angle  BACy  or  of  one-third  of  a  right  angle,  is  equal  to 
one-fortyeighth  of  a  right  angle. 

Thus  the  angle  subtended  by  BO  at  the  centre  is 
^  (a  right  angle).] 

Therefore  BO  is  a  side  of  a  regular  inscribed  polygon  of  90 
sides. 

It  follows  from  (7)  that 

(perimeter  of  polygon)  :  AB  [>  96  x  66  :  2017^] 

>6336  :20l7i. 

And  2orri>'^^- 

Much  more  then  is  the  circumference  of  the  circle  greater  than 
3ff  times  the  diameter. 

Thus  the  ratio  of  the  circumference  to  the  diameter 

<  ^  but  >  3ff . 
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Introduction^. 


"Archimedes  to  Dositheus  greeting. 

In  this  book  I  have  set  forth  and  send  you  the  proofs  of  the 
remaining  theorems  not  included  in  what  I  sent  you  before,  and 
also  of  some  others  discovered  later  which,  though  I  had  often 
tried  to  investigate  them  previously,  I  hM  failed  to  arrive  at 
because  I  found  their  discovery  attended  with  some  difficulty. 
And  this  is  why  even  the  propositions  themselves  were  not 
published  with  the  rest.  But  afterwards,  when  I  had  studied 
them  with  greater  care,  I  discovered  what  I  had  failed  in 
before. 

Now  the  remainder  of  the  earlier  theorems  were  propositions 
concerning  the  right-angled  conoid  [paraboloid  of  revolution] ; 
but  the  discoveries  which  I  have  now  added  relate  to  an  obtuse- 
angled  conoid  [hyperboloid  of  revolution]  and  to  spheroidal 
figures,  some  of  which  I  call  oblong  {irapafidKea)  and  others  flat 
{iTTtTrXarea). 

I.  Concerning  the  right-angled  conoid  it  was  laid  down 
that,  if  a  section  of  a  right-angled  cone  [a  parabola]  be  made  to 
revolve   about   the  diameter  [axis]  which  remains  fixed  and 

*  The  whole  of  this  introductory  matter,  including  the  definitions,  is  trans- 
lated literally  from  the  Greek  text  in  order  that  the  terminology  of  Archimedes 
may  be  faithfully  represented.  When  this  has  once  been  set  out,  nothing  will 
be  lost  by  returning  to  modern  phraseology  and  notation.  These  will  accordingly 
be  employed,  as  usual,  when  we  come  to  the  actual  propositions  of  the  treatise. 
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return  to  the  position  from  which  it  started,  the  figure  compre- 
hended by  the  section  of  the  right-angled  cone  is  called  a  light- 
angled  conoid^  and  the  diameter  which  has  remained  fixed 
is  called  its  axis^  while  its  vertex  is  the  point  in  which  the 
axis  meets  (aTrrerai)  the  surface  of  the  conoid.  And  if  a  plane 
touch  the  right-angled  conoid,  and  another  plane  drawn  parallel 
to  the  tangent  plane  cut  off  a  segment  of  the  conoid,  the  base 
of  the  segment  cut  off  is  defined  as  the  portion  intercepted  by 
the  section  of  the  conoid  on  the  cutting  plane,  the  vertex 
[of  the  segment]  as  the  point  in  which  the  first  plane  touches 
the  conoid,  and  the  axis  [of  the  segment]  as  the  portion  cut 
off  within  the  segment  from  the  line  drawn  through  the  vertex 
of  the  segment  parallel  to  the  axis  of  the  conoid. 

The  questions  propounded  for  consideration  were 

(1)  why,  if  a  segment  of  the  right-angled  conoid  be  cut  off 
by  a  plane  at  right  angles  to  the  axis,  will  the  segment  so  cut 
off  be  half  as  large  again  as  the  cone  which  has  the  same  base 
as  the  segment  and  the  same  axis,  and 

(2)  why,  if  two  segments  be  cut  off  from  the  right-angled 
conoid  by  planes  drawn  in  any  manner,  will  the  segments  so  cut 
off  have  to  one  another  the  duplicate  ratio  of  their  axes. 

II.  Respecting  the  obtuse-angled  conoid  we  lay  down  the 
following  premisses.  If  there  be  in  a  plane  a  section  of  an 
obtuse-angled  cone  [a  hyperbola],  its  diameter  [axis],  and  the 
nearest  lines  to  the  section  of  the  obtuse-angled  cone  [ie.  the 
asymptotes  of  the  hyperbola],  and  if,  the  diameter  [axis] 
remaining  fixed,  the  plane  containing  the  aforesaid  lines  be 
made  to  revolve  about  it  and  return  to  the  position  from  which 
it  started,  the  nearest  lines  to  the  section  of  the  obtuse-angled 
cone  [the  asymptotes]  will  clearly  comprehend  an  isosceles  cone 
whose  vertex  will  be  the  point  of  concourse  of  the  nearest  lines 
and  whose  axis  will  be  the  diameter  [axis]  which  has  remained 
fixed.  The  figure  comprehended  by  the  section  of  the  obtuse- 
angled  cone  is  called  an  obtuse-angled  conoid  [hyperboloid  of 
revolution],  its  axis  is  the  diameter  which  has  remained  fixed, 
and  its  vertex  the  point  in  which  the  axis  meets  the  surface 
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of  the  conoid.  The  cone  comprehended  by  the  nearest  lines  to 
the  section  of  the  obtuse-angled  cone  is  called  [the  cone] 
enveloping  the  conoid  {irepLe)((t)v  to  KCDvoeiZes:),  and  the 
straight  line  between  the  vertex  of  the  conoid  and  the  vertex 
of  the  cone  enveloping  the  conoid  is  called  [the  line]  adiJacent 
to  tlie  axis  {TroTeovaa  to3  d^ovi).  And  if  a  plane  touch  the 
obtuse-angled  conoid,  and  another  plane  drawn  parallel  to  the 
tangent  plane  cut  off  a  segment  of  the  conoid,  the  base  of 
the  segment  so  cut  off  is  defined  as  the  portion  intercepted  by 
the  section  of  the  conoid  on  the  cutting  plane,  the  vertex  [of 
the  segment]  as  the  point  of  contact  of  the  plane  which  touches 
the  conoid,  the  axis  [of  the  segment]  as  the  portion  cut  off 
within  the  segment  from  the  line  drawn  through  the  vertex  of 
the  segment  and  the  vertex  of  the  cone  enveloping  the  conoid ; 
and  the  straight  line  between  the  said  vertices  is  called 
adjacent  to  the  axis. 

Right-angled  conoids  are  all  similar;  but  of  obtuse-angled 
conoids  let  those  be  called  similar  in  which  the  cones  enveloping 
the  conoids  are  similar. 

The  following  questions  are  propounded  for  consideration, 

(1)  why,  if  a  segment  be  cut  off  from  the  obtuse-angled 
conoid  by  a  plane  at  right  angles  to  the  axis,  the  segment  so 
cut  off  has  to  the  cone  which  has  the  same  base  as  the  segment 
and  the  same  axis  the  ratio  which  the  line  equal  to  the  sum 
of  the  axis  of  the  segment  and  three  times  the  line  adjacent 
to  the  axis  bears  to  the  line  equal  to  the  sum  of  the  axis  of 
the  segment  and  twice  the  line  adjacent  to  the  axis,  and 

(2)  why,  if  a  segment  of  the  obtuse-angled  conoid  be  cut 
off  by  a  plane  not  at  right  angles  to  the  axis,  the  segment  so 
cut  off  will  bear  to  the  figure  which  has  the  same  base  as 
the  segment  and  the  same  axis,  being  a  segment  of  a  cone* 
{anroTfjiafia  kcovov),  the  ratio  which  the  line  equal  to  the  sum 
of  the  axis  of  the  segment  and  three  times  the  line  adjacent 
to  the  axis  bears  to  the  line  equal  to  the  sum  of  the  axis  of  the 
segment  and  twice  the  line  adjacent  to  the  axis. 

*  A  segment  of  a  cone  is  defined  later  (p.  104). 
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III.  Concerning  spheroidal  figures  we  lay  down  the  follow- 
ing premisses.  If  a  section  of  an  acute-angled  cone  [ellipse]  be 
made  to  revolve  about  the  greater  diameter  [major  axis]  which 
remains  fixed  and  return  to  the  position  from  which  it  started, 
the  figure  comprehended  by  the  section  of  the  acute-angled 
cone  is  called  an  oblong  spheroid  (7rapa/jLaK€<;  (T<f)acpo€tS€<i). 
But  if  the  section  of  the  acute-angled  cone  revolve  about  the 
lesser  diameter  [minor  axis]  which  remains  fixed  and  return 
to  the  position  from  which  it  started,  the  figure  comprehended 
by  the  section  of  the  acute-angled  cone  is  called  a  flat  spheroid 
(iTnirXarv  a<j>avpo€iS€^).  In  either  of  the  spheroids  the  axis 
is  defined  as  the  diameter  [axis]  which  has  remained  fixed,  the 
vertex  as  the  point  in  which  the  axis  meets  the  surface  of  the 
spheroid,  the  centre  as  the  middle  point  of  the  axis,  and  the 
diameter  as  the  line  drawn  through  the  centre  at  right  angles 
to  the  axis.  And,  if  parallel  planes  touch,  without  cutting, 
either  of  the  spheroidal  figures,  and  if  another  plane  be  drawn 
parallel  to  the  tangent  planes  and  cutting  the  spheroid,  the 
base  of  the  resulting  segments  is  defined  as  the  portion  inter- 
cepted by  the  section  of  the  spheroid  on  the  cutting  plane,  tbeir 
vertices  as  the  points  in  which  the  parallel  planes  touch  the 
spheroid,  and  their  axes  as  the  portions  cut  off  within  the 
segments  from  the  straight  line  joining  their  vertices.  And 
that  the  planes  touching  the  spheroid  meet  its  surface  at  one 
point  only,  and  that  the  straight  line  joining  the  points  of 
contact  passes  through  the  centre  of  the  spheroid,  we  shall 
prove.  Those  spheroidal  figures  are  called  similar  in  which 
the  axes  have  the  same  ratio  to  the  *  diameters.'  And  let 
segments  of  spheroidal  figures  and  conoids  be  called  similar  if 
they  are  cut  off  from  similar  figures  and  have  their  bases 
similar,  while  their  axes,  being  either  at  right  angles  to  the 
planes  of  the  bases  or  making  equal  angles  with  the  corre- 
sponding diameters  [axes]  of  the  bases,  have  the  same  ratio 
to  one  another  as  the  corresponding  diameters  [axes]  of  the 
bases. 

The  following  questions  about  spheroids  are  propounded  for 
consideration, 

(1)    why,  if  one  of  the  spheroidal  figures  be  cut  by  a  plane 
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through  the  centre  at  right  angles  to  the  axis,  each  of  the 
resulting  segments  will  be  double  of  the  cone  having  the  same 
base  as  the  segment  and  the  same  axis ;  while,  if  the  plane  of 
section  be  at  right  angles  to  the  axis  without  passing  through 
the  centre,  (a)  the  greater  of  the  resulting  segments  will  bear 
to  the  cone  which  has  the  same  base  as  the  segment  and  the 
same  axis  the  ratio  which  the  line  equal  to  the  sum  of  half  the 
straight  line  which  is  the  axis  of  the  spheroid  and  the  axis  of 
the  lesser  segment  bears  to  the  axis  of  the  lesser  segment,  and 
(6)  the  lesser  segment  bears  to  the  cone  which  has  the  same 
base  as  the  segment  and  the  same  axis  the  ratio  which  the  line 
equal  to  the  sum  of  half  the  straight  line  which  is  the  axis 
of  the  spheroid  and  the  axis  of  the  greater  segment  bears  to  the 
axis  of  the  greater  segment ; 

(2)  why,  if  one  of  the  spheroids  be  cut  by  a  plane  passing 
through  the  centre  but  not  at  right  angles  to  the  axis,  each  of 
the  resulting  segments  will  be  double  of  the  figure  having  the 
same  base  as  the  segment  and  the  same  axis  and  consisting  of  a 
segment  of  a  cone*. 

(3)  But,  if  the  plane  cutting  the  spheroid  be  neither 
through  the  centre  nor  at  right  angles  to  the  axis,  (a)  the 
greater  of  the  resulting  segments  will  have  to  the  figure 
which  has  the  same  base  as  the  segment  and  the  same  axis 
the  ratio  which  the  line  equal  to  the  sum  of  half  the  line 
joining  the  vertices  of  the  segments  and  the  axis  of  the  lesser 
segment  bears  to  the  axis  of  the  lesser  segment,  and  (b)  the 
lesser  segment  will  have  to  the  figure  with  the  same  base 
as  the  segment  and  the  same  axis  the  ratio  which  the  line 
equal  to  the  sum  of  half  the  line  joining  the  vertices  of  the 
segments  and  the  axis  of  the  greater  segment  bears  to  the  axis 
of  the  greater  segment.  And  the  figure  referred  to  is  in  these 
cases  also  a  segment  of  a  cone*. 

When  the  aforesaid  theorems  are  proved,  there  are  dis- 
covered by  means  of  them  many  theorems  and  problems. 
Such,  for  example,  are  the  theorems 
(1)     that  similar  spheroids  and  similar  segments  both  of 

*  See  the  definition  of  a  segment  of  a  cone  {dir6rfjLafAa  kJ^vov)  on  p.  104. 
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spheroidal  figures  and  conoids  have  to  one  another  the  triplicate 
ratio  of  their  axes,  and 

(2)  that  in  equal  spheroidal  figures  the  squares  on  the 
*  diameters '  are  reciprocally  proportional  to  the  axes,  and,  if  in 
spheroidal  figures  the  squares  on  the '  diameters'  are  reciprocally 
proportional  to  the  axes,  the  spheroids  are  equal. 

Such  also  is  the  problem,  From  a  given  spheroidal  figure 
or  conoid  to  cut  off  a  segment  by  a  plane  drawn  parallel  to  a 
given  plane  so  that  the  segment  cut  off  is  equal  to  a  given  cone 
or  cylinder  or  to  a  given  sphere. 

After  prefixing  therefore  the  theorems  and  directions  {eiri- 
rdy/MaTo)  which  are  necessary  for  the  proof  of  them,  I  will 
then  proceed  to  expound  the  propositions  themselves  to  you. 
Farewell. 

Definitions. 

If  a  cone  be  cut  by  a  plane  meeting  all  the  sides  [generators] 
of  the  cone,  the  section  will  be  either  a  circle  or  a  section  of  an 
acute-angled  cone  [an  ellipse].  If  then  the  section  be  a  circle, 
it  is  clear  that  the  segment  cut  off  from  the  cone  towards  the 
same  parts  as  the  vertex  of  the  cone  will  be  a  cone.  But,  if 
the  section  be  a  section  of  an  acute-angled  cone  [an  ellipse],  let 
the  figure  cut  off  from  the  cone  towards  the  same  parts  as  the 
vertex  of  the  cone  be  called  a  segment  of  a  cone.  Let  the 
base  of  the  segment  be  defined  as  the  plane  comprehended  by 
the  section  of  the  acute-angled  cone,  its  vertex  as  the  point 
which  is  also  the  vertex  of  the  cone,  and  its  axis  as  the  straight 
line  joining  the  vertex  of  the  cone  to  the  centre  of  the  section 
of  the  acute-angled  cone. 

And  if  a  cylinder  be  cut  by  two  parallel  planes  meeting  all 
the  sides  [generators]  of  the  cylinder,  the  sections  will  be  either 
circles  or  sections  of  acute-angled  cones  [ellipses]  equal  and 
similar  to  one  another.  If  then  the  sections  be  circles,  it  is 
clear  that  the  figure  cut  off  from  the  cylinder  between  the 
parallel  planes  will  be  a  cylinder.  But,  if  the  sections  be 
sections  of  acute-angled  cones  [ellipses],  let  the  figure  cut  off 
from  the  cylinder  between  the  parallel  planes  be  called  a 
Arustum  (T0/A09)  of  a  cylinder.    And  let  the  bases  of  the 
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frustum  be  defined  as  the  planes  comprehended  by  the  sections 
of  the  acute-angled  cones  [ellipses],  and  the  axis  as  the  straight 
line  joining  the  centres  of  the  sections  of  the  acute-angled 
cones,  so  that  the  axis  will  be  in  the  same  straight  line  with 
the  axis  of  the  cylinder." 

Ijiemxna. 

If  in  an  ascending  arithmetical  progression  consisting  of  the 
magnitudes  J.i,  J.2,  ...  A^  the  common  difference  be  equal  to  the 
least  term  Ai,  then 

n.An<2{A,+A^+  ...+  An), 
and  >  2  ( J.1  4-  ^2  +  . . .  +  An-O* 

[The  proof  of  this  is  given  incidentally  in  the  treatise  On 
Spirals,  Prop.  11.  By  placing  lines  side  by  side  to  represent 
the  terms  of  the  progression  and  then  producing  each  so  as  to 
make  it  equal  to  the  greatest  term,  Archimedes  gives  the 
equivalent  of  the  following  proof. 

it  bn  =  ^x  "4"  A2  H-  . . .  -f-  A^—i  +  A^j 

we  have  also      Sn  =  An+A^-i  +  An-2  +  ...  +  ^i- 
And  Ai  +  An-i  =  J.2  +  An-2  =  ...  =  ^n- 

Therefore  2Sn  =  {n  +  l)Any 

whence  n.An<  2Sn, 

and  n,An>2Sn-i. 

Thus,  if  the  progression  is  a,  2a, . . .  na, 
a  _n{n-hl)  ^ 

and  n^a<2Sny 

but  >28n-i^] 

Proposition  1. 

If  Ai,  J5i,  Ci,  ...Ki  and  -Ag,  B^,  O2,  ...K^  be  two  series  of 
magnitudes  such  that 

A^ :  £1  =  J.2  :  B^y                    )  .. 

J5i  :  (7i  =  jB2  :  G^,  and  so  on  } ^ 
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and  if  As,  jBg,  Og,  ...Kg  and  A4,  B^,  O4,  ,..ir4  he  two  other  series 
such  that 


B^:B^==B,  :B,,  and  so  on  j ^^^' 

thm    {A^  +  B,  +  G,-¥..^'hK^):(A,-hB,-hGs-^,.,+K,) 

=  (^,  +  J5,  +  C2  +  ...+ir,):(^  +  £4+...+if4> 
The  proof  is  as  follows. 
Since  ^3 :  J-i  =  ^4 :  A2, 

and  Ai:Bj^=^A^:B^, 

while  Bj:Bs=B,:B,, 

we  have,  e^  aequali,       ^3 :  -Bg  =  ^4 :  J?4.                    )  , 

Similarly  B^iCs  =  B^iC^,  and  so  on  J  

Again,  it  follows  from  equations  (a)  that 

Ai :  Jig  =^  Bj :  B2=  Gi  :  C/2  =  . . . . 

Therefore 

ill :  ^  =  (^1  +  A  +  Ci  +  ...  +  ifO  :  (^2  + ^2  +  ...  +  ^^2), 

and  Ai'.Aa-A^iA^, 

while  from  equations  (7)  it  follows  in  like  manner  that 

A,:{As  +  B^^Gs'\'...+Ks)  =  A^:(A,  +  B,'hG,+  ,..-^K,). 

By  the  last  three  equations,  ex  aequali, 

CoE.  If  any  terms  in  the  third  and  fourth  series  corre- 
sponding to  terms  in  the  first  and  second  be  left  out,  the 
result  is  the  same.  For  example,  if  the  last  terms  K^,  K4,  are 
absent, 

{A,  +  B,  +  C^  +  ,..+K,):(A,  +  Bs  +  G,-^...-hIs) 

=  (^2  +  5,  +  (72  +  ...+irO:(A  +  J?4  +  C^4  +  ...+/4), 
where  /  immediately  precedes  K  in  each  series. 
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Iiemma  to  Proposition  2. 

[On  Spirals,  Prop.  10.] 

If  A^y  A 2,  As,  ...An  he  n  lines  forming  an  ascending 
arithmetical  progression  in  which  the  common  difference  is  equal 
to  the  least  term  Ai,  then 

(n  +  1)  J.^2  4.  ^^(^^  +  ^2  4-  ^3  +  . . .  +  ^,0 


/^ 


Ai    Ao 


An-3  An-2  An_i 


An  A»i_i  An^a 


Ag     An     Ai 


Let  the  lines  A^,  -4^_i,  -4^_2?  ...^1  be  placed  in  a  row 
from  left  to  right.  Produce  J-^-i,  u4^_2,  ...J.i  until  they  are 
each  equal  to  A^,  so  that  the  parts  produced  are  respectively 
equal  to  A^,  A^,  ...^In-i. 

Taking  each  line  successively,  we  have 

{A^  +  ^^^0'  =  A^  H-  .1  Vi  +  2^, .  ^,,„„ 


(il^_i  4-  Ax)  =  ^  n-i  4-  ^1  +  2il^._i .  -4i. 
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And,  by  addition, 
{n+l)An'=^2(A,'  +  A,'-h...  +  An') 

+  2J.1 .  An-.i  +  2J.2  .  An-2  +  . . .  4-  2An-.i  .A^. 

Therefore,  in  order  to  obtain  the  required  result,  we  have  to 
prove  that 

2(Aj,An^i-hA2.An-2  +  '"+An-i.A;)  +  A^(A^'hA2-\-A^+...+An) 

=  ^,^  +  ^/  +  ...  +  A' («). 

Now      2A2 .  An^2  =  ^1  •  ^An-i,  because  A^  =  2Aj , 
2 Jig .  An-3  =  Ai .  GAn-sy  because  A^  =  S-di, 


2An-.i.A,  =  Aj.2(n^l)A,, 
It  follows  that 

=  Aj  {An  +  3  J.^_i  +  oAn-2  +  . . .  +  (271  - 1)^1} 
And  this  last  expression  can  be  proved  to  be  equal  to 

For         An'  =  A,{7l.An) 

=:A,{An  +  (n-^l)An} 

=  A^  {An  +  2(An-i  +  An-2  +  •  •  •  +  ^1)}, 

because  (n  —  1)  J.^  =  J.^_i  +  Ai 

+ 

+  A^  +  An-i^ 

Similarly  A\_,  =  A,{An-.i  4-  2(uln_2  +  Ans  +  ...  +  ^i)}, 


A2'^A,{A2  +  2A,\ 
Ai  =  Ai,Ai', 
whence,  by  addition, 

=  A,  {An  +  BAn~i  +  o^^^2  +  . . .  +  (2n  -  l)^il. 
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Thus  the  equation  marked  (a)  above  is  true  ;  and  it  follows 
that 

Cor.  1.     From  this  it  is  evident  that 

n.An'<S(A,'-^A,'+.,.+An') (1). 

Also  An  =  -4i [An  +  2{An-i  +  ^n-2  +  •  •  •  +  ^i)},  as  above, 
so  that  An  >  Ai{An  +  An-i  +  . . .  +  ^i), 

and  therefore 

An'-\-A,{A,-\-A,-\-...-\-An)<2An\ 
It  follows  from  the  proposition  that 

n,An'>S(A,'  +  A,'-^,,.+A\_,),,. (2). 

Cor.  2.  All  these  results  will  hold  if  we  substitute  similar 
figures  for  squares  on  all  the  lines ;  for  similar  figures  are  in  the 
duplicate  ratio  of  their  sides. 

[In  the  above  proposition  the  symbols  A^,  A^,  ,,,An  have 
been  used  instead  of  a,  2a,  3a,  ...na  in  order  to  exhibit  the 
geometrical  character  of  the  proof;  but,  if  we  now  substitute 
the  latter  terms  in  the  various  results,  we  have  (1) 

=  3  {a'  +  (2a)'  +  (Sa^  +  . . .  +  {na)'], 
.  Therefore  a^  +  (2ay  +  (3a)'  +  . . .  +  {naf 


,  n(ii  +  l)(27i  +  l) 


6 
Also  (2)  7i'<3(l'  +  2'+3'  +  ...+n'), 


and  (3)  n' >  3(1' +  2'+ 3*''+ ... +?i- 11').] 
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Proposition  2. 

If  Ai,  A^..^  Anbe  any  number  of  areas  such  that* 
Ai  =  aw  +  oc^y 
A^  =  a.2x  +  {2x)\ 
As  =  a.Sx  +  {Sx)\ 


An  =  a.  nw  +  (nxf, 

f  (t      noG 
then        n.An  :  (A  +  ^2+---  +An)<{a  +  nx):  [2  +  -^ 

and       n.Ani  {Ai'\'  A2  +  ...  +  An-i)>  {a  -¥  nx)  :  (2"*"'3")* 
For,  by  the  Lemma  immediately  preceding  Prop.  1, 
n .  anx  <  2  (a^x  +  a .  2^  +  . . .  +  a .  nx), 
and  >  2  (ax  -i-  a,2x+  ,,,  +a.n'-lx). 

Also,  by  the  Lemma  preceding  this  proposition, 
n .  (nxf  <  3  {^'  4-  (2^)'  +  (3^^  +  . . .  +  (nxY} 
and  >  3  {«'  +  (2^)'  +  . . .  +  (n-1  ^)'}. 

Hence 

^  +  "^^1^' <  [(ax 4- ^'0  +  {^ .  2^ -i  (2^/}  +  . . .  +  {a .  n^  +(n^y}], 
and 


>  [(ai^?+  ^')  +  {a .  2^  -f  (2^)'}  +  ...4-{a.7i-la74-(^-l  a?)'}], 

an'*^     ninxY       .        .  . 

or  -g-  +   -'g  ^  <  ^1  +  ^2  4- . . .  4  ^n, 

and  >A^-\-A^+.,.  +  J.^_i. 

It  follows  that 

A      /  A    ,    A    .  A  \         (  .  /     \2i     {an^x     n  (nxY) 

n  ,An  :  {Ai  +  A^+  ..,  +  An)<  n  {a ,nx  +  (nxY)  :   -^  4.    A^^_/  L ^ 

//Tf      nx\ 
or         ti.^^:  (^i4- A4-...4-^n)<(«^  +  ^^)' (g  +  yjj 

also        n .  ^^  :  (^1 4-  ^2  +  ...  4-  ^n-i)  >(a  +  ^^')  •  (h  +  y)  * 

*  The  phraseology  of  Archimedes  here  is  that  associated  with  the  traditional 
method  of  application  of  areas:  elf  Ka...va.p  €K&(TTav  airav  irapavicrri  ri  xwp/o?' 
vvep^dWov  etdei  Ter pay (bv(^,  "if  to  each  of  the  lines  there  be  applied  a  space 
[rectangle]  exceeding  by  a  square  figure. "  Thus  A^  is  a  rectangle  of  height  x  ap- 
plied to  a  line  a  but  overlapping  it  so  that  the  base  extends  a  distance  x  beyond  a. 
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Proposition  3. 

(1)  If  TP,  TP'  be  two  tangents  to  any  conic  meeting  in  T, 
and  if  Qq,  Q'q'  be  any  two  chords  parallel  respectively  to  TP, 
TP'  and  meeting  in  0,  then 

QO.Oq:Q'O.Oq'^TP^:TPr 

"And  this  is  proved  in  the  elements  of  conies*." 

(2)  If  QQ*  be  a  chord  of  a  parabola  bisected  in  V  by  the 
diameter  PV,  and  if  PVbe  of  constant  length,  then  the  areas  of 
the  triangle  PQQ'  and  of  the  segment  PQQ'  are  both  constant 
whatever  be  the  direction  of  QQ\ 

Let  ABB*  be  the  particular  segment  of  the  parabola  whose 
vertex  is  J.,  so  that  BB'  is  bisected  perpendicularly  by  the  axis 
at  the  point  jET,  where  AII  =  PV. 

Draw  QD  perpendicular  to  PV, 


Let  Pa  be  the  parameter  of  the  principal  ordinates,  and  let 
p  be  another  line  of  such  length  that 

QV':QD'=p:pa; 

it  will  then  follow  that  p  is  equal  to  the  parameter  of  the  ordi- 
nates to  the  diameter  PV,  i.e.  those  which  are  parallel  to  QV, 


*  i.e.  in  the  treatises  on  conies  by  Aristaeus  and  Euclid. 
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"  For  this  is  proved  in  the  conies*." 

Thus  QV'^p.PV. 

And  BH'=^pa.AH,  while  AH^^PV. 
Therefore  QV  :  BH' ^ p  :  pa^ 

But  Qr':QD'==p:pa; 

hence  BH  =  QD. 

Thus  BH,AH=^qD.PV, 

and  therefore  A  JlBJS'  =  A  PQQ' ; 

that  is,  the  area  of  the  triangle  PQQ'  is  constant  so  long  as  PV 
is  of  constant  length. 

Hence  also  the  area  of  the  segment  PQQ'  is  constant  under 
the  same  conditions;  for  the  segment  is  equal  to  fAPQQ'. 
[Quadrature  of  the  Parabola,  Prop.  17  or  24.] 

*  The  theorem  which  is  here  assumed  by  Archimedes  as  known  can  be 
proved  in  various  ways. 

(1)  It  is  easily  deduced  from  ApoUonius  I.  49  (cf.  ApoUonius  of  Perga, 
pp.  liii,  39).  If  in  the  figure  the  tangents  at  A  and  P  be  drawn,  the  former 
meeting  PF  in  JE,  and  the  latter  meeting  the  axis  in  T,  and  if  AE,  PT  meet 
at  C,  the  proposition  of  ApoUonius  is  to  the  effect  that 

GP:PE=p:2PT, 

where  p  is  the  parameter  of  the  ordinates  to  PV. 

(2)  It  may  be  proved  independently  as  follows. 

Let  QQ'  meet  the  axis  in  0,  and  let  QM,  Q'M%  PN  be  ordinates  to  the  axis. 

Then  AM :  AM'=^QM^  :  g'M'2=  OM^  :  0M'\ 

whence  AM :  MM'  =0M'':  OM^  -  OM'^ 

=  0M^:  (OM-  OM') .  MM\ 
so  that  OM^=AM .  (OM-  0M% 

That  is  to  say,       {AM-  AO)^=AM .{AM-^AM'  -  2^0), 
or  AO^=:AM,AM\ 

And,  since  QM^=Pa.AM,  and  Q'M'^  =  p^aM\ 
itfoUowsthat  QM.Q'M'=:p^.AO W- 

=  QV^:{PN^+QM.Q'M') 
^p*PV',Pa  .  {AN^AO),  by  (a). 

But  PV:=TO^AN+AO. 

Therefore  QF^ :  QD ^  =  3) :  p«. 
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Proposition   4. 

The  area  of  any  ellipse  is  to  that  of  the  auxiliary  circle  as 
the  minor  axis  to  the  rtiajor. 

Let  AA^  be  the  major  and  BB'  the  minor  axis  of  the 
ellipse,  and  let  BB^  meet  the  auxiliary  circle  in  b,  V. 

Suppose  0  to  be  such  a  circle  that 

(circle  AhA'U)  :0  =  CA:GB. 

Then  shall  0  be  equal  to  the  area  of  the  ellipse. 

For,  if  not,  0  must  be  either  greater  or  less  than  the 
ellipse. 

I.     If  possible,  let  0  be  greater  than  the  ellipse. 

We  can  then  inscribe  in  the  circle  0  an  equilateral  polygon 
of  4n  sides  such  that  its  area  is  greater  than  that  of  the  ellipse, 
[cf.  On  the  Sphere  and  Cylinder,  I.  6.] 


Let  this  be  done,  and  inscribe  in  the  auxiliary  circle  of  the 
ellipse  the  polygon  AefhghA',,.  similar  to  that  inscribed  in  0, 
Let  the  perpendiculars  eM,  fN,,,,  on  AA'  meet  the  ellipse  in 
E,F,,.,  respectively.     Join  AE,  EF,  FB,,,,. 

Suppose  that  P'  denotes  the  area  of  the  polygon  inscribed 
in  the  auxiliary  circle,  and  P  that  of  the  polygon  inscribed  in 
the  ellipse. 

H.  A.  8 
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Then,  since  all  the  lines  eM,  fN,,,,  are  cut  in  the  same 
proportions  at  E,  jP,..., 

i.e.  eM :  EM^fN :  FN^  ,,.^hG :  BG, 

the  pairs  of  triangles,  as  eAM,  EAM,  and  the  pairs  of  trapeziums, 
as  eMNfy  EMNFy  are  all  in  the  same  ratio  to  one  another 
as  60  to  jBC,  or  as  GA  to  GB, 

Therefore,  by  addition, 

P':P^GA:GB. 

Now  P'  :  (polygon  inscribed  in  0) 

=  (circle  ^6^'6'):0 

=  GA  :  GBy  by  hypothesis. 

Therefore  P  is  equal  to  the  polygon  inscribed  in  0. 

But  this  is  impossible,  because  the  latter  polygon  is  by 
hypothesis  greater  than  the  ellipse,  and  a  fortiori  greater 
than  P. 

Hence  0  is  not  greater  than  the  ellipse. 

II.     If  possible,  let  0  be  less  than  the  ellipse. 

In  this  case  we  inscribe  in  the  ellipse  a  polygon  P  with  4n 
equal  sides  such  that  P>0, 

Let  the  perpendiculars  from  the  angular  points  on  the 
axis  AA^  be  produced  to  meet  the  auxiliary  circle,  and  let  the 
corresponding  polygon  (P')  in  the  circle  be  formed. 

Inscribe  in  0  a  polygon  similar  to  P\ 

Then  P'lP^GAiGB 

=  (circle  AhA'V)  :  0,  by  hypothesis, 

=  P' :  (polygon  inscribed  in  0). 

Therefore  the  polygon  inscribed  in  0  is  equal  to  the 
polygon  P ;  which  is  impossible,  because  P>  0. 

Hence  0,  being  neither  greater  nor  less  than  the  ellipse,  is 
equal  to  it ;  and  the  required  result  follows. 


ON  CONOIDS  AND  SPHEROIDS.  115 


Proposition  5. 

If  AA\  BB'  he  the  major  and  minor  axis  of  an  ellipse 
respectively y  and  if  d  he  the  diameter  of  any  circle,  then 

(area  of  ellipse) :  (area  of  circle)  =  AA\  BB' :  d'\ 
For 

(area  of  ellipse) :  (area  of  auxiliary  circle)  =  BB' :  A  A'    [Prop.  4] 

=  AA'.BB':AA'\ 
And 

(area  of  aux.  circle) :  (area  of  circle  with  diam.  d)=  AA'^^ :  d\ 

Therefore  the  required  result  follows  ex  aequali. 

Proposition  6. 

The  areas  of  ellipses  are  as  the  rectangles  under  their  axes. 
This  follows  at  once  from  Props.  4,  5. 

Cor.  The  areas  of  similar  ellipses  are  as  the  squares  of 
corresponding  axes. 

Proposition  7. 

Given  an  ellipse  with  centre  C,  and  a  line  CO  drawn  per- 
pendicular  to  its  plane,  it  is  possible  to  find  a  circular  cone 
with  vertex  0  and  such  that  the  given  ellipse  is  a  section  of  it 
[or,  in  other  words,  to  find  the  circtdar  sections  of  the  cone  with 
mrtex  0  passing  through  the  circumference  of  the  ellipse]. 

Conceive  an  ellipse  with  BB'  as  its  minor  axis  and  lying  in 
a  plane  perpendicular  to  that  of  the  paper.  Let  GO  be  drawn 
perpendicular  to  the  plane  of  the  ellipse,  and  let  0  be  the 
vertex  of  the  required  cone.  Produce  OB,  OC,  OB',  and  in  the 
same  plane  with  them  draw  BED  meeting  00,  OB'  produced 
in  E,  D  respectively  and  in  such  a  direction  that 

BE.ED:EO'=^CA'  :  GO', 

where  CA  is  half  the  major  axis  of  the  ellipse. 
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"  And  this  is  possible,  since 

BE,  ED:  EO'>BC.CB'  :  GOV' 
[Both   the  construction  and  this  proposition  are  assumed  as 
known.] 


Now  conceive  a  circle  with  BD  as  diameter  lying  in  a  plane 
at  right  angles  to  that  of  the  paper,  and  describe  a  cone  with 
this  circle  for  its  base  and  with  vertex  0. 

We  have  therefore  to  prove  that  the  given  ellipse  is  a 
section  of  the  cone,  or,  if  P  be  any  point  on  the  ellipse,  that  P 
lies  on  the  surfJace  of  the  cone. 

Draw  PiV  perpendicular  to  BB\  Join  ON  and  produce  it 
to  meet  BD  in  M,  and  let  MQ  be  drawn  in  the  plane  of  the 
circle  on  BD  as  diameter  perpendicular  to  BD  and  meeting  the 
circle  in  Q.  Also  let  FQ,  HK  be  drawn  through  E,  M  respec-- 
tively  parallel  to  BB', 

We  have  then 

QM' :  HM.MK=^BM.MD  :  HM.MK 
^BE.ED'.FE.EG 
=  {BE.  ED  :  EO^) . (EO' :  FE.EG} 
==iCA':CO').(GO':BG,GB') 
=  GA'  :  GB' 
r=PN':BN,NB\ 
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Therefore   QM'  :  PN'  =  HM.MK  :  BN,  NB' 

=  0M':  ON'; 

whence,  since  PN,  Qilf  are  parallel,  OPQ  is  a  straight  line. 

But  Q  is  on  the  circumference  of  the  circle  on  BD  as 
diameter ;  therefore  OQ  is  a  generator  of  the  cone,  and  hence 
P  lies  on  the  cone. 

Thus  the  cone  passes  through  all  points  on  the  ellipse. 

Proposition  8. 

Given  an  ellipse,  a  plane  through  one  of  its  awes  A  A'  and 
perpendicular  to  the  plane  of  the  ellipse,  and  a  line  CO  drawn 
from  C,  the  centre,  in  the  given  plane  through  A  A'  hut  not 
perpendicular  to  AA\  it  is  possible  to  find  a  cone  with  vertex  0 
such  that  the  given  ellipse  is  a  section  of  it  [o7\  in  other  words, 
to  find  the  circular  sections  of  the  cone  with  vertex  0  whose 
surface  passes  through  the  circumference  of  the  ellipse]. 

By  hypothesis,  OA,  OA'  are  unequal.  Produce  OJ.'  to  D  so 
that  OA  =  OD,    Join  AD,  and  draw  FO  through  0  parallel  to  it. 

The  given  ellipse  is  to  be  supposed  to  lie  in  a  plane  per- 
pendicular to  the  plane  of  the  paper.  Let  BB'  be  the  other 
axis  of  the  ellipse. 

Conceive  a  plane  through  AD  perpendicular  to  the  plane 
of  the  paper,  and  in  it  describe  either  (a),  if  GB^t=FG,  CO,  a 
circle  with  diameter  AD,  or  (b),  if  not,  an  ellipse  on  AD  as 
axis  such  that,  if  d  be  the  other  axis, 

d':AD'  =  CB''.FG,CG. 

Take  a  cone  with  vertex  0  whose  surface  passes  through 
the  circle  or  ellipse  just  drawn.  This  is  possible  even  when  the 
curve  is  an  ellipse,  because  the  line  from  0  to  the  middle  point 
of  AD  is  perpendicular  to  the  plane  of  the  ellipse,  and  the 
construction  is  effected  by  means  of  Prop.  7. 

Let  P  be  any  point  on  the  given  ellipse,  and  we  have  only 
to  prove  that  P  lies  on  the  surface  of  the  cone  so  described. 
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Draw  PN  perpendicular  %o  AA'.     Join  ONy  and  produce  it 
to  meet  AD  in  M,     Through  M  draw  HK  parallel  to  A' A, 


Lastly,  draw  MQ  perpendicular  to  the  plane  of  the  paper 
(and  therefore  perpendicular  to  both  HK  and  AD)  meeting  the 
ellipse  or  circle  about  AD  (and  therefore  the  surface  of  the  cone) 
inQ. 
Then 

QM'  :  HM.MK^iQM'  :  DM .  ATA) . {DM . MA  :  HM.MK) 
=  {d' :  AD'),(FC,  GG  :  A'G .  GA) 
=  {GB' :  FG.  GG).{FG.  GG  :  AV.GA) 
=  GB' :  GA' 
^PN':A'N.NA, 
Therefore,  alternately, 

QM' :  PN'  =  HM,  MK  :  A'N.NA 
=  OM'  :  0N\ 
Thus,  since  PN,  QM  are  parallel,  OPQ  is  a  straight  line ; 
and,  Q  being  on  the  surface  of  the  cone,  it  follows  that  P  is  also 
on  the  surface  of  the  cone. 

Similarly  all  points  on  the  ellipse  are  also  on  the  cone,  and 
the  ellipse  is  therefore  a  section  of  the  cone. 
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Proposition  9. 

Given  an  ellipse,  a  plane  through  one  of  its  axes  and  per  pen- 
dicular  to  that  of  the  ellipse,  and  a  straight  line  CO  drawn  from 
the  centre  G  of  the  ellipse  in  the  given  plane  through  the  axis  hut 
not  perpendicular  to  that  axis,  it  is  possible  to  find  a  cylinder 
with  axis  00  such  that  the  ellipse  is  a  section  of  it  [or,  in  other 
words,  to  find  the  circular  sections  of  the  cylinder  with  axis  00 
whose  surface  passes  through  the  circumference  of  the  given 
ellipse]. 

Let  AA^  be  an  axis  of  the  ellipse,  and  suppose  the  plane 
of  the  ellipse  to  be  perpendicular  to  that  of  the  paper,  so  that 
0(7  lies  in  the  plane  of  the  paper. 


Draw  AD,  A'E  parallel  to  GO,  and  let  DU  be  the  line 
through  0  perpendicular  to  both  AD  and  A^E. 

We  have  now  three  different  cases  according  as  the  other 
axis  BB^  of  the  ellipse  is  (1)  equal  to,  (2)  greater  than,  or 
(3)  less  than,  DE. 

(1)     Suppose  5JB'  =  J5£:. 

Draw  a  plane  through  DE  at  right  angles  to  00,  and  in 
this  plane  describe  a  circle  on  DE  as  diameter.  Through  this 
circle  describe  a  cylinder  with  axis  OG. 

This  cylinder  shall  be  the  cylinder  required,  or  its  surface 
shall  pass  through  every  point  P  of  the  ellipse. 

For,  if  P  be  any  point  on  the  ellipse,  draw  PN  perpendicular 
to  AA' ;  through  N  draw  NM  parallel  to  GO  meeting  DE  in 
Jf  ,  and  through  Jf  ,  in  the  plane  of  the  circle  on  DE  as  diameter, 
draw  MQ  perpendicular  to  DE,  meeting  the  circle  in  Q. 
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Then,  since  DE  =  BB', 

PN' :  AN.  NA'  =  DO' :  AC.  GA'. 
And  DM .  ME  :  AN .  NA' =  DO' :  AC", 

since  AD,  NM,  CO,  A'E  are  parallel. 
Therefore  PN'  =  DM.ME 

=^QM\ 
by  the  property  of  the  circle. 

Hence,  since  PA^,  QM  are  equal  as  well  as  parallel,  PQ  is 
parallel  to  MN  and  therefore  to  (70.  It  follows  that  PQ  is  a 
generator  of  the  cylinder,  whose  surface  accordingly  passes 
through  P. 

(2)  If  BB'  >  DE,  we  take  E'  on  A'E  such  that  DE'  =  BB' 
and  describe  a  circle  on  DE'  as  diameter  in  a  plane  perpen- 
dicular to  that  of  the  paper ;  and  the  rest  of  the  construction 
and  proof  is  exactly  similar  to  those  given  for  case  (1). 

(3)  Suppose  BB'  <  DE. 

Take  a  point  K  on  CO  produced  such  that 
DO'-GB'=OK'. 

From  K  draw  KR  perpendicular  to  the  plane  of  the  paper 
and  equal  to  GB. 

Thus  OR'  =  OK'  +  GB'  =  0D\ 


In  the  plane  containing  DE,  OR  describe  a  circle  on  DE  as 
diameter.  Through  this  circle  (which  must  pass  through  R) 
draw  a  cylinder  with  axis  OG. 
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We  have  then  to  prove  that,  if  P  be  any  point  on  the  given 
ellipse,  P  lies  on  the  cylinder  so  described. 

Draw  PN  perpendicular  to  AA\  and  through  N  draw  NM 
parallel  to  GO  meeting  DE  in  M,  In  the  plane  of  the  circle  on 
DE  as  diameter  draw  MQ  perpendicular  to  DE  and  meeting 
the  circle  in  Q. 

Lastly,  draw  QH  perpendicular  to  NM  produced.  QH  will 
then  be  perpendicular  to  the  plane  containing  AG,  DE,  i.e.  the 
plane  of  the  paper. 

Now  QH'  :  QM'  =  KR'  :  0R\  by  similar  triangles. 

And       QM' :AN.NA'  =  DM.ME:A]Sr.NA' 

=  OD'  :  GA'. 
Hence,  eo)  aequali,  since  OR  =  OD, 

QH' :  AF.  NA'  =  KR' :  GA' 
=  GB'  :  GA' 
^PN'iAN.NA'. 
Thus  QH  =  PK     And  QH,  PN  are  also  parallel.     Accordingly 
PQ  is  parallel  to  MN,  and  therefore  to  GO,  so  that  PQ  is  a 
generator,  and  the  cylinder  passes  through  P. 

Proposition  lO. 

It  was  proved  by  the  earlier  geometers  that  any  two  cones 
have  to  one  anothe?*  the  ratio  compounded  of  the  ratios  of  their 
bases  aiid  of  their  heights^.  The  same  method  of  proof  will 
show  that  any  segments  of  cones  have  to  one  another  the  ratio 
compounded  of  the  ratios  of  their  bases  and  of  their  heights. 

The  proposition  that  any  'frustum '  of  a  cylinder  is  triple 
of  the  conical  segment  which  has  the  same  base  as  the  frustum 
and  equal  height  is  also  proved  in  the  same  manner  as  the 
proposition  that  the  cylinder  is  triple  of  the  cone  which  has 
the  same  base  as  the  cylinder  and  equal  height'f. 

*  This  follows  from  Eucl.  xii.  11  and  14  taken  together.  Cf.  On  the  Sphere 
and  Cylinder  i,  Lemma  1. 

t  This  proposition  was  proved  by  Eudoxus,  as  stated  in  the  preface  to  On 
the  Sphere  and  Cylinder  i.     Cf.  Eucl.  xii.  10. 
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Proposition  11. 


(1)  If  a  paraboloid  of  revolution  he  cut  by  a  plane  through, 
or  parallel  to,  the  axis,  the  section  will  be  a  parabola  equal  to  the 
original  parabola  which  by  its  revolution  generates  the  paraboloid. 
And  the  axis  of  the  section  will  be  the  intersection  between  the 
cutting  plane  and  the  plane  through  the  axis  of  the  paraboloid 
at  right  angles  to  the  cutting  plane. 

If  the  paraboloid  be  cut  by  a  plane  at  right  angles  to  its 
aoois,  the  section  will  be  a  circle  whose  centre  is  on  the  axis. 

(2)  If  a  hyperboloid  of  revolution  be  cut  by  a  plane  through 
the  axis,  parallel  to  the  axis,  or  through  the  centre,  the  section 
loill  be  a  hyperbola,  (a)  if  the  section  be  through  the  axis,  equal, 
(b)  if  parallel  to  the  axis,  similar,  (c)  if  through  the  centre, 
not  similar,  to  the  original  hyperbola  which  by  its  revolution 
generates  the  hyperboloid.  And  the  axis  of  the  section  will  be 
the  intersection  of  the  cutting  plane  and  the  plane  through  the 
axis  of  the  hyperboloid  at  right  angles  to  the  cutting  plane. 

Any  section  of  the  hyperboloid  by  a  plane  at  right  angles  to 
the  axis  will  be  a  circle  whose  centre  is  on  the  axis. 

(8)  If  any  of  the  spheroidal  figures  be  cut  by  a  plane  through 
the  axis  or  parallel  to  the  axis,  the  section  will  be  an  ellipse, 
(a)  if  the  section  be  through  the  axis,  equal,  (6)  if  parallel  to  the 
axis,  similar,  to  the  ellipse  which  by  its  revolution  generates  the 
figure.  And  the  axis  of  the  section  will  be  the  intersection  of  the 
cutting  plane  and  the  plane  through  the  axis  of  the  spheroid 
at  right  angles  to  the  cutting  plane. 

If  the  section  be  by  a  plane  at  right  angles  to  the  axis  of  the 
spheroid,  it  will  be  a  circle  whose  centre  is  on  the  axis. 

(4)  If  any  of  the  said  figures  be  cut  by  a  plane  through  the 
axis,  and  if  a  perpendicidar  be  drawn  to  the  plane  of  section 
from  any  point  on  the  surface  of  the  figure  but  not  on  the  section, 
that  perpendicular  will  fall  within  the  section. 

"  And  the  proofs  of  all  these  propositions  are  evident."* 
*  Cf.  the  Introduction,  chapter  iii.  §  4. 
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Proposition  12. 

If  a  paraboloid  of  revolution  be  cut  by  a  plane  neither  parallel 
nor  perpendicular  to  the  a^s,  and  if  the  plane  through  the  axis 
perpendicular  to  the  cutting  plane  intersect  it  in  a  straight  line 
of  which  the  portion  intercepted  within  the  paraboloid  is  RR\ 
the  section  of  the  paraboloid  will  be  an  ellipse  whose  major  axis 
is  RR  and  whose  minor  axis  is  equal  to  the  perpendicular 
distance  between  the  lines  through  R,  R'  parallel  to  the  axis 
of  the  paraboloid. 

Suppose  the  cutting  plane  to  be  perpendicular  to  the  plane 
of  the  paper,  and  let  the  latter  be  the  plane  through  the  axis 
ANF  of  the  paraboloid  which  intersects  the  cutting  plane  at 
right  angles  in  RR'.  Let  RH  be  parallel  to  the  axis  of  the 
paraboloid,  and  R'H  perpendicular  to  RH, 

Let  Q  be  any  point  on  the  section  made  by  the  cutting 
plane,  and  from  Q  draw  QM  perpendicular  to  RR\  QM  will 
therefore  be  perpendicular  to  the  plane  of  the  paper. 

Through  M  draw  DMFE  perpendicular  to  the  axis  ANF 
meeting  the  parabolic  section  made  by  the  plane  of  the  paper 
in  D,  E.  Then  QM  is  perpendicular  to  DE^  and,  if  a  plane  be 
drawn  through  DE,  QM,  it  will  be  perpendicular  to  the  axis 
and  will  cut  the  paraboloid  in  a  circular  section. 


A 

M-e 

\ 

■y 

F              "^^^^^ 

Since  Q  is  on  this  circle, 

QM'^DM.ME, 
Again,  if  PT  be  that  tangent  to  the  parabolic  section  in  the 
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plane  of  the  paper  which  is  parallel  to  RR\  and  if  the  tangent 
at  A  meet  PT  in  0,  then,  from  the  property  of  the  parabola, 

DM. ME :  RM.  MR'  =:^A0' :  OP'         [Prop.  3  (1)] 
=  AO' :  0T\  since  AN=  AT, 
Therefore      QM'  :RM.MR  =  AO':  OT 

^RH''.RR'\ 
by  similar  triangles. 
Hence  Q  lies  on  an  ellipse  whose  major  axis  is  RR'  and 
whose  minor  axis  is  equal  to  R'H, 


Propositions   13^   14. 

If  a  hyperholoid  of  revolution  he  cut  by  a  plane  meeting  all 
the  generators  of  the  enveloping  cone,  or  if  an  '  oblong '  spheroid 
be  cut  by  a  plane  not  perpendicular  to  the  axis*,  and  if  a  plane 
through  the  axis  intersect  the  cutting  plane  at  right  angles  in  a 
straight  line  on  which  the  hyperboloid  or  spheroid  intercepts 
a  length  RR\  then  the  section  by  the  cutting  plane  will  be  an 
ellipse  whose  major  axis  is  RR\ 

Suppose  the  cutting  plane  to  be  at  right  angles  to  the 
plane  of  the  paper,  and  suppose  the  latter  plane  to  be  that 


*  Archimedes  begins  Prop.  14  for  the  spheroid  with  the  remark  that,  when  the 
cutting  plane  passes  through  or  is  parallel  to  the  axis,  the  case  is  clear  (dijXou). 
Cf.  Prop.  11  (3). 
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through  the  axis  ANF  which  intersects  the  cutting  plane 
at  right  angles  in  RR\  The  section  of  the  hyperboloid  or 
spheroid  by  the  plane  of  the  paper  is  thus  a  hyperbola  or  ellipse 
having  ANF  for  its  transverse  or  major  axis. 

Take  any  point  on  the  section  made  by  the  cutting  plane, 
as  Q,  and  draw  QM  perpendicular  to  RR\  QM  will  then 
be  perpendicular  to  the  plane  of  the  paper. 

Through  M  draw  DFE  at  right  angles  to  the  axis  ANF 
meeting  the  hyperbola  or  ellipse  in  D,  E\  and  through  QM, 
DE  let  a  plane  be  described.  This  plane  will  accordingly  be 
perpendicular  to  the  axis  and  will  cut  the  hyperboloid  or 
spheroid  in  a  circular  section. 

Thus  QM^  =  DM.ME. 

Let  PT  be  that  tangent  to  the  hyperbola  or  ellipse  which 
is  parallel  to  RR\  and  let  the  tangent  at  A  meet  PT  in  0. 

Then,  by  the  property  of  the  hyperbola  or  ellipse, 

DM. ME  :  RM.MR'==OA' :  0P\ 

or  QM'  :RM.MR  =  OA' :  0P\ 

Now  (1)  in  the  hyperbola  OA  <  OP,  because  AT<  AN^,  and 
accordingly  0T<  OP,  while  OA  <  OT, 

(2)  in  the  ellipse,  if  KK'  be  the  diameter  parallel  to  RR\ 
and  BB'  the  minor  axis, 

jBO.  CB'  :  KG,  CK'=OA^ :  OP' ; 

and       BO .  OB'  <  KG .  GK\  so  that  OA  <  OP. 

Hence  in  both  cases  the  locus  of  Q  is  an  ellipse  whose  major 
axis  is  RR\ 

Cor.  1.  If  the  spheroid  be  a  *flat'  spheroid,  the  section  will 
be  an  ellipse,  and  everything  will  proceed  as  before  except  that 
RB'  will  in  this  case  be  the  minor  axis. 

Cor.  2.  In  all  conoids  or  spheroids  parallel  sections  will  be 
similar,  since  the  ratio  OA' :  OP'  is  the  same  for  all  the 
parallel  sections. 

*  With  reference  to  this  assumption  cf.  the  Introduction,  chapter  iii.  §  3. 
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Proposition  15. 

(1)  If  from  any  point  on  the  surface  of  a  conoid  a  line  he 
drawn,  in  the  case  of  the  paraboloid,  parallel  to  the  axis,  and,  in 
the  case  of  the  hyperholoid,  parallel  to  any  line  passing  through 
the  vertex  of  the  enveloping  cone,  the  part  of  the  straight  line 
tuhich  is  in  the  same  direction  as  the  convexity  of  the  surface  will 
fall  without  it,  and  the  part  which  is  in  the  other  direction 
within  it. 

For,  if  a  plane  be  drawn,  in  the  case  of  the  paraboloid, 
through  the  axis  and  the  point,  and,  in  the  case  of  the  hyperbo- 
loid,  through  the  given  point  and  through  the  given  straight 
line  drawn  through  the  vertex  of  the  enveloping  cone,  the 
section  by  the  plane  will  be  (a)  in  the  paraboloid  a  parabola 
whose  axis  is  the  axis  of  the  paraboloid,  (6)  in  the  hyperboloid 
a  hyperbola  in  which  the  given  line  through  the  vertex  of  the 
enveloping  cone  is  a  diameter*.  [Prop.  11] 

Hence  the  property  follows  from  the  plane  properties  of  the 
conies. 

(2)  If  a  plane  touch  a  conoid  without  cutting  it,  it  will 
touch  it  at  one  point  only,  and  the  plane  drawn  through  the 
point  of  contact  and  the  axis  of  the  conoid  will  be  at  right 
angles  to  the  plane  which  touches  it. 

For,  if  possible,  let  the  plane  touch  at  two  points.  Draw 
through  each  point  a  parallel  to  the  axis.  The  plane  passing 
through  both  parallels  will  therefore  either  pass  through,  or  be 
parallel  to,  the  axis.  Hence  the  section  of  the  conoid  made  by 
this  plane  will  be  a  conic  [Prop.  11  (1),  (2)],  the  two  points 
will  lie  on  this  conic,  and  the  line  joining  them  will  lie  within 
the  conic  and  therefore  within  the  conoid.  But  this  line 
will  be  in  the  tangent  plane,  since  the  two  points  are  in  it. 
Therefore  some  portion  of  the  tangent  plane  will  be  within 
the  conoid;  which  is  impossible,  since  the  plane  does  not 
cut  it. 

*  There  seems  to  be  some  error  in  the  text  here,  which  says  that  "the 
diameter  ^^  (i.e.  axis)  of  the  hyperbola  is  '*  the  straight  line  drawn  in  the  conoid 
from  the  vertex  of  the  cone."  But  this  straight  line  is  not,  in  general,  the 
4zxis  of  the  section. 
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Therefore  the  tangent  plane  touches  in  one  point  only. 

That  the  plane  through  the  point  of  contact  and  the  axis  is 
perpendicular  to  the  tangent  plane  is  evident  in  the  particular 
case  where  the  point  of  contact  is  the  vertex  of  the  conoid. 
For,  if  two  planes  through  the  axis  cut  it  in  two  conies,  the 
tangents  at  the  vertex  in  both  conies  will  be  perpendicular 
to  the  axis  of  the  conoid.  And  all  such  tangents  will  be  in  the 
tangent  plane,  which  must  therefore  be  perpendicular  to  the 
axis  and  to  any  plane  through  the  axis. 

If  the  point  of  contact  P  is  not  the  vertex,  draw  the  plane 
passing  through  the  axis  AN  and  the  point  P. 
It  will  cut  the  conoid  in  a  conic  whose  axis  is 
AN  and  the  tangent  plane  in  a  line  DPE 
touching  the  conic  at  P.  Draw  PNP'  perpen- 
dicular to  the  axis,  and  draw  a  plane  through  it 
also  perpendicular  to  the  axis.  This  plane  will 
make  a  circular  section  and  meet  the  tangent 
plane  in  a  tangent  to  the  circle,  which  will 
therefore  be  at  right  angles  to  PN.  Hence  the 
tangent  to  the  circle  will  be  at  right  angles  to  the  plane 
containing  PN,  AN  \  and  it  follows  that  this  last  plane  is 
perpendicular  to  the  tangent  plane. 

Proposition  16. 

(1)  If  d  plane  touch  any  of  the  spheroidal  figures  without 
cutting  ity  it  will  touch  at  one  point  only,  and  the  plane  through 
the  point  of  contact  a>nd  the  axis  will  be  at  right  angles  to  the 
tangent  plane. 

This  is  proved  by  the  same  method  as  the  last  proposition. 

(2)  If  any  conoid  or  spheroid  be  cut  by  a  plane  through  the 
axis,  and  if  through  any  tangent  to  the  resulting  conic  a  plane  be 
erected  at  right  angles  to  the  plane  of  section,  the  plane  so  erected 
will  touch  the  conoid  or  spheroid  in  the  same  point  as  that  in 
which  the  line  touches  the  conic. 

For  it  cannot  meet  the  surface  at  any  other  point.  If  it 
did,  the  perpendicular  from  the  second  point  on  the  cutting 
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plane  would  be  perpendicular  also  to  the  tangent  to  the  conic 
and  would  therefore  fall  outside  the  surface.  But  it  must  fall 
within  it.  [Prop.  11  (4)] 

(3)  If  two  parallel  planes  touch  any  of  the  spheroidal 
figures^  the  line  joining  the  points  of  contact  will  pass  through 
the  centre  of  the  spheroid. 

If  the  planes  are  at  right  angles  to  the  axis,  the  proposition 
is  obvious.  If  not,  the  plane  through  the  axis  and  one  point  of 
contact  is  at  right  angles  to  the  tangent  plane  at  that  point. 
It  is  therefore  at  right  angles  to  the  parallel  tangent  plane,  and 
therefore  passes  through  the  second  point  of  contact.  Hence 
both  points  of  contact  lie  on  one  plane  through  the  axis,  and 
the  proposition  is  reduced  to  a  plane  one. 

Proposition  17. 

If  two  parallel  planes  touch  any  of  the  spheroidal  figures, 
and  another  plane  be  drawn  parallel  to  the  tangent  planes  and 
passing  through  the  centre,  the  line  drawn  through  any  point  of 
the  circumference  of  the  residting  section  parallel  to  the  chord 
of  contact  of  the  tangent  planes  will  fall  outside  the  spheroid. 

This  is  proved  at  once  by  reduction  to  a  plane  proposition. 

Archimedes  adds  that  it  is  evident  that,  if  the  plane 
parallel  to  the  tangent  planes  does  not  pass  through  the 
centre,  a  straight  line  drawn  in  the  manner  described  will 
fall  without  the  spheroid  in  the  direction  of  the  smaller 
segment  but  within  it  in  the  other  direction. 

Proposition  18. 

Any  spheroidal  figure  which  is  cut  by  a  plane  through  the 
centre  is  divided,  both  as  regards  its  surface  and  its  volume,  into 
two  equal  parts  by  that  plane. 

To  prove  this,  Archimedes  takes  another  equal  and  similar 
spheroid,  divides  it  similarly  by  a  plane  through  the  centre,  and 
then  uses  the  method  of  application. 
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Propositions  19^  20. 

Oiven  a  segment  cut  off  by  a  plane  from  a  paraboloid  or 
hyperboloid  of  revolution,  or  a  segment  of  a  spheroid  less  than 
half  the  spheroid  also  cut  off  by  a  plane,  it  is  possible  to  inscribe 
in  the  segment  one  solid  figure  and  to  circumscribe  about  it 
another  solid  figure,  each  made  up  of  cylinders  or  'frusta '  of 
cylinders  of  equal  height,  and  such  that  the  circumscribed  figure 
exceeds  the  inscribed  figure  by  a  volume  less  than  that  of  any 
given  solid. 

Let  the  plane  base  of  the  segment  be  perpendicular  to  the 
plane  of  the  paper,  and  let  the  plane  of  the  paper  be  the  plane 
through  the  axis  of  the  conoid  or  spheroid  which  cuts  the  base 
of  the  segment  at  right  angles  in  BG.  The  section  in  the  plane 
of  the  paper  is  then  a  conic  BAG,  [Prop.  11] 

Let  EAF  be  that  tangent  to  the  conic  which  is  parallel  to 
BG,  and  let  A  be  the  point  of  contact.  Through  EAF  draw 
a  plane  parallel  to  the  plane  through  BG  bounding  the 
segment.  The  plane  so  drawn  will  then  touch  the  conoid 
or  spheroid  at  A.  [Prop.  16] 

(1)  If  the  base  of  the  segment  is  at  right  angles  to  the 
axis  of  the  conoid  or  spheroid,  A  will  be  the  vertex  of  the 
conoid  or  spheroid,  and  its  axis  AD  will  bisect  BG  at  right 
angles. 

(2)  If  the  base  of  the  segment  is  not  at  right  angles  to  the 
axis  of  the  conoid  or  spheroid,  we  draw  AD 

(a)  in  the  paraboloid,  parallel  to  the  axis, 

(b)  in  the  hyperboloid,  through  the  centre  (or  the  vertex  of 
the  enveloping  cone), 

(c)  in  the  spheroid,  through  the  centre, 

and  in  all  the  cases  it  will  follow  that  AD  bisects  BG  in  D. 

Then  A  will  be  the  vertex  of  the  segment,  and  AD  will  be 
its  axis. 

Further,  the  base  of  the  segment  will  be  a  circle  or  an 
ellipse  with  BG  as  diameter  or  as  an  axis  respectively,  and 
with  centre  D.     We  can  therefore  describe  through  this  circle 

H.  A.  9 
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or  ellipse  a  cylinder  or  a  *  frustum '  of  a  cylinder  whose  axis  is 
AD.  [P^^P-  ^] 
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Dividing  this  cylinder  or  frustum  continually  into  equal 
parts  by  planes  parallel  to  the  base,  we  shall  at  length  arrive 
at  a  cylinder  or  frustum  less  in  volume  than  any  given  solid. 

Let  this  cylinder  or  frustum  be  that  whose  axis  is  OD,  and 
let  AD  he  divided  into  parts  equal  to  OD,  at  L,  if,. . ..  Through 
L,M,,..  draw  lines  parallel  to  BC  meeting  the  conic  in  P,  Q,..., 
and  through  these  lines  draw  planes  parallel  to  the  base  of  the 
segment.  These  will  cut  the  conoid  or  spheroid  in  circles  or 
similar  ellipses.  On  each  of  these  circles  or  ellipses  describe 
two  cylinders  or  frusta  of  cylinders  each  with  axis  equal  to  OD, 
one  of  them  lying  in  the  direction  of  A  and  the  other  in  the 
direction  of  D,  as  shown  in  the  figure. 

Then  the  cylinders  or  frusta  of  cylinders  drawn  in  the 
direction  of  A  make  up  a  circumscribed  figure,  and  those  in 
the  direction  of  D  an  inscribed  figure,  in  relation  to  the 
segment. 

Also  the  cylinder  or  frustum  PG  in  the  circumscribed  figure 
is  equal  to  the  cylinder  or  frustum  PH  in  the  inscribed  figure, 
QI  in  the  circumscribed  figure  is  equal  to  QK  in  the  inscribed 
figure,  and  so  on. 

Therefore,  by  addition, 
(circumscribed  fig.)  =  (inscr.  fig.) 

+  (cylinder  or  frustum  whose  axis  is  OD). 

But  the  cylinder  or  frustum  whose  axis  is  OD  is  less  than 
the  given  solid  figure ;  w^hence  the  proposition  follows. 

"Having  set  out  these  preliminary  propositions,  let  us 
proceed  to  demonstrate  the  theorems  propounded  with  reference 
to  the  figures." 
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Propositions  21,  22. 

Any  segment  of  a  paraboloid  of  revolution  is  half  as  large 
again  as  the  cone  or  segment  of  a  cone  which  has  the  same  base 
and  the  same  aoois. 

Let  the  base  of  the  segment  be  perpendicular  to  the  plane  of 
the  paper,  and  let  the  plane  of  the  paper  be  the  plane  through 
the  axis  of  the  paraboloid  which  cuts  the  base  of  the  segment 
at  right  angles  in  BG  and  makes  the  parabolic  section  BAG. 

Let  EF  be  that  tangent  to  the  parabola  which  is  parallel  to 
BC,  and  let  A  be  the  point  of  contact. 

Then  (1),  if  the  plane  of  the  base  of  the  segment  is 
perpendicular  to  the  axis  of  the  paraboloid,  that  axis  is  the 
line  AD  bisecting  BG  at  right  angles  in  D. 

(2)  If  the  plane  of  the  base  is  not  perpendicular  to  the 
axis  of  the  paraboloid,  draw  AD  parallel  to  the  axis  of  the 
paraboloid.     AD  will  then  bisect  BG,  but  not  at  right  angles. 

Draw  through  EF  a  plane  parallel  to  the  base  of  the  seg- 
ment. This  will  touch  the  paraboloid  at  A,  and  A  will  be 
the  vertex  of  the  segment,  AD  its  axis. 

The  base  of  the  segment  will  be  a  circle  with  diameter  BG 
or  an  ellipse  with  BG  as  major  axis. 

Accordingly  a  cylinder  or  a  frustum  of  a  cylinder  can  be 
foimd  passing  through  the  circle  or  ellipse  and  having  AD  for 
its  axis  [Prop.  9j;  and  likewise  a  cone  or  a  segment  of  a  cone 
can  be  drawn  passing  through  the  circle  or  ellipse  and  having 
A  for  vertex  and  AD  for  axis.  [Prop.  8] 

Suppose  X  to  be  a  cone  equal  to  |  (cone  or  segment  of 
cone  ABC).  The  cone  X  is  therefore  equal  to  half  the  cylinder 
or  frustum  of  a  cylinder  EG.  [Of.  Prop.  10] 

We  shall  prove  that  the  volume  of  the  segment  of  the 
paraboloid  is  equal  to  X. 

If  not,  the  segment  must  be  either  greater  or  less  than  X 
I.     If  possible,  let  the  segment  be  greater  than  X. 
We   can   then  inscribe  and  circumscribe,  as  in   the  last 

9—2 
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proposition,  figures  made  up  of  cylinders  or  frusta  of  cylinders 
with  equal  height  and  such  that 

(circumscribed  fig.)  —  (inscribed  fig.)  <  (segment)  —  X. 

Let  the  greatest  of  the  cylinders  or  frusta  forming  the 
circumscribed  figure  be  that  whose  base  is  the  circle  or  ellipse 
about  BC  and  whose  axis  is  OD,  and  let  the  smallest  of  them  be 
that  whose  base  is  the  circle  or  ellipse  about  PP'  and  whose 
axis  is  AL, 

Let  the  greatest  of  the  cylinders  forming  the  inscribed 
figure  be  that  whose  base  is  the  circle  or  ellipse  about  RR^  and 
whose  axis  is  OD,  and  let  the  smallest  be  that  whose  base  is 
the  circle  or  ellipse  about  PP'  and  whose  axis  is  LM. 

F 


Produce  all  the  plane  bases  of  the  cylinders  or  frusta  to 
meet  the  surface  of  the  complete  cylinder  or  frustum  EG, 

Now,  since 

(circumscribed  fig.)  —  (inscr.  fig.)  <  (segment)  —  X, 
it  follows  that  (inscribed  figure)  >  X (a). 

Next,  comparing  successively  the  cylinders  or  frusta  with 
heights  equal  to  OD  and  respectively  forming  parts  of  the 
complete  cylinder  or  frustum  EG  and  of  the  inscribed  figure, 
we  have 

(first  cylinder  or  frustum  in  EG)  :  (first  in  inscr.  fig.) 

=  BD'  :  RO' 

=  AI):AO 

=  BD  :  TO,  where  AB  meets  OR  in  T. 
And  (second  cylinder  or  frustum  in  EG)  :  (second  in  inscr.  fig.) 

=  HO  :  SN,  in  like  manner, 
and  so  on. 
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Hence  [Prop.  1]  (cylinder  or  frustum  EG)  :  (inscribed  figure) 

=  (BD^HO  +  ...)  :  (TO  +  8^+,,.), 
where  BD,  HO,...  are  all  equal,  and  BD,  TO,  SN,...  diminish  in 
arithmetical  progression. 

But  [Lemma  preceding  Prop.  1] 

BD^H0  +  ...>2(T0  +  SN'-\-...). 
Therefore         (cylinder  or  frustum  EG)  >  2  (inscribed  fig.), 
or  X  >  (inscribed  fig.) ; 

which  is  impossible,  by  (a)  above, 

II.     If  possible,  let  the  segment  be  less  than  X 

In  this  case  we  inscribe  and  circumscribe  figures  as  before, 
but  such  that 

(circumscr.  fig.)  —  (inscr.  fig.)  <  X  —  (segment), 
whence  it  follows  that 

(circumscribed  figure)  <X (/3). 

And,  comparing  the  cylinders  or  frusta  making  up  the 
complete  cylinder  or  frustum  GE  and  the  circumscribed  figure 
respectively,  we  have 

(first  cylinder  or  frustum  in  GE)  :  (first  in  circumscr,  fig.) 
=  BD'  :  BD' 
=  BD  :  BD. 
(second  in  GE)  :  (second  in  circumscr.  fig.) 
=  HO' :  RO' 
=AD:AO 

.=  HO:TO, 

and  so  on. 

Hence  [Prop.  1] 

(cylinder  or  frustum  GE)  :  (circumscribed  fig.) 

=  (BD  +  HO  -]-...):  (BD  +  TO  +  ...), 
<  2  :  1,  [Lemma  preceding  Prop.  1] 

and  it  follows  that 

X  <  (circumscribed  fig.) ; 

which  is  impossible,  by  (^). 

Thus  the  segment,  being  neither  greater  nor  less  than  X,  is 
equal  to  it,  and  therefore  to  |  (cone  or  segment  of  cone  ABG). 
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Proposition  23. 

If  from,  a  paraboloid  of  revolution  two  segments  he  cut  off, 
one  hy  a  plane  perpendicular  to  the  axis,  the  other  by  a  plane  not 
perpendicular  to  the  awis,  and  if  the  axes  of  the  segments  are 
equal,  the  segments  will  be  equal  in  volume. 

Let  the  two  planes  be  supposed  perpendicular  to  the  plane 
of  the  paper,  and  let  the  latter  plane  be  the  plane  through  the 
axis  of  the  paraboloid  cutting  the  other  two  planes  at  right 
angles  in  BB\  QQ'  respectively  and  the  paraboloid  itself  in  the 
parabola  QPQ'B'. 

Let  AN,  PVhe  the  equal  axes  of  the  segments,  and  A,  P 
their  respective  vertices. 


1           ^ 

/ 

/v 

N 

^^\\ 

B' 


Draw  QL  parallel  to  AN  or  PV  and  Q'i  perpendicular 
to  QZ. 

Now,  since  the  segments  of  the  parabolic  section  cut  off  by 
BB\  QQ'  have  equal  axes,  the  triangles  ABB\  PQQ'  are  equal 
[Prop.  3].  Also,  if  QB  be  perpendicular  to  PF,  QD=:BN  (as 
in  the  same  Prop.  3). 

Conceive  two  cones  drawn  with  the  same  bases  as  the 
segments  and  with  A,  P  as  vertices  respectively.  The  height 
of  the  cone  PQQ'  is  then  PK,  where  PK  is  perpendicular  to 

QQ'- 
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Now  the  cones  are  in  the  ratio  compounded  of  the  ratios  of 
their  bases  and  of  their  heights,  i.e.  the  ratio  compounded  of 
(1)  the  ratio  of  the  circle  about  BB'  to  the  ellipse  about  QQ\ 
and  (2)  the  ratio  of  AN  to  PK. 

That  is  to  say,  we  have,  by  means  of  Props.  5,  12, 
(cone  ABB')  :  (cone  PQQ')  =  (BB'' :  QQ' .  Q'L) .  {AN  :  PK). 
And  BB'  =  2BN=:  2Qn  =  Q%  while  QQ'  =  2QV. 
Therefore 
(cone  ABB')  :  (cone  PQQ')  =^(QD:QV).  (AN  :  PK) 

=  (PK:PV).(AN:PK) 
=  AN:PV. 
Since  AN  =  PV,  the  ratio  of  the  cones  is  a  ratio  of  equality  ; 
and  it  follows  that  the  segments,  being  each  half  as  large  again 
as  the  respective  cones  [Prop.  22],  are  equal. 

Proposition  24. 

If  from  a  paraboloid  of  revolution  two  segments  be  cut  off  by 
planes  drawn  in  any  manner,  the  segments  will  be  to  one  another 
as  the  squares  on  their  awes. 

For  let  the  paraboloid  be  cut  by  a  plane  through  the  axis 
in  the  parabolic  section  P'PApp,  and  let  the  axis  of  the 
parabola  and  paraboloid  be  ANN, 

Measure  along  ANN'  the  lengths  AN,  AN'  equal  to  the 
respective  axes  of  the  given  segments, 
and  through  N,  N  draw  planes  perpen- 
dicular to  the  axis,  making  circular 
sections  on  Pp,  P'p'  as  diameters  re- 
spectively. With  these  circles  as  bases 
and  with  the  common  vertex  A  let  two 
cones  be  described. 

Now  the  segments  of  the  paraboloid 
whose  bases  are  the  circles  about  Pp, 
P'p'  are  equal  to  the  given  segments 
respectively,  since  their  respective  axes 
are  equal  [Prop.  23];  and,  since  the 
segments  APp,  AP'p'  are  half  as  large 
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again  as   the  cones  -4Pp,  AP'p'  respectively,  we  have  only 
to  show  that  the  cones  are  in  the  ratio  of  AW^  to  AN'^\ 

But 

(cone  APp)  :  (cone  APp')  =  {PN' :  P'N") .  {AN  :  AN') 

=  {AN:AN').{AN:AN') 

=  AN':  AN"; 

thus  the  proposition  is  proved. 


Propositions  25^  26. 

In  any  hyperholoid  of  revolution ,  if  A  he  the  vertex  and  AD 
the  aads  of  any  segment  cut  off  by  a  plane,  and  if  CA  be  the 
semidiameter  of  the  hyperboloid  through  A  (GA  being  of  course 
in  the  same  straight  line  with  AD),  then 

(segment)  :  (cone  with  same  base  and  axis) 

=  (AD  +  SGA):{AD-¥2GA). 

Let  the  plane  cutting  off  the  segment  be  perpendicular  to 
the  plane  of  the  paper,  and  let  the  latter  plane  be  the  plane 
through  the  axis  of  the  hyperboloid  which  intersects  the  cutting 
plane  at  right  angles  in  BB\  and  makes  the  hyperbolic 
segment  BAB\  Let  G  be  the  centre  of  the  hyperboloid  (or 
the  vertex  of  the  enveloping  cone). 

Let  EF  be  that  tangent  to  the  hyperbolic  section  which  is 
parallel  to  BB\  Let  jBi^  touch  at  A,  and  join  GA.  Then  GA 
produced  will  bisect  BB'  at  D,  GA  will  be  a  semi-diameter  of 
the  hyperboloid,  A  will  be  the  vertex  of  the  segment,  and  AD 
its  axis.     Produce  AG  to  A'  and  H,  so  that  AG=GA'  =  A'H. 

Through  EF  draw  a  plane  parallel  to  the  base  of  the  seg- 
ment.    This  plane  will  touch  the  hyperboloid  at  A. 

Then  (1),  if  the  base  of  the  segment  is  at  right  angles  to  the 
axis  of  the  hyperboloid,  A  will  be  the  vertex,  and  AD  the  axis, 
of  the  hyperboloid  as  well  as  of  the  segment,  and  the  base  of  the 
segment  will  be  a  circle  on  BB'  as  diameter. 
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(2)  If  the  base  of  the  segment  is  not  perpendicular  to  the 
axis  of  the  hyperboloid,  the  base  will  be  an  ellipse  on  BB^  as 
major  axis.  [Prop.  13] 
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Then  we  can  draw  a  cylinder  or  a  frustum  of  a  cylinder 
EBB'F  passing  through  the  circle  or  ellipse  about  BB'  and 
having  AD  for  its  axis;  also  we  can  describe  a  cone  or  a 
segment  of  a  cone  through  the  circle  or  ellipse  and  having  A 
for  its  vertex. 

We  have  to  prove  that 

(segment  ABB')  :  (cone  or  segment  of  cone  ABB')  =  HD  :  A  'D. 
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Let  F  be  a  cone  such  that 

V :  (cone  or  segment  of  cone  ABB')  =  HD  :  A'D, (a) 

and  we  have  to  prove  that  V  is  equal  to  the  segment. 

Now 
(cylinder  or  frustum  EB')  :  (cone  or  segmt.  of  cone  ABB')  =  3:1. 

Therefore,  by  means  of  (a), 

(cylinder  or  frustum  EB')  :V  =  A'D:~ (^). 

o 

If  the  segment  is  not  equal  to  F,  it  must  either  be  greater 
or  less. 

I.     If  possible,  let  the  segment  be  greater  than  F. 

Inscribe  and  circumscribe  to  the  segment  figures  made  up 
of  cylinders  or  frusta  of  cylinders,  with  axes  along  AD  and  all 
equal  to  one  another,  such  that 

(circumscribed  fig.)  —  (inscr.  fig.)  <  (segmt.)  —  F, 

whence  (inscribed  figure)  >  F (7). 

Produce  all  the  planes  forming  the  bases  of  the  cylinders  or 
frusta  of  cylinders  to  meet  the  surface  of  the  complete  cylinder 
or  frustum  EB\ 

Then,  if  ND  be  the  axis  of  the  greatest  cylinder  or  frustum 
in  the  circumscribed  figure,  the  complete  cylinder  will  be 
divided  into  cylinders  or  frusta  each  equal  to  this  greatest 
cylinder  or  frustum. 

Let  there  be  a  number  of  straight  lines  a  equal  to  A  A'  and 
as  many  in  number  as  the  parts  into  which  AD  is  divided  by 
the  bases  of  the  cylinders  or  frusta.  To  each  line  a  apply  a 
rectangle  which  shall  overlap  it  by  a  square,  and  let  the  greatest 
of  the  rectangles  be  equal  to  the  rectangle  AD .  A'D  and  the 
least  equal  to  the  rectangle  AL  .A'L;  also  let  the  sides  of  the 
overlapping  squares  b,  p,  q,,,,l  be  in  descending  arithmetical 
progression.  Thus  b,p,  q,,..l  will  be  respectively  equal  to  AD, 
ANy  AM,..,AL,  and  the  rectangles  (ab-{-b%  (ap+p''\...{al&l^) 
will  be  respectively  equal  to  AD .  A'D,  AN .A'Ny...AL  .  A'L. 
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Suppose,  further,  that  we  have  a  series  of  spaces  S  each 
equal  to  the  largest  rectangle  AD.  A'D  and  as  many  in  number 
as  the  diminishing  rectangles. 

Comparing  now  the  successive  cylinders  or  frusta  (1)  in  the 
complete  cylinder  or  frustum  EB^  and  (2)  in  the  inscribed 
figure,  beginning  from  the  base  of  the  segment,  we  have 

(first  cylinder  or  frustum  in  EB^)  :  (first  in  inscr.  figure) 
=  BD' :  PN' 
=  AD .  A'D  :  AN .  A'F,  from  the  hyperbola, 

Again 

(second  cylinder  or  frustum  in  EB')  :  (second  in  inscr.  fig.) 

=  BD':QM' 

=  AD,A'D:AM.A'M 

=  S :  (ag  +  q"), 
and  so  on. 

The  last  cylinder  or  frustum  in  the  complete  cylinder  or 
frustum  EB'  has  no  cylinder  or  frustum  corresponding  to  it  in 
the  inscribed  figure. 

Combining  the  proportions,  we  have  [Prop.  1] 

(cylinder  or  frustum  EB') :  (inscribed  figure) 

=  (sum  of  all  the  spaces  S)  :  (ap  +  p^)  +  {aq  +  ?*)  +  ... 

>(a  + 6)  :(!  +  !)  [Prop.  2] 

TTD 
>  A'D  :  -^  ,     since  a  =  AA\     h  =  AD, 
o 

>(EB'):  F,     by  (/3)  above. 

Hence  (inscribed  figure)  <  F. 

But  this  is  impossible,  because,  by  (7)  above,  the  inscribed 
figure  is  greater  than  F 
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II.  Next  suppose,  if  possible,  that  the  segment  is  less 
than  F. 

In  this  case  we  circumscribe  and  inscribe  figures  such  that 

(circumscribed  fig.)  ~  (inscribed  fig.)  <  V—  (segment), 

whence  we  derive 

V  >  (circumscribed  figure) (8). 

We  now  compare  successive  cylinders  or  frusta  in  the 
complete  cylinder  or  frustum  and  in  the  circumscribed  figure  ; 
and  we  have 

(first  cylinder  or  frustum  in  EB^)  :  (first  in  circumscribed  fig.) 

=  S:S 

=  8:(ab  +  b% 

(second  in  EB^)  :  (second  in  circumscribed  fig.) 

and  so  on. 

Hence  [Prop.  1] 
(cylinder  or  frustum  EB^)  :  (circumscribed  fig.) 

=  (sum  of  all  spaces  S)  :  (ab  +  ¥)  +  {ap  +p^)  +  .,, 

<(a  +  6):g  +  |)  [Prop.  2] 

•J 

<{EB')'.  V,  by  (/3)  above. 

Hence  the  circumscribed  figure  is  greater  than  F;  which  is 
impossible,  by  (S)  above. 

Thus  the  segment  is  neither  greater  nor  less  than  F,  and  is 
therefore  equal  to  it. 

Therefore,  by  (ot), 

(segment  ABB')  :  (cone  or  segment  of  cone  ABB') 

=  {AD^^OA) :  {AD +  20 A). 
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Propositions  27^  28^  29^  30. 

(1)  In  any  spheroid  whose  centre  is  G,  if  a  plane  meeting 
the  axis  cut  off  a  segment  not  greater  than  half  the  spheroid  and 
having  A  for  its  vertex  and  AD  for  its  axis,  and  if  A'D  he  the 
axis  of  the  remaining  segment  of  the  spheroid,  then 

(first  segmt.)  :  {cone  or  segmt.  of  cone  with  same  base  and  axis) 

=  GA  +  A'D:A'D 

[=SCA-AD:2CA--AD]. 

(2)  As  a  particular  case,  if  the  plane  passes  through  the 
centre,  so  that  the  segment  is  half  the  spheroid,  half  the  spheroid 
is  double  of  the  cone  or  segment  of  a  cone  which  has  the  same 
vertex  and  axis. 

Let  the  plane  cutting  ofif  the  segment  be  at  right  angles  to 
the  plane  of  the  paper,  and  let  the  latter  plane  be  the  plane 
through  the  axis  of  the  spheroid  which  intersects  the  cutting 
plane  in  BB^  and  makes  the  elliptic  section  ABA'B'. 

Let  EF,  E'F'  be  the  two  tangents  to  the  ellipse  which  are 
parallel  to  BB\  let  them  touch  it  in  A,  A',  and  through  the 
tangents  draw  planes  parallel  to  the  base  of  the  segment. 
These  planes  will  touch  the  spheroid  at  A,  A\  which  will 
be  the  vertices  of  the  two  segments  into  which  it  is  divided. 
Also  A  A'  will  pass  through  the  centre  G  and  bisect  BB' 
inD. 

Then  (1)  if  the  base  of  the  segments  be  perpendicular  to 
the  axis  of  the  spheroid,  A,  A'  will  be  the  vertices  of  the 
spheroid  as  well  as  of  the  segments,  A  A'  will  be  the  axis 
of  the  spheroid,  and  the  base  of  the  segments  will  be  a  circle  on 
BB'  as  diameter ; 

(2)  if  the  base  of  the  segments  be  not  perpendicular  to  the 
axis  of  the  spheroid,  the  base  of  the  segments  will  be  an 
ellipse  of  which  BB'  is  one  axis,  and  AD,  A'D  will  be  the 
axes  of  the  segments  respectively. 
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We  can  now  draw  a  cylinder  or  a  frustum  of  a  cylinder 
EBB*F  through  the  circle  or  ellipse  about  BB'  and  having  AB 
for  its  axis;  and  we  can  also  draw  a  cone  or  a  segment  of 
a  cone  passing  through  the  circle  or  ellipse  about  BB^  and 
having  A  for  its  vertex. 


a 

a 

X 

a      ® 

We  have  then  to  show  that,  if  GA'  be  produced  to  H  so 
that(7^'=^'^, 
(segment  ABB')  :  (cone  or  segment  of  cone  ABB')  =  HD :  A'D, 

Let  V  be  such  a  cone  that 
V :  (cone  or  segment  of  cone  ABB')  =  HD :  A'D  . . .  (a) ; 
and  we  have  to  show  that  the  segment  ABB'  is  equal  to  F. 
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But,  since 

(cylinder  or  frustum  EB^) :  (cone  or  segment  of  cone  ABB') 

=  3:1, 
we  have,  by  the  aid  of  (a), 

(cylinder  or  frustum  EB')  :  V  =  A'D  :  ^ (/3). 

Now,  if  the  segment  ABB'  is  not  equal  to  F,  it  must 
be  either  greater  or  less. 

I.  Suppose,  if  possible,  that  the  segment  is  greater 
than  F. 

Let  figures  be  inscribed  and  circumscribed  to  the  segment 
consisting  of  cylinders  or  frusta  of  cylinders,  with  axes  along 
AD  and  all  equal  to  one  another,  such  that 

(circumscribed  fig.)  —  (inscribed  fig.)  <  (segment)  —  F, 
whence  it  follows  that 

(inscribed  fig.)  >  F   (7). 

Produce  all  the  planes  forming  the  bases  of  the  cylinders  or 
frusta  to  meet  the  surface  of  the  complete  cylinder  or  frustum 
EB\  Thus,  if  ND  be  the  axis  of  the  greatest  cylinder  or 
frustum  of  a  cylinder  in  the  circumscribed  figure,  the  complete 
cylinder  or  frustum  EB'  will  be  divided  into  cylinders  or  frusta 
of  cylinders  each  equal  to  the  greatest  of  those  in  the  circum- 
scribed figure. 

Take  straight  lines  da'  each  equal  to  A'D  and  as  many  in 
number  as  the  parts  into  which  AD  'w>  divided  by  the  bases  of 
the  cylinders  or  frusta,  and  measure  da  along  da'  equal  to  AD. 
It  follows  that  aa'  =  2CD, 

Apply  to  each  of  the  lines  a'd  rectangles  with  height  equal 
to  ady  and  draw  the  squares  on  each  of  the  lines  ad  as  in 
the  figure.     Let  8  denote  the  area  of  each  complete  rectangle. 

From  the  first  rectangle  take  away  a  gnomon  with  breadth 
equal  to  AN  (i.e.  with  each  end  of  a  length  equal  to  AN) ; 
take  away  from  the  second  rectangle  a  gnomon  with  breadth 
equal  to  AM,  and  so  on,  the  last  rectangle  having  no  gnomon 
taken  from  it. 
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Then 

the  first  gnomon  =  A'D .  AD  -ND  .  {A'D  -  AN) 

^A'D.AN^-ND.AN 

=  AN.A'K 
Similarly, 

the  second  gnomon  =  AM .  A^M, 

and  so  on. 

And  the  last  gnomon  (that  in  the  last  rectangle  but  one)  is 
equal  to  AL .  A'L. 

Also,  after  the  gnomons  are  taken  away  from  the  successive 
rectangles,  the  remainders  (which  we  will  call  i?j,  R^,,.,  Rn, 
where  w  is  the  number  of  rectangles  and  accordingly  R^  =  S) 
are  rectangles  applied  to  straight  lines  each  of  length  aa^  and 
''exceeding  by  squares''  whose  sides  are  respectively  equal 
to  DN,  DM,...  DA. 

For  brevity,  let  DN  be  denoted  by  x,  and  aa  or  2GD  by  c, 
so  that  R^  =  cx-\- m^,  R^  =  c.2x+  {^xf, . . . 

Then,  comparing  successively  the  cylinders  or  frusta  of 
cylinders  (1)  in  the  complete  cylinder  or  frustum  EB^  and 
(2)  in  the  inscribed  figure,  we  have 

(first  cylinder  or  frustum  in  EB')  :  (first  in  inscribed  fig.) 
=  BD':PN' 
=  AD.A'D:AN.A'N 
=  S  :  (first  gnomon)  ; 
(second  cylinder  or  frustum  in  EB^) :  (second  in  inscribed  fig.) 

=  8  :  (second  gnomon), 
and  so  on. 

The  last  of  the  cylinders  or  frusta  in  the  cylinder  or 
frustum  EB'  has  none  corresponding  to  it  in  the  inscribed 
figure,  and  there  is  no  corresponding  gnomon. 

Combining  the  proportions,  we  have  [by  Prop.  1] 

(cylinder  or  frustum  EB^)  :  (inscribed  fig.) 

=  (sum  of  all  spaces  S)  :  (sum  of  gnomons). 
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Now  the  differences  between  8  and  the  successive  gnomons 
are  i?j,  R^, ...  R^,  while 

R^=  CO)  -i-  of, 


En  =  c6  +  6''=^, 
where  b  =  na)  =  AD. 

Hence  [Prop.  2] 
(sum  of  all  spaces  S)  :  (R^  +  R^^-^  ...  +  Rn)  <  (c  4-6) :  (|  + h)  • 

It  follows  that 

/c      26 
(sum  of  all  spaces  S)  :  (sum  of  gnomons)  >  (c  4-  6)  :  ( «  +  ~n- 

Thus  (cylinder  or  frustum  EB') :  (inscribed  fig.) 

>  (cylinder  or  frustum  EB')  :  V, 
from  (^)  above. 

Therefore  (inscribed  fig.)  <  V ; 

which  is  impossible,  by  (7)  above. 

Hence  the  segment  ABB'  is  not  greater  than  F. 

II.     If  possible,  let  the  segment  ABB'  be  less  than  F. 

We  then  inscribe  and  circumscribe  figures  such  that 

(circumscribed  fig.)  —  (inscribed  fig.)  <  F—  (segment), 

whence  F  >  (circumscribed  fig.) (8). 

In  this  case  we  compare  the  cylinders  or  frusta  in  {EB') 
with  those  in  the  circumscribed  figure. 

Thus 

(first  cylinder  or  frustum  in  EB')  :  (first  in  circumscribed  fig.) 

=^8:8] 

(second  in  EB')  :  (second  in  circumscribed  fig.) 

=  8  :  (first  gnomon), 
and  so  on. 

H.  A.  10 
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Lastly     (last  in  EB')  :  (last  in  circumscribed  fig.) 

=  8  :  (last  gnomon). 
Now 

{S  +  (all  the  gnomons)]  =^nS  —  (iJi  -^-  Eg  +  .  •  •  +  -^n-i)- 
And    nS:Ei  +  jR2  +  ...+i2n-i>(c  +  6):(^|  +  g),   [Prop.  2] 
so  that 


niSf :  (S  +  (all  the  gnomons)}  <  (c  +  6) :  U  + 


2"^  3 


It  follows  that,  if  we  combine  the  above   proportions   as   in 
Prop.  1,  we  obtain 

(cylinder  or  frustum  EB') :  (circumscribed  fig.) 

<(c  +  6):(|  +  f) 

<  {EB')  :  F,  by  (^)  above. 

Hence  the  circumscribed  figure  is  greater  than  F;   which  is 
impossible,  by  (S)  above. 

Thus,  since  the  segment  ABB'  is  neither  greater  nor  less 
than  F,  it  is  equal  to  it ;  and  the  proposition  is  proved. 

(2)  The  particular  case  [Props.  27,  28]  where  the  segment 
is  half  the  spheroid  differs  from  the  above  in  that  the  distance 
CD  or  c/2  vanishes,  and  the  rectangles  ch  +  h^  are  simply  squares 
(6^),  so  that  the  gnomons  are  simply  the  differences  between  V 
and  a?,  h^  and  (2^)^,  and  so  on. 

Instead  therefore  of  Prop.  2  we  use  the  Lemma  to  Prop.  2, 
Cor,  1,  given  above  [On  Spirals,  Prop.  10],  and  instead  of  the 

ratio  (c  +  6)  :  [h  •+■  ~q")  ^®  obtain  the  ratio  3  :  2,  whence 

(segment  ABB')  :  (cone  or  segment  of  cone  ABB')  =  2:1. 

[This  result  can  also  be  obtained  by  simply  substituting 
GA  for  AD  in  the  ratio  (30A--AD)  :  (20 A  -  AD).] 
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Propositions  31^  32. 

If  a  'plane  divide  a  spheroid  into  two  unequal  segments,  and 
if  AN,  A'N  he  the  axes  of  the  lesser  and  greater  segments 
respectively,  while  G  is  the  centre  of  the  spheroid,  then 
{greater  segmt.)  :  (cone  or  segmt.  of  cone  with  same  base  and  aads) 

^GA  +  ANiAF, 

Let  the  plane  dividing  the  spheroid  be  that  through  PP' 
perpendicular  to  the  plane  of  the  paper,  and  let  the  latter  plane 
be  that  through  the  axis  of  the  spheroid  which  intersects  the 
cutting  plane  in  PP'  and  makes  the  elliptic  section  PAP'A\ 


Draw  the  tangents  to  the  ellipse  which  are  parallel  to  PP' ; 
let  them  touch  the  ellipse  at  A,  A',  and  through  the  tangents 
draw  planes  parallel  to  the  base  of  the  segments.  These  planes 
will  touch  the  spheroid  at  A,  A' ,  the  line  A  A'  will  pass 
through  the  centre  G  and  bisect  PP'  in  N,  while  AN,  A'N  will 
be  the  axes  of  the  segments. 

Then  (1)  if  the  cutting  plane  be  perpendicular  to  the  axis 
of  the  spheroid,  AA'  will  be  that  axis,  and  A,  A'  will  be  the 
vertices  of  the  spheroid  as  well  as  of  the  segments.  Also  the 
sections  of  the  spheroid  by  the  cutting  plane  and  all  planes 
parallel  to  it  will  be  circles. 

(2)     If  the  cutting  plane  be  not  perpendicular  to  the  axis, 

10—2 
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the  base  of  the  segments  will  be  an  ellipse  of  which  PP'  is  an 
axis,  and  the  sections  of  the  spheroid  by  all  planes  parallel 
to  the  cutting  plane  will  be  similar  ellipses. 

Draw  a  plane  through  G  parallel  to  the  base  of  the  segments 
and  meeting  the  plane  of  the  paper  in  BB\ 

Construct  three  cones  or  segments  of  cones,  two  having  A 
for  their  common  vertex  and  the  plane  sections  through  PP\ 
BB^  for  their  respective  bases,  and  a  third  having  the  plane 
section  through  PP'  for  its  base  and  A'  for  its  vertex. 

Produce  GA  to  H  and  GA'  to  H'  so  that 

AH  =  A'H'^GA. 

We  have  then  to  prove  that 

(segment  A'PP')  :  (cone  or  segment  of  cone  A'PP') 

^GA-^-ANiAN 

=  NH  :  AK 

Now  half  the  spheroid  is  double  of  the  cone  or  segment  of  a 
cone  ABB'  [Props.  27,  28].     Therefore 

(the  spheroid)  =  4  (cone  or  segment  of  cone  ABB'). 

But 

(cone  or  segmt.  of  cone  ABB')  :  (cone  or  segmt.  of  cone  APP') 

=  {GA  :AN).{BG':PN') 

=  (GA  :  AN).(GA.GA' :  AN.A'N).,.{ol). 

If  we  measure  AK  along  A  A'  so  that 

AK:AG=AG:AN, 

we  have  AK .  A'N  :  AG .A'N=^GA  :  AN, 

and  the  compound  ratio  in  (a)  becomes 

{AK.  A'N  :  GA  .  A'N) .  {GA  .  GA' :  AN,  A'N\ 

i.e.  AK.GA':AN,A'N. 

Thus 

(cone  or  segmt.  of  cone  ABB') :  (cone  or  segmt.  of  cone  APP') 

^AK.GA':AN,A'N, 
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But       (cone  or  segment  of  cone  APP')  :  (segment  APP') 

=  A'N  :  NH'        [Props.  29,  30] 

=  AN.A'N:AN.NH'. 
Therefore,  ex  aequali, 

(cone  or  segment  of  cone  ABB')  :  (segment  APP') 

=  AK.CA'  lAN.NH', 

so  that  (spheroid)  :  (segment  APP) 

=  HH'.AK:AN.NH', 

since  HH'  =  WA'. 

Hence         (segment  A'PP')  :  (segment  APP') 

=  {HH'  .AK-AN.  NH')  :  AN .  NH' 

=  iAK.NH  +  NH' . NK)  :  AN . NH'. 
Further, 

(segment  APP')  :  (cone  or  segment  of  cone  APP') 

=  NH':A'N 

=  AN.NH'  -.AN.A'N, 
and 

(cone  or  segmt.  of  cone  APP')  :  (cone  or  segmt.  of  cone  A'PP') 

=  AN  :  A'N 
=  AN. A'N:  A'N'. 
From  the  last  three  proportions  we  obtain,  ex  aequali, 
(segment  A'PP')  :  (cone  or  segment  of  cone  A'PP') 
=  {AK.NH  +  NH'.NK):A'N' 
=  (AK.  NH  +  NH' .  NK)  :  {GA'  +  NH' .  CN) 
=  {AK .  NH  +  NH' .  NK)  •.(AK.AN  +  NH' .  CN) . . .(/3). 
But 
AK.NH  :  AK.AN=NH  :  AN 

=  CA+AN:AN 
=  AK  +  CA  -.CA 

(since  AK  :  AG  =  AG  :  AN) 
=  HK:GA 

=  HK-NH:GA-AN 

=NK:GN 

=  NH'.NK  -.NH'.CN. 
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Hence  the  ratio  in  (^)  is  equal  to  the  ratio 

AK,FH:AK,AN,  or  NH:AN. 

Therefore 

(segment  A^PP')  :  (cone  or  segment  of  cone  A'PP') 

^NHiAN 

=  GA-\-AN :  AN, 

[If  {x,  y)  be  the  coordinates  of  P  referred  to  the  conjugate 
diameters  AA\  BB'  as  axes  of  ^,  y,  and  if  2a,  26  be  the  lengths 
of  the  diameters  respectively,  we  have,  since 

(spheroid)  —  (lesser  segment)  =  (greater  segment), 

4^.a¥ ,y^(a-x)= .y^(a-\-x)\ 

and  the  above  proposition  is  the  geometrical  proof  of  the  truth 
of  this  equation  where  x,  y  are  connected  by  the  equation 

-+^=11 

„2     «     L2  -*-'J 
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"Archimedes  to  Dositheus  greeting. 

Of  most  of  the  theorems  which  I  sent  to  Conon,  and  of 
which  you  ask  me  from  time  to  time  to  send  you  the  proofs,  the 
demonstrations  are  already  before  you  in  the  books  brought  to 
you  by  Heracleides ;  and  some  more  are  also  contained  in  that 
which  I  now  send  you.  Do  not  be  surprised  at  my  taking  a 
considerable  time  before  publishing  these  proofs.  This  has 
been  owing  to  my  desire  to  communicate  them  first  to  persons 
engaged  in  mathematical  studies  and  anxious  to  investigate 
them.  In  fact,  how  many  theorems  in  geometry  which  have 
seemed  at  first  impracticable  are  in  time  successfully  worked  out! 
Now  Conon  died  before  he  had  sufficient  time  to  investigate 
the  theorems  referred  to;  otherwise  he  would  have  discovered 
and  made  manifest  all  these  things,  and  would  have  enriched 
geometry  by  many  other  discoveries  besides.  For  I  know  well 
that  it  was  no  common  ability  that  he  brought  to  bear  on 
mathematics,  and  that  his  industry  was  extraordinary.  But, 
though  many  years  have  elapsed  since  Conon's  death,  I  do  not 
find  that  any  one  of  the  problems  has  been  stirred  by  a  single 
person.  I  wish  now  to  put  them  in  review  one  by  one, 
particularly  as  it  happens  that  there  are  two  included  among 
them  which  are  impossible  of  realisation*  [and  which  may 
serve  as  a  warning]  how  those  who  claim  to  discover  every- 
thing but  produce  no  proofs  of  the  same  may  be  confuted  as 
having  actually  pretended  to  discover  the  impossible. 

*  Heiberg  reads  r  Aos  B^  irodeddfieva,  but  F  has  riXovs,  so  that  the  true  reading 
is  perhaps  t4\ovs  di  voTided/JLepa.    The  meaning  appears  to  be  simply  *  wrong.' 
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What  are  the  problems  I  mean,  and  what  are  those  of  which 
you  have  already  received  the  proofs,  and  those  of  which  the 
proofs  are  contained  in  this  book  respectively,  I  think  it  proper 
to  specify.  The  first  of  the  problems  w^as,  Given  a  sphere,  to  find 
a  plane  area  equal  to  the  surface  of  the  sphere ;  and  this  was 
first  made  manifest  on  the  publication  of  the  book  concerning  the 
sphere,  for,  when  it  is  once  proved  that  the  surface  of  any  sphere 
is  four  times  the  greatest  circle  in  the  sphere,  it  is  clear  that  it 
is  possible  to  find  a  plane  area  equal  to  the  surface  of  the  sphere. 
The  second  was.  Given  a  cone  or  a  cylinder,  to  find  a  sphere 
equal  to  the  cone  or  cylinder ;  the  third,  To  cut  a  given  sphere 
by  a  plane  so  that  the  segments  of  it  have  to  one  another  an 
assigned  ratio ;  the  fourth.  To  cut  a  given  sphere  by  a  plane  so 
that  the  segments  of  the  surface  have  to  one  another  an  assigned 
ratio ;  the  fifth.  To  make  a  given  segment  of  a  sphere  similar  to 
a  given  segment  of  a  sphere  * ;  the  sixth,  Given  two  segments  of 
either  the  same  or  different  spheres,  to  find  a  segment  of  a  sphere 
which  shall  be  similar  to  one  of  the  segments  and  have  its 
surface  equal  to  the  surface  of  the  other  segment.  The  seventh 
was.  From  a  given  sphere  to  cut  off  a  segment  by  a  plane  so 
that  the  segment  bears  to  the  cone  which  has  the  same  base  as 
the  segment  and  equal  height  an  assigned  ratio  greater  than 
that  of  three  to  two.  Of  all  the  propositions  just  enumerated 
Heracleides  brought  you  the  proofs.  The  proposition  stated 
next  after  these  was  wrong,  viz.  that,  if  a  sphere  be  cut  by  a 
plane  into  unequal  parts,  the  greater  segment  will  have  to  the 
less  the  duplicate  ratio  of  that  which  the  greater  surface  has  to 
the  less.  That  this  is  wrong  is  obvious  by  what  I  sent  you 
before ;  for  it  included  this  proposition :  If  a  sphere  be  cut  into 
unequal  parts  by  a  plane  at  right  angles  to  any  diameter  in  the 
sphere,  the  greater  segment  of  the  surface  will  have  to  the  less 
the  same  ratio  as  the  greater  segment  of  the  diameter  has 
to  the  less,  while  the  greater  segment  of  the  sphere  has  to  the 
less  a  ratio  less  than  the  duplicate  ratio  of  that  which  the 


*  t6  do6^p  rpLoifia  <r^ipas  r^J  dodivTi  TfidfiarL  a^alpas  ofMotdxrai,  i.e.  to  make  a 
segment  of  a  sphere  similar  to  on6  given  segment  and  equal  in  content  to 
another  given  segment.    [Cf.  On  the  Sphere  and  Cylinder,  II.  5.] 
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greater  surface  has  to  the  less,  but  greater  than  the  sesqui- 
alterate*  of  that  ratio.  The  last  of  the  problems  was  also  wrong, 
viz.  that,  if  the  diameter  of  any  sphere  be  cut  so  that  the  square 
on  the  greater  segment  is  triple  of  the  square  on  the  lesser 
segment,  and  if  through  the  point  thus  arrived  at  a  plane  be 
drawn  at  right  angles  to  the  diameter  and  cutting  the  sphere, 
the  figure  in  such  a  form  as  is  the  greater  segment  of  the  sphere 
is  the  greatest  of  all  the  segments  which  have  an  equal  surface. 
That  this  is  wrong  is  also  clear  from  the  theorems  which  I 
before  sent  you.  For  it  was  there  proved  that  the  hemisphere 
is  the  greatest  of  all  the  segments  of  a  sphere  bounded  by  an 
equal  surface. 

After  these  theorems  the  following  were  propounded  con- 
cerning the  conef.  If  a  section  of  a  right-angled  cone  [a 
parabola],  in  which  the  diameter  [axis]  remains  fixed,  be  made  to 
revolve  so  that  the  diameter  [axis]  is  the  axis  [of  revolution], 
let  the  figure  described  by  the  section  of  the  right-angled  cone 
be  called  a  conoid.  And  if  a  plane  touch  the  conoidal  figure 
and  another  plane  drawn  parallel  to  the  tangent  plane  cut  off 
a  segment  of  the  conoid,  let  the  base  of  the  segment  cut  off  be 
defined  as  the  cutting  plane,  and  the  vertex  as  the  point  in  which 
the  other  plane  touches  the  conoid.  Now,  if  the  said  figure  be 
cut  by  a  plane  at  right  angles  to  the  axis,  it  is  clear  that  the 
section  will  be  a  circle  ;  but  it  needs  to  be  proved  that  the 
segment  cut  off  will  be  half  as  large  again  as  the  cone  which  has 
the  same  base  as  the  segment  and  equal  height.  And  if  two 
segments  be  cut  off  from  the  conoid  by  planes  drawn  in  any 
manner,  it  is  clear  that  the  sections  will  be  sections  of  acute- 
angled  cones  [ellipses]  if  the  cutting  planes  be  not  at  right 
angles  to  the  axis;  but  it  needs  to  be  proved  that  the 
segments  will  bear  to  one  another  the  ratio  of  the  squares  on 
the  lines  drawn  from  their  vertices  parallel  to  the  axis  to  meet 
the  cutting  planes.  The  proofs  of  these  propositions  are  not 
yet  sent  to  you. 

After  these  came  the  following  propositions  about  the  spiral^ 

*  {\6yov)  jxd^ova  rj  i]fu6\Lop  roO,  ov  ^x^l  k.t.X.^  i.e.  a  ratio  greater  than  (the 
ratio  of  the  surfaces)^.     See  On  the  Sphere  and  Cylinder ,  II.  8. 
t  This  should  be  presumably  '  the  conoid^''  not  'the  cone.' 
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which  are  as  it  were  another  sort  of  problem  having  nothing 
in  common  with  the  foregoing;  and  I  have  written  out  the 
proofs  of  them  for  you  in  this  book.  They  are  as  follows.  '  If  a 
straight  line  of  which  one  extremity  remains  fixed  be  made  to 
revolve  at  a  uniform  rate  in  a  plane  until  it  returns  to  the 
position  from  which  it  started,  and  if,  at  the  same  time  as  the 
straight  line  revolves,  a  point  move  at  a  uniform  rate  along  the 
straight  line,  starting  from  the  fixed  extremity,  the  point  will 
describe  a  spiral  in  the  plane.  I  say  then  that  the  area 
bounded  by  the  spiral  and  the  straight  line  which  has  returned 
to  the  position  from  which  it  started  is  a  third  part  of  the  circle 
described  with  the  fixed  point  as  centre  and  with  radiua  the 
length  traversed  by  the  point  along  the  straight  line  during  the 
one  revolution.  And,  if  a  straight  line  touch  the  spiral  at  the 
extreme  end  of  the  spiral,  and  another  straight  line  be  drawn  at 
right  angles  to  the  line  which  has  revolved  and  resumed  its 
position  from  the  fixed  extremity  of  it,  so  as  to  meet  the 
tangent,  I  say  that  the  straight  line  so  drawn  to  meet  it  is 
equal  to  the  circumference  of  the  circle.  Again,  if  the  revolving 
line  and  the  point  moving  along  it  make  several  revolutions 
and  return  to  the  position  from  which  the  straight  line  started, 
I  say  that  the  area  added  by  the  spiral  in  the  third  revolution 
will  be  double  of  that  added  in  the  second,  that  in  the  fourth 
three  times,  that  in  the  fifth  four  times,  and  generally  the  areas 
added  in  the  later  revolutions  will  be  multiples  of  that  added  in 
the  second  revolution  according  to  the  successive  numbers, 
while  the  area  bounded  by  the  spiral  in  the  first  revolution  is  a 
sixth  part  of  that  added  in  the  second  revolution.  Also,  if  on 
the  spiral  described  in  one  revolution  two  points  be  taken  and 
straight  lines  be  drawn  joining  them  to  the  fixed  extremity  of 
the  revolving  line,  and  if  two  circles  be  drawn  with  the  fixed 
point  as  centre  and  radii  the  lines  drawn  to  the  fixed  extremity 
of  the  straight  line,  and  the  shorter  of  the  two  lines  be  produced, 
I  say  that  (1)  the  area  bounded  by  the  circumference  of  the 
greater  circle  in  the  direction  of  (the  part  of)  the  spiral  included 
between  the  straight  lines,  the  spiral  (itself)  and  the  produced 
straight  line  will  bear  to  (2)  the  area  bounded  by  the  circum- 
ference of  the  lesser  circle,  the  same  (part  of  the)  spiral  and  the 
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straight  line  joining  their  extremities  the  ratio  which  (3)  the 
radius  of  the  lesser  circle  together  with  two  thirds  of  the  excess 
of  the  radius  of  the  greater  circle  over  the  radius  of  the  lesser 
bears  to  (4)  the  radius  of  the  lesser  circle  together  with  one 
third  of  the  said  excess^ 

The  proofs  then  of  these  theorems  and  others  relating  to  the 
spiral  are  given  in  the  present  book.  Prefixed  to  them,  after  the 
manner  usual  in  other  geometrical  works,  are  the  propositions 
necessary  to  the  proofs  of  them.  And  here  too,  as  in  the  books 
previously  published,  I  assume  the  following  lemma,  that,  if 
there  be  (two)  unequal  lines  or  (two)  unequal  areas,  the  excess 
by  which  the  greater  exceeds  the  less  can,  by  being  [continually] 
added  to  itself,  be  made  to  exceed  any  given  magnitude  among 
those  which  are  comparable  with  [it  and  with]  one  another." 


Proposition   1. 

If  a  point  move  at  a  uniform  rate  along  any  line,  and  two 
lengths  be  taken  on  it,  they  will  be  proportional  to  the  times  of 
describing  them. 

Two  unequal  lengths  are  taken  on  a  straight  line,  and  two 
lengths  on  another  straight  line  representing  the  times;  and 
they  are  proved  to  be  proportional  by  taking  equimultiples  of 
each  length  and  the  corresponding  time  after  the  manner  of 
Eucl.  V.  Def.  5. 

Proposition  2. 

If  each  of  two  points  on  different  lines  respectively  move  along 
them  each  at  a  uniform  rate,  and  if  lengths  be  taken,  one  on  each 
line,  forming  pairs,  such  that  each  pair  are  described  in  equal 
times,  the  lengths  will  be  proportionals. 

This  is  proved  at  once  by  equating  the  ratio  of  the  lengths 
taken  on  one  line  to  that  of  the  times  of  description,  which 
must  also  be  equal  to  the  ratio  of  the  lengths  taken  on  the  other 
line. 
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Proposition  3. 

Oiven  any  number  of  circles,  it  is  possible  to  find  a  straight 
line  greater  than  the  sum  of  all  their  circumferences. 

For  we  have  only  to  describe  polygons  about  each  and  then 
take  a  straight  line  equal  to  the  sum  of  the  perimeters  of  the 
polygons. 

Proposition  4. 

Given  two  unequal  lines,  viz,  a  straight  line  and  the  circum- 
ference of  a  circle,  it  is  possible  to  find  a  straight  line  less  than 
the  greater  of  the  two  lines  and  greater  than  the  less. 

For,  by  the  Lemma,  the  excess  can,  by  being  added  a  sufficient 
number  of  times  to  itself,  be  made  to  exceed  the  lesser  line. 

Thus  e.g.,  ii  ol  (where  c  is  the  circumference  of  the  circle 
and  I  the  length  of  the  straight  line),  we  can  find  a  number  n 
such  that 

n  {c-l)>  I. 

Therefore  c  —  I  >  ~ , 

n 

and  ol  -{■  ->l. 

n 

Hence  we  have  only  to  divide  I  into  n  equal  parts  and  add 
one  of  them  to  I,     The  resulting  line  will  satisfy  the  condition. 

Proposition  5. 

Oiven  a  circle  with  centre  0,  and  the  tangent  to  it  at  a  point 
A,  it  is  possible  to  draw  from  0  a  straight  line  OFF,  meeting  the 
circle  in  P  and  the  tangeiit  in  F,  such  that,  if  c  be  the  circum- 
ference of  any  given  circle  whatever, 

FP:OP<  (arc  AP)  :  c. 

Take  a  straight  line,  as  D,  greater  than  the  circumference  c. 
[Prop.  3] 
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Through  0  draw  OH  parallel  to  the  given  tangent,  and 
draw  through  A  a  line  APH,  meeting  the  circle  in  P  and  OH 


in  jET,  such  that  the  portion  PH  intercepted  between  the  circle 
and  the  line  OH  may  be  equal  to  D*.  Join  OP  and  produce 
it  to  meet  the  tangent  in  F. 

Then  FP  :OP  =  AP:  PH,  by  parallels, 

=  AP:D 

<  (arc  AP)  :  c. 

Proposition  6. 

Given  a  circle  with  centre  0,  a  chord  AB  less  than  the 
diameter y  and  OM  the  perpendicular  on  AB  from  0,  it  is  possible 
to  draw  a  straight  line  OFP,  meeting  the  chord  AB  in  F  and  the 
circle  in  P,  such  that 

FP:PB  =  I):E, 

where  D  :  E  is  any  given  ratio  less  than  BM  :  MO, 

Draw  OH  parallel  to  AB,  and  BT  perpendicular  to  BO 

meeting  OH  in  T. 

Then  the  triangles  BMO,  OBT  are  similar,  and  therefore 
BM:MO  =  OB:  BT, 

whence  D  :  E  <  OB  :  BT. 

*  This  construction,  which  is  assumed  without  any  explanation  as  to  how  it 
is  to  be  effected,  is  described  in  the  original  Greek  thus:  "let  PH  be  placed 
(Keiadca)  equal  to  D,  verging  {ve^^ovaa)  towards  A.'*  This  is  the  usual  phraseology 
used  in  the  type  of  problem  known  by  the  name  of  veuiris. 
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Suppose  that  a  line  PH  (greater  than  BT)  is  taken  such 


that 


D:E^OB:PH, 


and  let  PH  be  so  placed  that  it  passes  through  B  and  P  lies  on 
the  circumference  of  the  circle,  while  H  is  on  the  line  OH*, 
(PH  will  fall  outside  BT,  because  PH  >  BT,)  Join  OP  meeting 
AB  in  K 

We  now  have 

FP  :  PB^OP:  PH 

=  OB  :  PH 


Proposition  7. 

Given  a  circle  with  centre  0,  a  chord  AB  less  than  the 
diameter,  and  OM  the  perpendicular  on  it  from  0,  it  is  possible 
to  draw  from  0  a  straight  line  OPF,  meeting  the  circle  in  P  and 
A  B  produced  in  F,  such  that 

FP:PB^B:E, 
where  D  :  E  is  any  given  ratio  greater  than  BM  :  MO. 

Draw  OT  parallel  to  AB,  and  BT  perpendicular  to  BO 

meeting  OT  in  T, 

*  The  Greek  phrase  is  "let  PH  be  placed  between  the  circumference  and  the 
straight  line  (OH)  through  B.'*  The  construction  is  assumed,  like  the  similar 
one  in  the  last  proposition. 
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In  this  case,  D  :  E  >  BM  :  MO 

>  OB  :  BT,  by  similar  triangles. 


Take  a  line  PH  (less  than  BT)  such  that 
D:E=^OB:PH, 
and  place  PE  so  that  P,  -ff  are  on  the  circle  and  on  OT  respec- 
tively, while  HP  produced  passes  through  B  *. 
Then  FP:PB=^OP',PH 

^D:E, 

Proposition  8. 

Given  a  circle  with  centre  0,  a  chord   AB   less  than  the 

diameter y  the  tangent  at  B,  and  the  perpendicular  OM  from  0 

on  AB,  it  is  possible  to  draw  from  0  a  straight  line  OFP, 

meeting  the  chord  AB  in  F,  the  circle  in  P  and  the  tangent  in  0, 

such  that 

FP  :BG  =  D:E, 

where  D  :  E  is  any  given  ratio  less  than  BM  :  MO. 

HO  The  drawn  parallel  to  AB  meeting  the  tangent  at  B  in  T, 

BM'.MO^OB  :  BT, 

so  that  L:E<OB  :  BT, 

Take  a  point  G  on  TB  produced  such  that 

B:E=OB  :BC, 

whence  BG  >  BT. 

*  PH  is  described  in  the  Greek  as  veijovaau  iirl  {verging  to)  the  point  B.     As 
before  the  construction  is  assumed. 
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Through  the  points  0,  T,  G  describe  a  circle,  and  let  OB  be 
produced  to  meet  this  circle  in  jST. 


or 


Then,  since  BG  >  BTy  and  OB  is  perpendicular  to  GT,  it  is 
possible  to  draw  from  0  a  straight  line  OGQy  meeting  GT  in  G 
and  the  circle  about  OTG  in  Q,  such  that  OQ  =  BK*. 

Let  OGQ  meet  AB  in  F  and  the  original  circle  in  P. 

Now  GGMT^OG.GQ; 

and  OF:OG  =  BT  :  GT, 

so  that  OF.GT^OG.BT. 

It  follows  that 

CG.GT:OF,GT=OG.GQ:OG.BT, 

GG:  OF=^GQ:BT 

=  5jBr :  57,  by  construction, 

=  BG  :0B 

=  50  :  OP. 

OP:  OF  =  BG  :GG, 

PF:OP==BG:  BG, 

PF:BG^OP:BG 

^OBiBG 

=    BiE, 

*  The  Greek  words  used  are :  "  it  is  possible  to  place  another  [straight  line] 
GQ  equal  to  KB  verging  {vei^ovcrav)  towards  0.'*  This  particular  veOcns  is 
discussed  by  Pappus  (p.  298,  ed.  Hultsch).    See  the  Introduction,  chapter  v. 


Hence 
and  therefore 
or 
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Proposition  9. 

Given  a  circle  with  centre  0,  a  chord  AB  less  than  the 
diameter,  the  tangent  at  By  and  the  perpendicular  OM  from  0 
on  AB,  it  is  possible  to  draw  from  0  a  straight  line  OPGF, 
meeting  the  circle  in  P,  the  tangent  in  0,  and  AB  produced  in  F, 
such  that 

FP:BG=:D:E, 

where  D  :  E  is  any  given  ratio  greater  than  BM  :  if  0. 

Let  OT  be  drawn  parallel  to  AB  meeting  the  tangent  at  B 
in  r. 

Then  D  :  E  >  BM  :  MO 

>  OB  :  BT,  by  similar  triangles. 

Produce  TB  to  C  so  that 

D:E=OB  :BG, 

whence  BC  <  BT. 


Describe  a  circle  through  the  points  0,  T,  0,  and  produce  OB 
to  meet  this  circle  in  K, 

Then,  since  TB  >  BG,  and  OB  is  perpendicular  to  GT,  it  is 
possible  to  draw  from  0  a  line  OGQ,  meeting  GT  in  G,  and  the 
H.  A.  11 
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circle  about  OTC  in  Q,  such  that  OQ  =  BK*.     Let  OQ  meet 
the  original  circle  in  P  and  AB  produced  in  F, 

We  now  prove,  exactly  as  in  the  last  proposition,  that 

GO:OFr=BK:BT 

^BG  :0P, 


Thus,  as  before, 

OP:OF=BO:CG, 

and 

OP:PF=BC:BQ, 

whence 

PF:BG=OP:BC 

=  OB:BC 

=    D:E. 

Proposition  lO. 

If  Ai,A2fA^,  .,,An  be  n  lines  forming  an  ascending  arith- 
metical progression  in  which  the  common  difference  is  equal 
to  Ai,  the  least  term,  then 

[Archimedes'  proof  of  this  proposition  is  given  above,  p.  107- 
9,  and  it  is  there  pointed  out  that  the  result  is  equivalent  to 

r  +  2'+y  +  ...  +  n-  =  ^(^+^y^"+^>.] 

6  -* 

Cor.  1.     It  follows  from  this  proposition  that 

n.An'<^{A,'^A^'+,.,  +  An% 
and  also  that 

n.An'>3  {A,'  +  ^/  +  . . .  +  An-i'). 

[For  the  proof  of  the  latter  inequality  see  p.  109  above.] 

Cor.  2.  All  the  results  will  equally  hold  if  similar  figures 
are  substituted  for  squares. 

*  See  the  note  on  the  last  proposition. 
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Proposition  11. 

If  Ai,  A2,»..An  be  n  lines  forming  an  ascending  arith- 
metical progression  [in  which  the  common  difference  is  equal  to 
the  least  term  -4i]*,  then 


(n-l)An':(An'^An-^'+...'^A,') 


but 


<An':{A^.A,+i(A^^A,y 


C     H 
E  - 


T     U 


K  ■    L- 


B     D     F 


(n  -  1)  ^^^  {An-^'  +  An-,'  +  . . .  +  A,') 

>An':{An.A,+i(An-A,fl 

[Archimedes  sets  out  the  terms  side  by  side  in  the  manner 
shown  in  the  figure,  where  BG  =  A^,  DE  =  An-u...RS  -=  A^,  and 
produces  DE^  FGy . .  ,RS  until  they  are 
respectively  equal  to  BG  or  A^y  so  that 
EH,  QI,..,SU  in  the  figure  are  re- 
spectively equal  to  uli,  ^2---^n-i-  He 
further  measures  lengths  BK,  DL, 
FM,...PV along BC,  BE,  FG,  ,..PQ  re- 
spectively each  equal  to  RS. 

The  figure  makes  the  relations 
between  the  terms  easier  to  see  with 
the  eye,  but  the  use  of  so  large  a 
number  of  letters  makes  the  proof 
somewhat  difficult  to  follow,  and  it 
may  be  more  clearly  represented  as  follows.] 

It  is  evident  that  (A^  —  ^i)  =  ^^-i. 

The  following  proportion  is  therefore  obviously  true,  viz. 

(n•-l)An':(n^l){An.A,  +  iAn-^') 

=  An  :{An*Ai-{-^(An  —  Ai)]. 


*  The  proposition  is  true  even  when  the  common  difierence  is  not  equal  to 
A  J,  and  is  assumed  in  the  more  general  form  in  Props.  25  and  26.  But,  as 
Archimedes'  proof  assumes  the  equality  of  A^  and  the  common  difference,  the 
words  are  here  inserted  to  prevent  misapprehension. 

11—2 


P     R 
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In  order  therefore  to  prove  the  desired  result,  we  have  only 
to  show  that 

{n-l)An.A,  +  ^{n-l)  A^-i' <  (^„'  +  ^„_a'  +  . . .  +  ^/) 

but  >  (4„-i'  +  ^n-a'  +  . . .  +  ^1°). 

I.     To  prove  the  first  inequality,  we  have 
in-l)Ar,.A,  +  i{n-l)An-r' 

=  («  -1)  A,'  +  {n-l)A,.An-^-\-^(n-l)  Ar..^' . . .{!). 
And 

An'  +  An-.'+.-.+A,' 

=  (^„_,  +  ^0*  +  (^n^  +  A,y  +  ...  +  (A,  +  A,y 

+  (n-l)A,'' 

+  2A^{An-i  +  A,^+...+A,) 
=  {An-,'  +  A^'+...  +  A^) 

+  Ai{An-i  +  An-!t  +  An-s  +  ...  +  A^ 

+  Ai     +A^     +...+An-2  +  A„-i} 

=  (An-i'  +  -4n-2  +  ...  +  Ai) 

+  (n-l)^/ 

+  nA,.An-i (2). 

Comparing  the  right-hand  sides  of  (1)  and  (2),  we  see  that 
(n  —  l)Ai^  is  common  to  both  sides,  and 

{n  - 1)  ^1 .  An-i  <nA^.  An-u 
while,  by  Prop.  10,  Cor.  1, 

^(n--l)An-.,'<An-i'  +  An-2'  +  .^.+A,\ 

It  follows  therefore  that 

and  hence  the  first  part  of  the  proposition  is  proved. 

II.     We  have  now,  in  order  to  prove  the  second  result,  to 
show  that 

(n  -  1)  ^n  .  ^1  +  i  (n  -  1)  An^^'  >  {An-.^'  +  An-,'  +  . . .  +^i'). 
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The  right-hand  side  is  equal  to 

(An^, + A,y+  (Ar^, + ^0' + . . .  +  (^x + A,y + A,' 

+  {n-l)A{' 

+  2A,  {An-^  +  A„_s  +  . . .  +  J.i) 
=  (-^n-a  +  -4,^3  +  . . .  +  Ai) 

+  in-l)A,^ 


t  +  ^i      +^2      +...+^n-2j 


=  (-4n-2   +  -^n~3   4-  . . .  +  ^1  ) 

+  (ri~2)^,.^^_, (3). 

Comparing  this  expression  with  the  right-hand  side  of  (1)  above, 
we  see  that  {n  —  1)  A^  is  common  to  both  sides,  and 

{n  -  1)  ^1 .  An-i  >  (n  -  2)  ^1 .  J.^^i, 

while,  by  Prop.  10,  Cor.  1, 

Kn  - 1)  An-^'  >  {An-,'  +  An  J  +  . . .  +  A,'), 
Hence 

(ri-l)A.A+i(ri--l)^n-i'>(^n-.i'  +  ^n-2'-f  ...+^'); 

and  the  second  required  result  follows. 

Cor.  The  results  in  the  above  proposition  are  equally  true  if 
similar  figures  he  substituted  for  squares  on  the  several  lines. 

Definitions. 

1.  If  a  straight  line  drawn  in  a  plane  revolve  at  a  uniform 
rate  about  one  extremity  which  remains  fixed  and  return  to 
the  position  from  which  it  started,  and  if,  at  the  same  time  as 
the  line  revolves,  a  point  move  at  a  uniform  rate  along  the 
straight  line  beginning  from  the  extremity  which  remains  fixed, 
the  point  will  describe  a  spiral  (?Xfc^)  in  the  plane. 

2.  Let  the  extremity  of  the  straight  line  which  remains 
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fixed  while  the  straight  line  revolves  be  called  the  origin* 
(dpxa)  of  the  spiral. 

3.  And  let  the  position  of  the  line  from  which  the  straight 
line  began  to  revolve  be  called  the  initial  line*  in  the 
revolution  («/>%«  ra?  irepL(f>opa^), 

4.  Let  the  length  which  the  point  that  moves  along  the 
straight  line  describes  in  one  revolution  be  called  the  first 
distance,  that  which  the  same  point  describes  in  the  second 
revolution  the  second  distance,  and  similarly  let  the  distances 
described  in  further  revolutions  be  called  after  the  number  of 
the  particular  revolution. 

5.  Let  the  area  bounded  by  the  spiral  described  in  the 
first  revolution  and  the  first  distance  be  called  the  first  area, 
that  bounded  by  the  spiral  described  in  the  second  revolution 
and  the  second  distance  the  second  area,  and  similarly  for  the 
rest  in  order. 

6.  If  from  the  origin  of  the  spiral  any  straight  line  be 
drawn,  let  that  side  of  it  which  is  in  the  same  direction  as  that 
of  the  revolution  be  called  forward  {irpoa^ovfieva),  and  that 
which  is  in  the  other  direction  backward  {kirofjieva). 

7.  Let  the  circle  drawn  with  the  origin  as  centre  and  the 
first  distance  as  radius  be  called  the  first  circle,  that  drawn 
with  the  same  centre  and  twice  the  radius  the  second  circle, 
and  similarly  for  the  succeeding  circles. 


Proposition  12. 

If  any  number  of  straight  lines  drawn  from  the  origin  to 
meet  the  spiral  make  equal  angles  with  one  another,  the  lines  will 
he  in  arithmetical  progression, 

[The  proof  is  obvious.] 

*  The  literal  translation  would  of  course  be  the  *•  beginning  of  the  spiral " 
and  "the  beginning  of  the  revolution"  respectively.  But  the  modern  names 
will  be  more  suitable  for  use  later  on,  and  are  therefore  employed  here. 
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Proposition  13. 

If  a  straight  line  touch  the  spiral,  it  will  touch  it  in  one  point 
only. 

Let  0  be  the  origin  of  the  spiral,  and  BG  a  tangent  to  it. 

If  possible,  let  BC  touch  the  spiral  in  two  points  P,  Q. 
Join  OP,  OQy  and  bisect  the  angle  POQ  by  the  straight  line  OR 
meeting  the  spiral  in  R. 


Then  [Prop.  12]  OR  is  an  arithmetic  mean  between  OP  and 
OQ,  or 

0P  +  0Q^20R. 

But  in  any  triangle  POQy  if  the  bisector  of  the  angle  POQ 

meets  PQ  in  K, 

0P-\-0Q>20K''. 

Therefore  OK  <  OR,  and  it  follows  that  some  point  on  BC 
between  P  and  Q  lies  within  the  spiral.  Hence  BG  cuts  the 
spiral;  which  is  contrary  to  the  hypothesis. 

Proposition  14. 

If  Obe  the  origin,  and  P,  Q  two  points  on  the  first  turn  of 
the  spiral,  and  if  OP,  OQ  produced  meet  the  'first  circle* 
AKP'Q'  in  P',  Q'  respectively,  OA  being  the  initial  line,  then 

OP:OQ  =  (arc  AKP')  :  {arc  AKQ'). 
For,  while  the  revolving  line  OA  moves  about  0,  the  point 
A  on  it  moves  uniformly  along  the  circumference  of  the  circle 

*  This  is  assumed  as  a  known  proposition ;  but  it  is  easily  proved. 
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AKP'Q\  and  at  the  same  time  the  point  describing  the  spiral 
moves  uniformly  along  OA, 


Thus,  while  A  describes  the  arc  AKP\  the  moving  point  on 
OA  describes  the  length  OP,  and,  while  A  describes  the  arc 
AKQ\  the  moving  point  on  OA  describes  the  distance  OQ. 

Hence       OPiOQ^  (arc  AKP')  :  (arc  AKQ').        [Prop.  2] 


Proposition  15. 

IfP,Q  be  points  on  the  second  turn  of  the  spiral,  and  OP, 
OQ  meet  the  *  first  circle'  AKP'Q'  in  P\  Q\  as  in  the  last 
proposition,  and  if  c  be  the  circumference  of  the  first  circle,  then 

OP:OQ=^c^  (arc  AKP')  :  c  +  (arc  AKQ'), 

For,  while  the  moving  point  on  OA  describes  the  distance 
OP,  the  point  A  describes  the  whole  of  the  circumference  of 
the  '  first  circle '  together  with  the  arc  AKP' ;  and,  while  the 
moving  point  on  OA  describes  the  distance  OQ,  the  point  A 
describes  the  whole  circumference  of  the  '  first  circle '  together 
with  the  arc  AKQ\ 

Cor.     Similarly,  if  P,  Q  are  on  the  nth.  turn  of  the  spiral, 
OPiOQ=^(n-'l)c  +  (arc  AKP')  :  (n -  1) c  +  (arc  AKQ'), 
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Propositions   16^   17. 

If  BG  he  the  tangent  at  P,  any  point  on  the  spiral^  PG  being 
the  'forward'  part  of  BG,  and  if  OP  be  joined,  the  angle  OPG 
is  obtuse  while  the  angle  OPB  is  acute. 

I.     Suppose  P  to  be  on  the  first  turn  of  the  spiral. 

Let  OA  be  the  initial  line,  AKP'  the  'first  circle.'  Draw 
the  circle  DLP  with  centre  0  and  radius  OP,  meeting  OA  in 
D.     This  circle  must  then,  in  the  '  forward '  direction  from  P, 


fall  within  the  spiral,  and  in  the  '  backward '  direction  outside 
it,  since  the  radii  vectores  of  the  spiral  are  on  the  '  forward '  side 
greater,  and  on  the  '  backward '  side  less,  than  OP,  Hence  the 
angle  OPG  cannot  be  acute,  since  it  cannot  be  less  than  the 
angle  between  OP  and  the  tangent  to  the  circle  at  P,  which  is 
a  right  angle. 

It  only  remains  therefore  to  prove  that  OPG  is  not  a  right 
angle. 

If  possible,  let  it  be  a  right  angle.     BG  will  then  touch 
the  circle  at  P. 

Therefore   [Prop.   5]   it  is  possible   to  draw  a  line  OQG 
meeting  the  circle  through  P  in  Q  and  BG  in  (7,  such  that 

Oq  :  0Q<  (arc  PQ)  :  (arc  DLP) (1). 
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Suppose  that  00  meets  the  spiral  in  R  and  the  '  first  circle ' 
in  iJ';  and  produce  OP  to  meet  the  ' first  circle'  in  P\ 

From  (1)  it  follows,  componendo,  that 

GO  :  OQ  <  (arc  DLQ)  :  (arc  DLP) 

<  (arc  AKR')  :  (arc  AKP') 

<  OR  :  OP,  [Prop.  14] 

But  this  is  impossible,  because  OQ  =  OP,  and  OR  <  00. 

Hence  the  angle  OPG  is  not  a  right  angle.  It  was  also 
proved  not  to  be  acute. 

Therefore  the  angle  OPG  is  obtuse,  and  the  angle  OPB 
consequently  acute. 

II.  If  P  is  on  the  second,  or  the  nth.  turn,  the  proof  is  the 
same,  except  that  in  the  proportion  (1)  above  we  have  to 
substitute  for  the  arc  DLP  an  arc  equal  to  (p  +  arc  DLP)  or 
(n  —  1 .  J9  +  arc  DLP),  where  p  is  the  perimeter  of  the  circle 


DLP  through  P.  Similarly,  in  the  later  steps,  p  ov(n-'l)p 
will  be  added  to  each  of  the  arcs  DLQ  and  DLP,  and  c  or 
(n  — l)c  to  each  of  the  arcs  AKR\  AKP\  where  c  is  the 
circumference  of  the  'first  circle'  AKP\ 
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Propositions  18,   19. 

I.  If  OA  he  the  initial  line,  A  the  end  of  the  first  turn  of 
the  spiral,  and  if  the  tangent  to  the  spiral  at  A  be  drawn,  the 
straight  line  OB  drawn  from  0  perpendicular  to  OA  will  meet 
the  said  tangent  in  some  point  B,  and  OB  will  be  equal  to  the 
circumference  of  the  'first  circle' 

II.  If  A'  be  the  end  of  the  second  turn^  the  perpendicular 
OB  will  meet  the  tangent  at  A'  in  some  point  B\  and  OB'  will 
be  equal  to  2  {circumference  of '  second  circle '). 

III.  Generally,  if  An  be  the  end  of  the  nth  turn,  and  OB 
meet  the  tangent  at  A^  in  B^,  then 

OBn  =  ncn, 

where  Cn  is  the  circumference  of  the  'nth  circle.* 

I.  Let  AKC  be  the  '  first  circle.'  Then,  since  the  '  back- 
ward '  angle  between  OA  and  the  tangent  at  A  is  acute  [Prop. 
16],  the  tangent  will  meet  the  ' first  circle'  in  a  second  point  G, 
And  the  angles  CAO,  BOA  are  together  less  than  two  right 
angles ;  therefore  OB  will  meet  AG  produced  in  some  point  B. 


Then,  if  c  be  the  circumference  of  the  first  circle,  we  have 
to  prove  that 

OB  =  c. 

If  not,  OB  must  be  either  greater  or  less  than  c. 
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(1)  If  possible,  suppose  OB  >  c. 

Measure  along  OB  a  length  OD  less  than  OB  but  greater 
than  a 

We  have  then  a  circle  AKG,  a  chord  AG  m  it  less  than 
the  diameter,  and  a  ratio  AO :  OD  which  is  greater  than  the 
ratio  AO  :  OB  or  (what  is,  by  similar  triangles,  equal  to  it)  the 
ratio  of  \AC  to  the  perpendicular  from  0  on  AC.  Therefore 
[Prop.  7]  we  can  draw  a  straight  line  OFF,  meeting  the  circle 
in  P  and  GA  produced  in  F,  such  that 

FP'.PA^AO\OD. 
Thus,  alternately,  since  J.0  =  PO, 

FP  :  PO  =  PA  :  OD 

<  (arc  PA)  :  c, 
since  (arc  PA)  >  PA,  and  OD  >  c. 

Gomponendo, 

FO:PO<{c-\-^vcPA)  :c 

<  OQ :  OA, 

where  OF  meets  the  spiral  in  Q,  [P^^op*  1^] 

Therefore,  since  OA  =  OP,  FO  <  OQ ;  which  is  impossible. 

Hence  OB:!^c. 

(2)  If  possible,  suppose  OB  <  c. 

Measure  OE  along  OB  so  that  OE  is  greater  than  OjB  but 
less  than  c. 

In  this  case,  since  the  ratio  AO  :  OE  is  less  than  the  ratio 
AO  :  OB  (or  the  ratio  of  ^AG  to  the  perpendicular  from  0 
on  Jl(7),  we  can  [Prop.  8]  draw  a  line  OF'P'G,  meeting  AG  in 
F\  the  circle  in  P\  and  the  tangent  at  A  to  the  circle  in  Q, 
such  that 

F'F  :AG^AO:OE. 

Let  0P'(?  cut  the  spiral  in  Q\ 
Then  we  have,  alternately, 

FF  :FO  =  AQ:  OE 

>  (arc  AF)  :  c, 
because  A0>  (arc  -4P'),  and  0^  <  c. 


ON   SPIRALS. 


173 


Therefore 

F'O  :  FO  <  (arc  AKF)  :  c 

<  OQ'  :  OA.  [Prop.  14] 

But  this  is  impossible,  since  OA  =  0P\  and  OQ'  <  OF', 

Hence  OB  ^  c. 

Since  therefore  OB  is  neither  greater  nor  less  than  c, 

OB  =  c. 

II.  Let  A'K'C  be  the  *  second  circle,'  A'C  being  the 
tangent  to  the  spiral  at  A'  (which  will  cut  the  second  circle, 
since  the  *  backward'  angle  OAC  is  acute).  Thus,  as  before, 
the  perpendicular  OB'  to  OA'  will  meet  AG'  produced  in  some 
point  B'. 

If  then  c'  is  the  circumference  of  the  'second  circle,'  we 
have  to  prove  that  OB'  =  2c'. 

F 


For,  if  not,  OB'  must  be  either  greater  or  less  than  2c'. 

(1)     If  possible,  suppose  OB'  >  2c'. 

Measure  OD'  along  OB'  so  that  OU  is  less  than  OB'  but 
greater  than  2c'. 

Then,  as  in  the  case  of  the  '  first  circle '  above,  we  can  draw 
a  straight  line  OFF  meeting  the  *  second  circle'  in  P  and  C'A' 
produced  in  F,  such  that 

FP:PA':=A'0:OD'. 
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Let  OF  meet  the  spiral  in  Q. 
We  now  have,  since  A'O  =  PO, 

FPiPO^  PA' :  OD' 

<  (arc  AT)  :  2c', 
because  (arc  AT)  >  AT  and  OD'  >  2c'. 

Therefore        FO  :  PO  <  (2c'  4-  arc  AT)  :  2c' 

<  OQ  :  0A\  [Prop.  15,  Cor.] 

Hence  FO <  OQ;  which  is  impossible. 
Thus  OB'  :t>  2c'. 

Similarly,  as  in  the  case  of  the  '  first  circle ',  we  can  prove  that 

0S'H:2c'. 
Therefore  05'  =  2c'. 

III.     Proceeding,  in  like  manner,  to  the  'third'  and  suc- 
ceeding circles,  we  shall  prove  that 

OBn==-'^Cn. 


Proposition  20. 

I.  If  P  be  any  point  on  the  first  turn  of  the  spiral  and  OT 
he  drawn  perpendicular  to  OPy  OT  will  meet  the  tangent  at  P  to 
the  spiral  in  some  point  T ;  and,  if  the  circle  drawn  with  centre 
0  and  radius  OP  meet  the  initial  line  in  Ky  then  OT  is  equal  to 
the  arc  of  this  circle  between  K  and  P  measured  in  the  'forward' 
direction  of  the  spiral. 

II.  Oenerally,  if  P  be  a  point  on  the  nth  turn,  and  the 
notation  be  as  before,  while  p  represents  the  circumference  of  the 
circle  with  radius  OP, 

OT  =  {n'-l)p  +  arc  KP  {measured  'forward '). 

I.  Let  P  be  a  point  on  the  first  turn  of  the  spiral,  OA  the 
initial  line,  PR  the  tangent  at  P  taken  in  the  *  backward' 
direction. 

Then  [Prop.  16]  the  angle  OPR  is  acute.    Therefore  PR 
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meets  the  circle  through  P  in  some  point  R ;  and  also  OT  will 
meet  PR  produced  in  some  point  T, 

If  now  OT  is  not  equal  to  the  arc  KRP,  it  must  be  either 
greater  or  less. 


(1)     If  possible,  let  OT  be  greater  than  the  arc  KRP. 

Measure  OU  along  OT  less  than  OT  but  greater  than  the 
arc  KRP. 

Then,  since  the  ratio  PO  :  OU  is  greater  than  the  ratio 
PO  :  OjT,  or  (what  is,  by  similar  triangles,  equal  to  it)  the 
ratio  of  i^PR  to  the  perpendicular  from  0  on  PR,  we  can  draw 
a  line  OQF,  meeting  the  circle  in  Q  and  RP  produced  in  F, 
such  that 

FQ:PQ  =  PO:OU.  [Prop.  7] 

Let  OF  meet  the  spiral  in  Q\ 
We  have  then 

FQ:QO  =  PQ:OU 

<  (arc  PQ)  :  (arc  KRP),  by  hypothesis. 

Componendo, 

FO:QO<  (arc  KRQ)  :  (arc  KRP) 

<  Oq  :  OP.  [Prop.  14] 

But  QO  =  OP, 
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Therefore  FO  <0Q*  \  which  is  impossible. 

Hence  OT  ^  (arc  KRP). 

(2)  The  proof  that  OT^  (arc  KRP)  follows  the  method  of 
Prop.  18,  I.  (2),  exactly  as  the  above  follows  that  of  Prop.  18, 

I.  (1). 

Since  then  OT  is  neither  greater  nor  less  than  the  arc  KRP, 
it  is  equal  to  it. 

II.  If  P  be  on  the  second  turn,  the  same  method  shows 
that 

Or  =  ^  +  (arcZJSP); 

and,  similarly,  we  have,  for  a  point  P  on  the  nth  turn, 
or  =  (71  -  1)  p  +  (arc  KRP), 

Propositions  21^  22^  23. 

Oiven  an  area  hounded  hy  any  arc  of  a  spiral  and  the  lines 
joining  the  extremities  of  the  arc  to  the  origin,  it  is  possible  to 
circumscribe  about  the  area  one  figure,  and  to  inscribe  in  it 
another  figure,  each  consisting  of  similar  sectors  of  circles,  and 
such  that  the  circumscribed  figure  exceeds  the  inscribed  by  less 
than  any  assigned  area. 

For  let  BG  be  any  arc  of  the  spiral,  0  the  origin.  Draw 
the  circle  with  centre  0  and  radius  0(7,  where  G  is  the  'forward' 
end  of  the  arc. 

Then,  by  bisecting  the  angle  jBOO,  bisecting  the  resulting 
angles,  and  so  on  continually,  we  shall  ultimately  arrive  at 
an  angle  GOr  cutting  off  a  sector  of  the  circle  less  than  any 
assigned  area.     Let  GOr  be  this  sector. 

Let  the  other  lines  dividing  the  angle  BOG  into  equal  parts 
meet  the  spiral  in  P,  Q,  and  let  Or  meet  it  in  E,  With  0  as 
centre  and  radii  OB,  OP,  OQ,  OR  respectively  describe  arcs  of 
circles  Bp\  bB^\pQr,  qRc',  each  meeting  the  adjacent  radii  as 
shown  in  mk  figure.  In  each  case  the  arc  in  the  'forward' 
direction  from  each  point  will  fall  within,  and  the  arc  in  the 
'backward'  direction  outside,  the  spiral. 
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We  have  now  a  circumscribed  figure  and  an  inscribed  figure 
each  consisting  of  similar  sectors  of  circles.  To  compare  their 
areas,  we  take  the  successive  sectors  of  each,  beginning  from  0(7, 
and  compare  them. 


The  sector  OCr  in  the  circumscribed  figure  stands  alone. 
And  (sector  ORq)  —  (sector  ORc'), 

(sector  OQp)  =  (sector  OQr), 
(sector  OPb)  =  (sector  OPq% 
while  the  sector  OBp'  in  the  inscribed  figure  stands  alone. 

Hence,  if  the  equal  sectors  be  taken  away,  the  difference  be- 
tween the  circumscribed  and  inscribed  figures  is  equal  to  the 
difference  between  the  sectors  OCr  and  OBp^]  and  this  difference 
is  less  than  the  sector  OCr,  which  is  itself  less  than  any 
assigned  area. 

The  proof  is  exactly  the  same  whatever  be  the  number  of 
angles  into  which  the  angle  BOC  is 
divided,  the  only  difference  being 
that,  when  the  arc  begins  from  the 
origin,  the  smallest  sectors  OPb,  OPq^ 
in  each  figure  are  equal,  and  there  is 
therefore  no  inscribed  sector  standing 
by  itself,  so  that  the  difference 
between  the  circumscribed  and  in- 
scribed figures  is  equal  to  the  sector 
OCr  itself. 
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Thus  the  proposition  is  universally  true. 

Cor.  Since  the  area  bounded  by  the  spiral  is  intermediate 
in  magnitude  between  the  circumscribed  and  inscribed  figures, 
it  follows  that 

(1)  a  figure  can  be  circumscribed  to  the  area  such  that  it 
exceeds  the  area  by  less  than  any  assigned  space, 

(2)  a  figure  can  be  inscribed  such  that  the  area  exceeds  it  by 
less  than  any  assigned  space. 

Proposition  24. 

The  area  bounded  by  the  first  turn  of  the  spiral  and  the 
initial  line  is  equal  to  one-third  of  the  'first  circle'  [=|^7r(27ra)^ 
where  the  spiral  is  r  =  ad\ 

[The  same  proof  shows  equally  that,  if  OP  be  any  radius 
vector  in  the  first  turn  of  the  spiral,  the  area  of  the  portion  of 
the  spiral  bounded  thereby  is  equal  to  one-third  of  that  sector  of 
the  circle  drawn  with  radius  OP  which  is  bounded  by  the  initial 
line  and  OP,  measured  in  the  'forward '  direction  from  the 
initial  line.^ 

Let  0  be  the  origin,  OA  the  initial  line,  A  the  extremity  of 
the  first  turn. 

Draw  the  *  first  circle,*  i.e.  the  circle  with  0  as  centre  and 
OA  as  radius. 

Then,  if  (?i  be  the  area  of  the  first  circle,  jBi  that  of  the  first 
turn  of  the  spiral  bounded  by  OA,  we  have  to  prove  that 

For,  if  not,  i?i  must  be  either  greater  or  less  than  Ci, 

I.     If  possible,  suppose  jBi  <  ^C^. 

We  can  then  circumscribe  a  figure  about  Ri  made  up  of 
similar  sectors  of  circles  such  that,  if  F  be  the  area  of  this 

mm  F^R,<^c,--R„ 

w^K  F<^Cj. 
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Let  OP,  OQ, ...  be  the  radii  of  the  circular  sectors,  beginning 
from  the  smallest.     The  radius  of  the  largest  is  of  course  OA. 

The  radii  then  form  an  ascending  arithmetical  progression 
in  which  the  common  difference  is  equal  to  the  least  term  OP. 
If  n  be  the  number  of  the  sectors,  we  have  [by  Prop.  10,  Cor.  1] 

n.OA'<S  (OP'  +  OQ'  ■+  ...  +  OA'); 


and,  since  the  similar  sectors  are  proportional  to  the  squares  on 
their  radii,  it  follows  that 

G,  <  SF, 

or  F>^C,. 

But  this  is  impossible,  since  F  was  less  than  jCj. 
Therefore  PA  ^G,. 

II.     If  possible,  suppose  R^  >  ^Gi. 

We  can  then  inscribe  a  figure  made  up  of  similar  sectors  of 
circles  such  that,  if/  be  its  area, 

whence  />  |(7i. 

If  there  are  (ii  —  1)  sectors,  their  radii,  as  OP,  OQ,*,,,  form 
an  ascending  arithmetical  progression  in  which  the  least  Jjerm 
is  equal  to  the  common  difference,  and  the  greatest  ter^^  as 
OY,  is  equal  to  (n  - 1)  OP, 

12—2 
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Thus  [Prop.  10,  Cor.  1] 

n.OA'>S(OP'-{-OQ'-^..,  +  OY'l 
whence  Oi  >  3/, 

or  f<iO,; 

which  is  impossible,  since  />  ^Ci. 

Therefore  R^  1^  ^C,, 

Since  then  jRi  is  neither  greater  nor  less  than  jOi, 

[Archimedes  does  not  actually  find  the  area  of  the  spiral 
cut  off  by  the  radius  vector  OP,  where  P  is  any  point  on  the 
first  turn ;  but,  in  order  to  do  this,  we  have  only  to  substitute 


in  the  above  proof  the  area  of  the  sector  KLP  of  the  circle 
drawn  with  0  as  centre  and  OP  as  radius  for  the  area  C^  of 
the  '  first  circle ',  while  the  two  figures  made  up  of  similar  sectors 
have  to  be  circumscribed  about  and  inscribed  in  the  portion 
OEP  of  the  spiral.  The  same  method  of  proof  then  applies 
exactly,  and  the  area  of  OEP  is  seen  to  be  J  (sector  KLP), 

We  can  prove  also,  by  the  same  method,  that,  if  P  be  a 
point  on  the  second,  or  any  later  turn,  as  the  nth,  the  complete 
area  described  hy  the  radius  vector  from  the  beginning  up  to 
the  time  when  it  reaches  the  position  OP  is,  if  G  denote  the 
area  of  the  complete  circle  with  0  as  centre  and  OP  as  radius, 
;!  (0  +  sector  KLP)  or  ^  (n  —  1 .  0  +  sector  KLP)  respectively. 

The  area  so  described  by  the  radius  vector  is  of  course  not 
the  same  thing  as  the  area  bounded  by  the  last  complete  turn 
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of  the  spiral  ending  at  P  and  the  intercepted  portion  of  the 
radius  vector  OP.  Thus,  suppose  Ri  to  be  the  area  bounded 
by  the  first  turn  of  the  spiral  and  OA^  (the  first  turn  ending  at 
Ai  on  the  initial  line),  R^  the  area  added  to  this  by  the  second 
complete  turn  ending  at  J.2  on  the  initial  line,  and  so  on.  R^  has 
then  been  described  twice  by  the  radius  vector  when  it  arrives 
at  the  position  OA^]  when  the  radius  vector  arrives  at  the 
position  0 J.3,  it  has  described  R^  three  times,  the  ring  R^  twice, 
and  the  ring  R^  once  ;  and  so  on. 

Thus,  generally,  if  Cn  denote  the  area  of  the  '  nih.  circle,'  we 
shall  have 

while  the  actual  area  bounded  by  the  outside,  or  the  complete 
nth,  turn  and  the  intercepted  portion  of  OAn  will  be  equal  to 

Rn  +  Rn~i  +  Rn-2  4-  . . .  +  i2i. 

It  can  now  be  seen  that  the  results  of  the  later  Props.  25 
and  26  may  be  obtained  from  the  extension  of  Prop.  24  just 
given. 

To  obtain  the  general  result  of  Prop.  26,  suppose  BG  to  be 
an  arc  on  any  turn  whatever  of  the  spiral,  being  itself  less  than 
a  complete  turn,  and  suppose  B  to  be  beyond  An  the  extremity 
of  the  nth  complete  turn,  while  G  is  '  forward '  from  B, 

Let  -  be  the  fraction  of  a  turn  between  the  end  of  the  Tith 

turn  and  the  point  B, 

Then  the  area  described  by  the  radius  vector  up  to  the 
position  OB  (starting  from  the  beginning  of  the  spiral)  is 
equal  to 


71  +  -)  (circle  with  rad.  OB), 


1 
""  '  q 


Also  the  area  described  by  the  radius  vector  from  the  beginning 
up  to  the  position  OG  is 

i  {(^  + -)  (circle  with  rad.  OG)  +  (sector  B'MG)\ . 
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The  area  bounded  by  OB,  00  and  the  portion  BEG  of  the 
spiral  is  equal  to  the  difference  between  these  two  expressions ; 
and,  since  the  circles  are  to  one  another  as  OB"  to  00*,  the 
difference  may  be  expressed  as 

^  i^L  +P'\  (l  - ^[)  (circle  with  rad.  OC)  +  (sector  B'MO)l . 

But,  by  Prop.  15,  Cor., 

L  +£)  (circle  B'MG)  ■A(n+^)  (circle  B'MC)  +  (sector  B'MC)l 

=  OB  :  OG, 


Thus 


so  that 

+£)  (circle  B'MG)  :  (sector  B'MG)  =  OB  :  (OG  -  OB). 

area  BEG       ,  \f     OB     \f       0B\       ] 
sector  B'MG  ~  ^  \\0G  -  OBJ  V     OOV"^  j 

_j   OB(OG  +  OB)  +  OG' 

OG.OB  +  iJOG-OBf 
OG^ 

The  result  of  Prop.  25  is  a  particular  case  of  this,  and  the 
result  of  Prop.  27  follows  immediately,  as  shown  under  that 
proposition.] 
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Propositions  25,  26,  27. 


[Prop.  25.]  i/^2  be  the  end  of  the  second  turn  of  the  spiral, 
the  area  bounded  by  the  second  turn  and  OA^  is  to  the  area 
of  the  ^second  circle'  in  the  ratio  of  7  to  12,  being  the  ratio  of 
{r^ri  +  ^  (rg  -  n)^}  to  r^,  where  ri,  r^  are  the  radii  of  the  'first ' 
and  *  second '  circles  respectively. 

[Prop.  26.]  If  BC  be  any  arc  measured  in  the  'forward ' 
direction  on  any  turn  of  a  spiral,  not  being  greater  than  the 
complete  turn,  and  if  a  circle  be  drawn  with  0  as  centre  and  00 
as  radius  meeting  OB  in  B\  then 

{area  of  spiral  between  OB,  OG)  :  {sector  OB'G) 

=  {0(7.  OjB  +  KOC-  OBy]  :  0G\ 

[Prop.  27.]     If  Ri  be  the  area  of  the  first  turn  of  the  spiral 

bounded  by  the  initial  line,  iig  the  area  of  the  ring  added  by  the 

second  complete  turn,  R^  that  of  the  ring  added  by  the  third  turn, 

and  so  on,  then 

R,  =  2R,,R,  =  dR,,R,==iR,,.„,R,  =  {n--l)R,. 
Also  R,==6R,, 

[Archimedes  proof  of  Prop.  25  is,  mutatis  mutandis,  the 
same  as  his  proof  of  the  more  general  Prop.  26.  The  latter 
will  accordingly  be  given  here,  and  applied  to  Prop.  25  as  a 
particular  case.] 

Let  BG  be  an  arc  measured  in  the  '  forward '  direction  on 
any  turn  of  the  spiral,  GKB'  the  circle  drawn  with  0  as  centre 
and  OG  as  radius. 

Take  a  circle  such  that  the  square  of  its  radius  is  equal 
to  OG.OB  +  }{OG-  0B)\  and  let  cr  be  a  sector  in  it  whose 
central  angle  is  equal  to  the  angle  BOG, 
Thus      a: :  (sector  OB'G)  =  {OG  .OB +  ^{00  -  OBJ]  :  0G\ 
and  we  have  therefore  to  prove  that 

(area  of  spiral  OBG)  =  cr. 

For,  if  not,  the  area  of  the  spiral  OBG  (which  we  will  call  S) 
must  be  either  greater  or  less  than  cr. 
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I.     Suppose,  if  possible,  S  <  a. 

Circumscribe  to  the  area  S  a  figure  made  up  of  similar 
sectors  of  circles,  such  that,  if  ^  be  the  area  of  the  figure, 

whence  F  <  a. 

Let  the  radii  of  the  successive  sectors,  starting  from  OB, 
be  OP,  OQ,,..OG,     Produce  OP,   OQ,...   to  meet  the  circle 


If  then  the  lines  OB,  OP,  OQ, . . .  00  be  n  in  number,  the 
number  of  sectors  in  the  circumscribed  figure  will  be  (n  ^1), 
and  the  sector  OBV  will  also  be  divided  into  (n  —  1)  equal 
sectors.  Also  OB,  OP,  OQ,...OG  will  form  an  ascending 
arithmetical  progression  of  n  terms. 

Therefore  [see  Prop.  11  and  Cor.] 

(n  -  1)  00' :  (OP'  +  OQ'  +  ...  +  OC) 

<  00'  :{OG.OB  +  i {00 ~  OBy] 

<  (sector  OBV)  :  a,  by  hypothesis. 
Hence,  since  similar  sectors  are  as  the  squares  of  their  radii, 

(sector  OBV)  :  F<  (sector  OB'G)  :  cr, 
so  that  F><r. 

But  this  is  impossible,  because  F  <a. 
Therefore  S^a, 
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II.     Suppose,  if  possible,  S  >  a. 

Inscribe  in  the  area  S  a  figure  made  up  of  similar  sectors  of 
circles  such  that,  if/ be  its  area, 

whence  /  >  ^• 

Suppose  OB,  OP, ...  0  F  to  be  the  radii  of  the  successive 
sectors  making  up  the  figure/,  being  (n  —  1)  in  number. 

We  shall  have  in  this  case  [see  Prop.  11  and  Cor.] 
(n  -  1)  00'  :  (OB'  +  OP'  +  ...  +  OY') 

>OG':{OG,OB-\-i (00 ~  OB)'}, 
whence         (sector  OB'G)  :/>  (sector  OBV)  :  <r, 
so  that  /  <  0-. 

But  this  is  impossible,  because />  a. 

Therefore  S  i^  a. 

Since  then  S  is  neither  greater  nor  less  than  a,  it  follows  that 

S  =  a. 

In  the  particular  case  where  B  coincides  with  Ai,  the  end 
of  the  first  turn  of  the  spiral,  and  G  with  A^,  the  end  of  the 
second  turn,  the  sector  OBV  becomes  the  complete  'second 
circle,'  that,  namely,  with  OA2  (or  rg)  as  radius. 

Thus 

(area  of  spiral  bounded  by  OA^)  :  C  second  circle ') 
=  {nn  +  H^2-n)'}  :r,' 
=  (2  +  ^)  :  4      (since  r^  =  2rj) 
=  7:12. 

Again,  the  area  of  the  spiral  bounded  by  OA^  is  equal  to 
jRi  +  R2  (i-e.  the  area  bounded  by  the  first  turn  and  OAi, 
together  with  the  ring  added  by  the  second  turn).  Also  the 
'second  circle*  is  four  times  the  'first  circle,'  and  therefore 
equal  to  12jRi. 

Hence  (R^  +  R2)  :  12i2i  =  7:12, 

or  iJi  +  jR2  =  7i?i. 

Thus  i22  =  6i2x (1). 
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Next,  for  the  third  turn,  we  have 

(R,  +  R,  +  Bs)  :  {'  third  circle ')  =  {nr,  4-  H^3  ~  r,f}  :  ^/ 

=--(3.2  +  1):  3'^ 

=  19  :  27, 

and  C  third  circle ')  =  9  ('  first  circle ') 

=  27ii,; 

therefore  i^i  +  iig  +  i^a  =  19i?i, 

and,  by  (1)  above,  it  follows  that 

J?3  =  12iii 

=  2J?, (2), 

and  so  on. 

Generally,  we  have 

(iii  +  i?2  +  . . .  +  i?^)  :  (^th  circle)  =  {r^r^_i  +  i{rn-  r^-i)'}  :  r^", 


(JBx  +  jRa  -h  . . .  +  Mn-i)  :  (^  -  1th  circle) 


and  (71th  circle)  :  (n  —  lth  circle)  =  r^^  :  r^_i^. 

Therefore 

(jBi  +  jRg  + . .  *  +  -Rn)  :  (-Ri  +  jR2  + . . .  +  Rn-i) 

=  {«(«- l)  +  i}:{(n-l)(«-2)  +  i} 
=  {3n  (n  -  1)  +  1}  :  {3  (n  -  l)(n  -  2)  +  1}. 

Rn  '•  (-Si  +  2?a  +  . . .  +  -Rn-i) 

=  6(w-l):  {S(n-l)(n-2)  +  l}  (a). 

Similarly 

E„_x :  (Ej  +  iJ,  +  ...  +  i2„^)  =  6  (n  -  2) :  {3  (w  -  2)  (»i  -  3)  +  1}, 

from  which  we  derive 

Bn-i  '•  (-Ki  +  i?2  +  . . .  +  -B„_i) 

=  6  (w  -  2)  :  (6  (n  -  2)  +  3  (to  -  2)  (n  -  3)  +  1} 
=  6(w-2):{3(«-l)(re-2)  +  l} (/S). 


ON   SPIRALS. 


187 


Combining  (a)  and  (/3),  we  obtain 

Thus 

i?2,  i^s,  -B4, ...  i??i  are  in  the  ratio  of  the  successive  numbers 
1,  2,  3...(7i-l). 


Proposition  28. 

If  0  be  the  origin  and  BG  any  arc  measured  in  the  'forward ' 
direction  on  any  turn  of  the  spiral,  let  two  circles  he  drawn 

(1)  with   centre   0,  and  radius   OB,  meeting  00  in  0\  and 

(2)  with  centre  0  and  radius  00,  meeting  OB  produced  in  B\ 
Then,  if  E  denote  the  area  hounded  hy  the  larger  circular  arc 
B'G,  the  line  B'B,  and  the  spiral  BG,  while  F  denotes  the  area 
hounded  hy  the  smaller  arc  BG\  the  line  GO'  and  the  spiral  BG, 

E:F=^{OB  +  i{OG-^OB)}  :  {OB +  ^(0G  ^  OB)}, 

Let  cr  denote  the  area  of  the  lesser  sector  OBG' ;  then  the 
larger  sector  OB^G  is  equal  to  a  -{■  F  ■\-  E, 


Thus  [Prop.  26] 
{a'\^F):{a  +  F+E): 


[OG.OB  +  liOG^OBf]  :  0G\,.{1), 


whence 

E:{a-^F)  =  {OG{OG 


OB)^^{OG-OBy} 

:[OG.OB^^{OG^OBf] 

=  {OB  (OG  -  05)  +  f  {OG  -  OBf} 

:{OG,OB  +  i(OG-OBy} (2). 
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Again 

(<r  +  F  +  E)  :  a  ==  00' :  OB'. 

Therefore,  by  the  first  proportion  above,  ex  aequali, 

{a  +  F):a  =  {OG.OB  +  ^{OG-OBy]  :  0B\ 
whence 

{<r  +  F):F=={OG.OB  +  ^{OG-OBf] 

:  {OB  {OG  -0B)  +  ^  (OG  -  OBf}. 

Combining  this  with  (2)  above,  we  obtain 

E:F=  {OB(OG  -  OB)  + 1  (OG  -  OBf} 

:  {OB  (OG  -0B)  +  ^  (OG  -  OB)'} 
=  {OB  +  UOG-  OB)]  :{OB  +  ^(OG-  OB)}. 


ON  THE  EQUILIBRIUM  OF  PLANES 

OR 

THE  CENTRES  OF  GRAVITY  OF  PLANES. 
BOOK  I. 


"I  POSTULATE  the  following: 

1.  Equal  weights  at  equal  distances  are  in  equilibrium, 
and  equal  weights  at  unequal  distances  are  not  in  equilibrium 
but  incline  towards  the  weight  which  is  at  the  greater  distance. 

2.  If,  when  weights  at  certain  distances  are  in  equilibrium, 
something  be  added  to  one  of  the  weights,  they  are  not  in 
equilibrium  but  incline  towards  that  weight  to  which  the 
addition  was  made. 

3.  Similarly,  if  anything  be  taken  away  from  one  of  the 
weights,  they  are  not  in  equilibrium  but  incline  towards  the 
weight  from  which  nothing  was  taken. 

4.  When  equal  and  similar  plane  figures  coincide  if  applied 
to  one  another,  their  centres  of  gravity  similarly  coincide. 

5.  In  figures  which  are  unequal  but  similar  the  centres  of 
gravity  will  be  similarly  situated.  By  points  similarly  situated 
in  relation  to  similar  figures  I  mean  points  such  that,  if  straight 
lines  be  drawn  from  them  to  the  equal  angles,  they  make  equal 
angles  with  the  corresponding  sides. 
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6.  If  magnitudes  at  certain  distances  be  in  equilibrium, 
(other)  magnitudes  equal  to  them  will  also  be  in  equilibrium  at 
the  same  distances. 

7.  In  any  figure  whose  perimeter  is  concave  in  (one  and) 
the  same  direction  the  centre  of  gravity  must  be  within  the 
figure." 

Proposition  1. 

Weights  which  balance  at  equal  distances  are  equal. 

For,  if  they  are  unequal,  take  away  from  the  greater  the 

difference  between  the  two.     The  remainders  will  then  not 

balance  [Post  3] ;  which  is  absurd. 

Therefore  the  weights  cannot  be  unequal. 

Proposition  2. 

Unequal  weights  at  equal  distances  will  not  balance  but  will 
incline  towards  the  greater  weight. 

For  take  away  from  the  greater  the  difference  between  the 
two.  The  equal  remainders  will  therefore  balance  [Post.  1]. 
Hence,  if  we  add  the  difference  again,  the  weights  will  not 
balance  but  incline  towards  the  greater  [Post.  2]. 


Proposition  3. 

'  Unequal  weights  will  balance  at  unequal  distances,  the  greater 
weight  being  at  the  lesser  distance. 

Let  A,  B  he  two  unequal  w^eights  (of  which  A  is  the 
greater)  balancing  about  C  at  distances  AC,  BO  respectively. 


A 

6 

B 

Then  shall  AG  he  less  than  BG.     For,  if  not,  take  away 
from  A  the  weight  (A  —  B.)    The  remainders  will  then  incline 
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towards  B  \^Post  3].  But  this  is  impossible,  for  (1)  if -4(7=  CB, 
the  equal  remainders  will  balance,  or  (2)  i(  AG  >  GB,  they  will 
incline  towards  A  at  the  greater  distance  [Post  1]. 

Hence  AG<GB, 

Gonversely,   if   the   weights   balance,   and   AG<  GB,  then 
A>B, 


Proposition  4. 

If  two  equal  weights  have  not  the  same  centre  of  gravity,  the 
centre  of  gravity  of  both  taken  together  is  at  the  middle  point  of 
the  line  joining  their  centres  of  gravity. 

[Proved  from  Prop.  3  by  reductio  ad  ahsurdum.  Archimedes 
assumes  that  the  centre  of  gravity  of  both  together  is  on  the 
straight  line  joining  the  centres  of  gravity  of  each,  saying  that 
this  had  been  proved  before  (TrpoBiSecfCTac),  The  allusion  is  no 
doubt  to  the  lost  treatise  On  levers  {irepl  ^vydov).] 


Proposition  5. 

If  three  equal  magnitudes  have  their  centres  of  gravity  on  a 
straight  line  at  equal  distances,  the  centre  of  gravity  of  the 
system  will  coincide  with  that  of  the  middle  magnitude, 

[This  follows  immediately  from  Prop.  4.] 

Cor  1.  The  same  is  true  of  any  odd  number  of  magnitudes 
if  those  which  are  at  equal  distances  from  the  middle  one  are 
equal,  while  the  distances  between  their  centres  of  gravity  are 
equal. 

Cor.  2.  If  there  be  an  even  number  of  magnitudes  ivith 
their  centres  of  gravity  situated  at  equal  distances  on  one  straight 
line,  and  if  the  two  middle  ones  be  equal,  while  those  which  are 
equidistant  from  them  {on  each  side)  are  equal  respectively,  the 
centre  of  gravity  of  the  system  is  the  middle  point  of  the  line 
joining  the  centres  of  gravity  of  the  two  middle  ones. 
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Propositions  6,  7. 

Two  magnitudes,  whether  commensurable  [Prop.  6]  or  in- 
commensurable [Prop.  7],  balance  at  distances  reciprocally 
proportional  to  the  magnitudes. 

I.  Suppose  the  magnitudes  A,  B  to  be  commensurable, 
and  the  points  J.,  5  to  be  their  centres  of  gravity.  Let  DE  be 
a  straight  line  so  divided  at  G  that 

A  :B==DG:OE. 

We  have  then  to  prove  that,  if  A  be  placed  at  E  and  B  at 
D,  C  is  the  centre  of  gravity  of  the  two  taken  together. 


Since  A,  B  are  commensurable,  so  are  DC,  GE.  Let  N  be 
a  common  measure  of  DC,  GE,  Make  DH,  DK  each  equal  to 
GE,  and  EL  (on  GE  produced)  equal  to  GD,  Then  EH=  GD, 
since  DH=GE.  Therefore  LH  is  bisected  at  E,  as  HK  is 
bisected  at  D. 

Thus  LH,  HK  must  each  contain  N  an  even  number  of 
times. 

Take  a  magnitude  0  such  that  0  is  contained  as  many 
times  in  J.  as  iV  is  contained  in  LH,  whence 

A  lO^LH  :N. 

But  B:A  =  GE  :  DG 

=  HK:LK 

Hence,  ex  aequali,  B  :  0  =  HK :  i\^,  or  0  is  contained  in  B  as 
many  times  as  N  is  contained  in  HK. 

Thus  0  is  a  common  measure  of  ^,  JS. 
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Divide  LH,  HK  into  parts  each  equal  to  N,  and  A,  B  into 
parts  each  equal  to  0.  The  parts  of  A  will  therefore  be  equal 
in  number  to  those  of  LH,  and  the  parts  of  B  equal  in  number 
to  those  of  HK.  Place  one  of  the  parts  of  A  at  the  middle 
point  of  each  of  the  parts  N  of  LH,  and  one  of  the  parts  of  B 
at  the  middle  point  of  each  of  the  parts  N  of  HK, 

Then  the  centre  of  gravity  of  the  parts  of  A  placed  at  equal 
distances  on  LH  will  be  at  E,  the  middle  point  of  LH  [Prop.  5, 
Cor.  2],  and  the  centre  of  gravity  of  the  parts  of  B  placed  at 
equal  distances  along  HK  will  be  at  D,  the  middle  point  of  HK. 

Thus  we  may  suppose  A  itself  applied  at  E,  and  B  itself 
applied  at  D. 

But  the  system  formed  by  the  parts  0  of  J.  and  B  together 
is  a  system  of  equal  magnitudes  even  in  number  and  placed  at 
equal  distances  along  LK,  And,  since  LE  =  GD,  and  EG  =  DK, 
LG=  OK,  so  that  G  is  the  middle  point  of  LK,  Therefore  G  is 
the  centre  of  gravity  of  the  system  ranged  along  LK. 

Therefore  A  acting  at  E  and  B  acting  at  D  balance  about 
the  point  G. 

II.  Suppose  the  magnitudes  to  be  incommensurable,  and 
let  them  be  (A  +  a)  and  B  respectively.  Let  BE  be  a  line 
divided  at  G  so  that 

(A+a):B  =  DG  :GE. 


Then,  if  (A  -\-  a)  placed  at  E  and  B  placed  at  jD  do  not 
balance  about  (7,  {A  +  a)  is  either  too  great  to  balance  J5,  or  not 
great  enough. 

Suppose,  if  possible,  that  (A  +  a)  is  too  great  to  balance  B. 
Take  from  (A  +  a)  a  magnitude  a  smaller  than  the  deduction 
which  would  make  the  remainder  balance  B,  but  such  that  the 
remainder  A  and  the  magnitude  B  are  commensurable. 

H.  A.  13 
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Then,  since  A,  B  are  commensurable,  and 
A  :B<DC:  GE, 
A  and  B  will  not  balance  [Prop.  6],  but  D  will  be  depressed. 

But  this  is  impossible,  since  the  deduction  a  was  an 
insufficient  deduction  from  {A  +  a)  to  produce  equilibrium,  so 
that  E  was  still  depressed. 

Therefore  {A  -f  a)  is  not  too  great  to  balance  B ;  and 
similarly  it  may  be  proved  that  B  is  not  too  great  to  balance 
{A  +  a). 

Hence  {A  +  a),  jB  taken  together  have  their  centre  of 
gravity  at  (7. 

Proposition  8. 

If  AB  he  a  magnitude  whose  centre  of  gravity  is  0,  and  AD 
a  part  of  it  whose  centre  of  gravity  is  F,  then  the  centre  of 
gravity  of  the  remaining  part  will  he  a  point  0  on  FO  produced 
such  that 

GO:  CF=^{AD):{DE), 


F 

C         6    H 

For,  if  the  centre  of  gravity  of  the  remainder  (DE)  be  not 
Gy  let  it  be  a  point  H.  Then  an  absurdity  follows  at  once  from 
Props.  6,  7. 

Proposition  9. 

The  centre  of  gravity  of  any  parallelogram  lies  on  the 
straight  line  joining  the  middle  points  of  opposite  sides. 

Let  ABCD  be  a  parallelogram,  and  let  EF  join  the  middle 
points  of  the  opposite  sides  AD,  BG, 

If  the  centre  of  gravity  does  not  lie  on  EF,  suppose  it  to  be 
H,  and  draw  HK  parallel  to  AD  or  BG  meeting  EF  in  K. 
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Then  it  is  possible,  by  bisecting  ED,  then  bisecting  the 
halves,  and  so  on  continually,  to  arrive  at  a  length  EL  less 


than  KH,  Divide  both  AE  and  ED  into  parts  each  equal 
to  EL,  and  through  the  points  of  division  draw  parallels  to  AB 
or  CD. 

We  have  then  a  number  of  equal  and  similar  parallelograms, 
and,  if  any  one  be  applied  to  any  other,  their  centres  of  gravity 
coincide  [Post  4].  Thus  we  have  an  even  number  of  equal 
magnitudes  whose  centres  of  gravity  lie  at  equal  distances  along 
a  straight  line.  Hence  the  centre  of  gravity  of  the  whole 
parallelogram  will  lie  on  the  line  joining  the  centres  of  gravity 
of  the  two  middle  parallelograms  [Prop.  5,  Cor.  2]. 

But  this  is  impossible,  for  H  is  outside  the  middle 
parallelograms. 

Therefore  the  centre  of  gravity  cannot  but  lie  on  EF. 


Proposition  lO. 

The  centre  of  gravity  of  a  parallelogram  is  the  point  of 
intersection  of  its  diagonals. 

For,  by  the  last  proposition,  the  centre  of  gravity  lies  on 
each  of  the  lines  which  bisect  opposite  sides.  Therefore  it 
is  at  the  point  of  their  intersection;  and  this  is  also  the 
point  of  intersection  of  the  diagonals. 

Alternative  proof 

Let  ABGD  be  the  given  parallelogram,  and  BD  a  diagonal. 
Then  the  triangles  ABD,  GDB  are  equal  and  similar,  so  that 
[Post  4],  if  one  be  applied  to  the  other,  their  centres  of  gravity 
will  fall  one  upon  the  other. 

13—2 
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Suppose  F  to  be  the  centre  of  gravity  of  the  triangle  ABD. 
Let  Q  be  the  middle  point  of  BD, 
Join  FG  and  produce  it  to  Hj  so 
that  FG  =  GH. 

If  we  then  apply  the  triangle 
ABD  to  the  triangle  CDB  so  that 
AD  falls  on  GB  and  AB  on  CD,  the 
point  F  will  fall  on  ff. 

But  [by  Post  4]  i^  will  fall  on  the  centre  of  gravity  of 
CDB.     Therefore  H  is  the  centre  of  gravity  of  GDB. 

Hence,  since  F,  H  are  the  centres  of  gravity  of  the  two 
equal  triangles,  the  centre  of  gravity  of  the  whole  parallelogram 
is  at  the  middle  point  of  FH,  i.e.  at  the  middle  point  of  BD, 
which  is  the  intersection  of  the  two  diagonals. 

Proposition  11. 

If  ahc,  ABC  he  two  similar  triangles^  and  g,  G  two  points  in 
them  similarly  situated  with  respect  to  them  respectively,  then,  if 
g  he  the  centre  of  gravity  of  the  triangle  ahc,  G  must  be  the  centre 
of  gravity  of  the  triangle  ABC 

Suppose  ah  :  he  :  ca  =  AB  :  BC  :  CA. 


The  proposition  is  proved  by  an  obvious  reductio  ad 
ahsurdum.  For,  if  G  be  not  the  centre  of  gravity  of  the 
triangle  ABC,  suppose  H  to  be  its  centre  of  gravity. 

Post  5  requires  that  g,  H  shall  be  similarly  situated  with 
respect  to  the  triangles  respectively;  and  this  leads  at  once 
to  the  absurdity  that  the  angles  HAB,  GAB  are  equal. 
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Proposition  12. 

Oiven  two  similar  triangles  abc,  ABC,  and  d,  D  the  middle 
points  of  be,  BG  respectively,  then,  if  the  centre  of  gravity  of  abc 
lie  on  ad,  that  of  ABC  will  lie  on  AD, 

Let  g  be  the  point  on  ad  which  is  the  centre  of  gravity 
of  abc. 


b  d 

Take  G^  on  -AD  such  that 

ad  :  ag  =  AD  :  AO, 
and  join  gb,  go,  OB,  GC. 

Then,  since  the  triangles  are  similar,  and  bd,  BD  are  the 
halves  of  be,  BG  respectively, 

ab:bd=::AB:BD, 
and  the  angles  abd,  ABD  are  equal. 

Therefore  the  triangles  abd,  ABD  are  similar,  and 

Z  bad  =:^/:  BAD. 
Also  ba  :  ad  =  BA  :  AD, 

while,  from  above,         ad  :  ag  =  AD  :  AO. 

Therefore  ba:ag  =  BA  :  AO,  while  the  angles  bag,  BAO 
are  equal. 

Hence  the  triangles  bag,  BAO  are  similar,  and 

Zabg  =  ZABG. 
And,  since  the  angles  abd,  ABD  are  equal,  it  follows  that 
Zgbd  =  zOBD. 
In  exactly  the  same  manner  we  prove  that 
Zgac==/:OAG, 
/.acg^zAGO, 
/:gcd=:ZOGD. 
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Therefore  ^r,  0  are  similarly  situated  with  respect  to  the 
triangles  respectively;  whence  [Prop.  11]  G  is  the  centre  of 
gravity  of  ABC 


Proposition  13. 

In  any  triangle  the  centre  of  gravity  lies  on  the  straight  line 
joining  any  angle  to  the  middle  point  of  the  opposite  side. 

Let  ABC  be  a  triangle  and  D  the  middle  point  of  BG, 
Join  AB,     Then  shall  the  centre  of  gravity  lie  on  AD. 

For,  if  possible,  let  this  not  be  the  case,  and  let  H  be  the 
centre  of  gravity.     Draw  HI  parallel  to  GB  meeting  AD  in  /. 

Then,  if  we  bisect  DG,  then  bisect  the  halves,  and  so  on, 
we  shall  at  length  arrive  at  a  length,  as  DE,  less  than  HI. 


Divide  both  BD  and  DC  into  lengths  each  equal  to  DE,  and 
through  the  points  of  division  draw  lines  each  parallel  to  DA 
meeting  BA  and  AG  m  points  as  K,  i,  M  and  N,  P,  Q 
respectively. 

Join  MN,  LP,  KQ,  which  lines  will  then  be  each  parallel 
to  BG. 

We  have  now  a  series  of  parallelograms  as  FQ,  TP,  SN, 
and  AD  bisects  opposite  sides  in  each.  Thus  the  centre 
of  gravity  of  each  parallelogram  lies  on  AD  [Prop.  9],  and 
therefore  the  centre  of  gravity  of  the  figure  made  up  of  them 
all  lies  on  AD. 
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Let  the  centre  of  gravity  of  all  the  parallelograms  taken 
together  be  0.  Join  OH  and  produce  it;  also  draw  GV 
parallel  to  DA  meeting  OH  produced  in  V, 

Now,  if  n  be  the  number  of  parts  into  which  4(7  is  divided, 

A  ADO  :  (sum  of  triangles  on  AN,  NP, ...) 

=  AC':{AN^-^NP'^-...) 

=  n  :  1 

^ACiAK 
Similarly 

A  ABD  :  (sura  of  triangles  on  AM,  ML,  ...)  =  AB  :  AM. 
And  AC:AN==AB:AM. 

It  follows  that 

A  ABO  :  (sum  of  all  the  small  As)  =  CA  :  AF 

>  VO  :  OH,  by  parallels. 
Suppose  0  V  produced  to  X  so  that 

A  ABC:  (sum  of  small  As)  =  XO  :  OH, 

whence,  dividendo, 

(sum  of  parallelograms)  :  (sum  of  small  A8)  =  XH  :  HO. 

Since  then  the  centre  of  gravity  of  the  triangle  ABC  is  at  H, 
and  the  centre  of  gravity  of  the  part  of  it  made  up  of  the 
parallelograms  is  at  0,  it  follows  from  Prop.  8  that  the  centre 
of  gravity  of  the  remaining  portion  consisting  of  all  the  small 
triangles  taken  together  is  at  X. 

But  this  is  impossible,  since  all  the  triangles  are  on  one  side 
of  the  line  through  X  parallel  to  AD. 

Therefore  the  centre  of  gravity  of  the  triangle  cannot  but 
lie  on  AD, 

Alternative  proof. 

Suppose,  if  possible,  that  H,  not  lying  on  AD,  is  the  centre 
of  gravity  of  the  triangle  ABG.  Join  AH,  BH,  OH.  Let 
E,  F  be  the  middle  points  of  CA,  AB  respectively,  and  join 
DE,  EF,  FD.     Let  EF  meet  AD  in  M. 
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Draw  FK,  EL  parallel  to  AH  meeting  BH,  GH  in  K,  L 
respectively.  Join  KD,  HD,  LD,  KL.  Let  KL  meet  DH  in 
N,  and  join  MN. 


Since  DE  is  parallel  to  AB,  the  triangles  ABC,  EDO  are 
similar. 

And,  since  GE—EA,  and  EL  is  parallel  to  AH,  it  follows 
that  GL-^LH  And  GD==DB.  Therefore  BH  is  parallel 
toDL, 

Thus  in  the  similar  and  similarly  situated  triangles  ABG, 
EDG  the  straight  lines  AH,  BH  are  respectively  parallel  to 
ELy  DL ;  and  it  follows  that  Hy  L  are  similarly  situated  with 
respect  to  fche  triangles  respectively. 

But  H  is,  by  hypothesis,  the  centre  of  gravity  of  ABG, 
Therefore  L  is  the  centre  of  gravity  of  EDG,  [Prop.  11] 

Similarly  the  point  K  is  the  centre  of  gravity  of  the 
triangle  FBD, 

And  the  triangles  FBD,  EDG  are  equal,  so  that  the  centre 
of  gravity  of  both  together  is  at  the  middle  point  of  KL,  i.e.  at 
the  point  N. 

The  remainder  of  the  triangle  ABG,  after  the  triangles  FBD, 
EDG  are  deducted,  is  the  parallelogram  AFDE,  and  the  centre 
of  gravity  of  this  parallelogram  is  at  if,  the  intersection  of  its 
diagonals. 

It  follows  that  the  centre  of  gravity  of  the  whole  triangle 
ABG  must  lie  on  MN]  that  is,  MN  must  pass  through  H,  which 
is  impossible  (since  MN  is  parallel  to  AH), 

Therefore  the  centre  of  gravity  of  the  triangle  ABG  cannot 
but  lie  on  AD, 
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Proposition  14. 

It  follows  at  once  from  the  last  proposition  that  the  centre 
of  gravity  of  any  triangle  is  at  the  intersection  of  the  lines  drawn 
from  any  two  angles  to  the  middle  points  of  the  opposite  sides 
respectively. 


Proposition  15. 

IfAL,  BC  he  the  two  parallel  sides  of  a  trapezium  ABGD, 
AD  being  the  smaller,  and  if  AD,  BO  be  bisected  at  E,  F 
respectively,  then  the  centre  of  gravity  of  the  trapezium  is  at  a 
point  0  on  EF  sux^h  that 

GE:GF=  {2BG  +  AD)  :  i2AD  +  BG). 

Produce  BA,  CD  to  meet  at  0.  Then  FE  produced  will 
also  pass  through  0,  since  AE  =  ED,  and  BF  =  FG, 


Now  the  centre  of  gravity  of  the  triangle  OAD  will  lie  on 
OE,  and  that  of  the  triangle  OBG  will  lie  on  OF.        [Prop.  13] 

It  follows  that  the  centre  of  gravity  of  the  remainder,  the 
trapezium  A  BOD,  will  also  lie  on  OF,  [P^c>p.  8] 

Join  BD,  and  divide  it  at  L,  M  into  three  equal  parts. 
Through  L,  M  draw  PQ,  RS  parallel  to  BO  meeting  BA  in 
P,  R,  FE  in  W,  V,  and  GD  in  Q,  S  respectively. 

Join  DF,  BE  meeting  PQ  in  H  and  RS  in  K  respectively. 
Now,  since  BL  =  ^  BD, 

FH^hFD, 
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Therefore  H  is  the  centre  of  gravity  of  the  triangle  DBC^. 

Similarly,  since  EK  =  J  BE,  it  follows  that  K  is  the  centre 
of  gravity  of  the  triangle  ABB. 

Therefore  the  centre  of  gravity  of  the  triangles  DBG,  ADB 
together,  i.e.  of  the  trapezium,  lies  on  the  line  HK. 

But  it  also  lies  on  OF. 

Therefore,  if  OF,  HK  meet  in  G,  G  is  the  centre  of  gravity 
of  the  trapezium. 

Hence  [Props.  6,  7] 

ADBG:AABD  =  KG:  GH 

=  F(?:  GW. 

But  A  DBC  :  A  ABD  =  BC  :  AD. 

Therefore  BG:AD  =  VG:GW. 

It  follows  that 

(2BG+AD)  :  (2AD  +  BG)  =  (2VG+ GW)  :  {2GW-^VG) 

=  EG  :GF. 

Q.  E.  B. 

*  This  easy  deduction  from  Prop.  14  is  assumed  by  Archimedes  without 
proof. 
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If  P,  P'  he  two  parabolic  segments  and  D,  E  their  centres 
of  gravity  respectively,  the  centre  of  gravity  of  the  two  segments 
taken  together  will  he  at  a  point  C  on  DE  determined  hy  the 
relation 

P:P'  =  GE:CD'', 

In  the  same  straight  line  with  DE  measure  EH,  EL  each 
equal  to  DC,  and  LK  equal  to  DH;  whence  it  follows  at  once 
that  DK  =  CE,  and  also  that  KG^  OL, 


*  This  proposition  is  really  a  particular  case  of  Props.  6,  7  of  Book  I.  and 
is  therefore  hardly  necessary.  As,  however,  Book  II.  relates  exclusively  to 
parabolic  segments,  Archimedes'  object  was  perhaps  to  emphasize  the  fact 
that  the  magnitudes  in  I.  6,  7  might  be  parabolic  segments  as  well  as 
rectilinear  figures.  His  procedure  is  to  substitute  for  the  segments  rect- 
angles of  equal  area,  a  substitution  which  is  rendered  possible  by  the  results 
obtained  in  his  separate  treatise  on  the  Quadrature  of  the  Parabola. 
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Apply  a  rectangle  MN  equal  in  area  to  the  parabolic 
segment  P  to  a  base  equal  to  KH,  and  place  the  rectangle  so 
that  KH  bisects  it,  and  is  parallel  to  its  base. 

Then  D  is  the  centre  of  gravity  of  MN,  since  KD  =  DH. 

Produce  the  sides  of  the  rectangle  which  are  parallel  to  KH, 
and  complete  the  rectangle  NO  whose  base  is  equal  to  HL. 
Then  E  is  the  centre  of  gravity  of  the  rectangle  NO. 

Now  (MN)  :  {NO)  =  KH:HL 

==DE:EH 

=  GE :  CD 

=  P:P\ 

But  {MN):=P. 

Therefore  (NO)  =  P\ 

Also,  since  C  is  the  middle  point  of  KL,  G  is  the  centre 
of  gravity  of  the  whole  parallelogram  made  up  of  the  two 
parallelograms  (MN),  (NO),  which  are  equal  to,  and  have  the 
same  centres  of  gravity  as,  P,  P'  respectively. 

Hence  G  is  the  centre  of  gravity  of  P,  P'  taken  together. 


Definition  and  lemmas  preliminary  to  Proposition  2. 

'*  If  in  a  segment  bounded  by  a  straight  line  and  a  section 
of  a  right-angled  cone  [a  parabola]  a  triangle  be  inscribed 
having  the  same  base  as  the  segment  and  equal  height,  if  again 
triangles  be  inscribed  in  the  remaining  segments  having  the 
same  bases  as  the  segments  and  equal  height,  and  if  in  the 
remaining  segments  triangles  be  inscribed  in  the  same  manner, 
let  the  resulting  figure  be  said  to  be  inscribed  in  the 
recognised  manner  {^vwpifjLco<;  ijypd(l>€a-0ac)  in  the  segment. 

And  it  is  plain 

(1)  that  the  lines  joining  the  two  angles  of  the  figure  so  inscribed 
which  are  nearest  to  the  vertex  of  the  segment,  and  the  next 
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pairs  of  angles  in  order,  will  be  parallel  to  the  base  of  the 
segment, 

(2)  that  the  said  lines  will  be  bisected  by  the  diameter  of  the 
segment,  and 

(3)  that  they  will  cut  the  diameter  in  the  proportions  of  the 
successive  odd  numbers,  the  number  one  having  reference  to  [the 
length  adjacent  to]  the  vertex  of  the  segment. 

And  these  properties  will  have  to  be  proved  in  their  proper 
places  (eV  rai<;  rd^eacvy 

[The  last  words  indicate  an  intention  to  give  these  pro- 
positions in  their  proper  connexion  with  systematic  proofs ;  but 
the  intention  does  not  appear  to  have  been  carried  out,  or  at 
least  we  know  of  no  lost  work  of  Archimedes  in  which  they 
could  have  appeared.  The  results  can  however  be  easily 
derived  from  propositions  given  in  the  Quadrature  of  the 
Parabola  as  follows. 

(1)  Let  BRQPApqrb  be  a  figure  inscribed  '  in  the  recog- 
nised manner'  in  the  parabolic  segment  BAb  of  which  Bb  is 
the  base,  A  the  vertex  and  AO  the  diameter. 


Bisect  each  of  the  lines  BQ,  BA,  QA,  Aq,  Ab,  qb,  and 
through  the  middle  points  draw  lines  parallel  to  AO  meeting 
Bb  in  G,  F,  E,  e,f,  g  respectively. 
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These  lines  will  then  pass  through  the  vertices  R,  Q,  P, 
p,  q,  r  of  the  respective  parabolic  segments  [Quadrature  of  the 
Parabola,  Prop.  18],  i.e.  through  the  angular  points  of  the 
inscribed  figure  (since  the  triangles  and  segments  are  of  equal 
height). 

Also  BG=OF  =  FE=EO,  and  Oe^ef==fg  =  gb.  But 
BO  =  Ob,  and  therefore  all  the  parts  into  which  Bb  is  divided 
are  equal. 

If  now  AB,  RG  meet  in  L,  and  Ab,  rg  in  I,  we  have 

BG:GL  =  BO:  OA,  by  parallels, 

=  60:  OA 

=  h '  gh 

whence  GL  =  gL 

Again  [ibid.,  Prop.  4] 

GL:LR  =  BO:  OG 

=  bO:  Og 

=  gl  :  Ir; 
and,  since  GL  =  gl,  LR  =  Ir. 

Therefore  GR,  gr  are  equal  as  well  as  parallel. 

Hence  GRrg  is  a  parallelogram,  and  Rr  is  parallel  to  Bb, 

Similarly  it  may  be  shown  that  Pp,  Qq  are  each  parallel 

torn 

(2)  Since  RGgr  is  a  parallelogram,  and  RG,  rg  are 
parallel  to  AO,  while  GO=Og,  it  follows  that  Rr  is  bisected 
hjAO. 

And  similarly  for  Pp,  Qq, 

(3)  Lastly,  if  V,  W,  X  be  the  points  of  bisection  of  Pp, 
Qq.  Rr, 

AViAW'.AX:  AO^^PV  :  QW  :  RX'  :  BO' 

=  1  :  4:9  :  16, 

whence  AV  i  VW  :  WX  :  Z0  =  1  :  3  :  5  :  7.] 
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Proposition  2. 

If  a  figure  he  'inscribed  in  the  recognised  manner'  in  a 
parabolic  segment,  the  centre  of  gravity  of  the  figure  so  inscribed 
will  lie  on  the  diameter  of  the  segment. 

For,  in  the  figure  of  the  foregoing  lemmas,  the  centre  of 
gravity  of  the  trapezium  BRrb  must  lie  on  XO,  that  of  the 
trapezium  RQqr  on  WX,  and  so  on,  while  the  centre  of  gravity 
of  the  triangle  PAp  lies  on  A  F. 

Hence  the  centre  of  gravity  of  the  whole  figure  lies  on  .40. 

Proposition  3. 

If  BAB\  baV  be  two  similar  parabolic  segments  whose 
diameters  are  AO,  ao  respectively,  and  if  a  figure  be  inscribed 
in  each  segment '  in  the  recognised  manner,'  the  number  of  sides 
in  each  figure  being  equal,  the  centres  of  gravity  of  the  inscribed 
figures  will  divide  AO,  ao  in  the  same  ratio. 

[Archimedes  enunciates  this  proposition  as  true  of  similar 
segments,  but  it  is  equally  true  of  segments  which  are  not 
similar,  as  the  course  of  the  proof  will  show.] 

Suppose  BRQPAP'Q'R'B',  brqpap'qVb'  to  be  the  two 
figures  inscribed  'in  the  recognised  manner.'  Join  PP\  QQ\ 
RR'  meeting  AO  in  L,  M,  N,  and  pp\  qq\  rr^  meeting  ao 
in  I,  m,  n. 

Then  [Lemma  (3)] 

AL:LM'.MN:NO 
=1:3:5:7 
=  al  :  Im  :  mn  :  no, 
so  that  A  0,  ao  are  divided  in  the  same  proportion. 

Also,  by  reversing  the  proof  of  Lemma  (3),  we  see  that 

PP':pp'==QQ'  :  qq'^RR'  :  rr'  =  BB'  :  bb\ 
Since  then  RR^  :  BB'  =  rr'  :  bb\  and  these  ratios  respec- 
tively determine  the  proportion  in  which  NO,  no  are  divided 
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by  the  centres  of  gravity  of  the  trapezia  BRR'B\  hrr'V  [i.  15], 
it  follows  that  the  centres  of  gravity  of  the  trapezia  divide  NO, 
no  in  the  same  ratio. 


Similarly  the  centres  of  gravity  of  the  trapezia  RQQ^R\ 
rqq'r'  divide  MNy  mn  in  the  same  ratio  respectively,  and  so  on. 

Lastly,  the  centres  of  gravity  of  the  triangles  PAP\  pap' 
divide  AL,  al  respectively  in  the  same  ratio. 

Moreover  the  corresponding  trapezia  and  triangles  are,  each 
to  each,  in  the  same  proportion  (since  their  sides  and  heights 
are  respectively  proportional),  while  -40,  ao  are  divided  in 
the  same  proportion. 

Therefore  the  centres  of  gravity  of  the  complete  inscribed 
figures  divide  AO,  ao  in  the  same  proportion. 


Proposition  4. 

The  centre  of  gravity  of  any  parabolic  segment  cut  off  by  a 
straight  line  lies  on  the  diameter  of  the  segment. 

Let  BAB^  be  a  parabolic  segment,  A  its  vertex  and  AO  its 
diameter. 

Then,  if  the  centre  of  gravity  of  the  segment  does  not  lie  on 
AO,  suppose  it  to  be,  if  possible,  the  point  F,  Draw  FE 
parallel  %o  AO  meeting  BB^  in  E, 
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Inscribe  in  the  segment  the  triangle  ABB'  having  the  same 
vertex  and  height  as  the  segment,  and  take  an  area  S  such 
that 

AABB'  '.S^-BEiEO. 


We  can  then  inscribe  in  the  segment  'in  the  recognised 
manner'  a  figure  such  that  the  segments  of  the  parabola  left 
over  are  together  less  than  S.  [For  Prop.  20  of  the  Quadrature 
of  the  Parabola  proves  that,  if  in  any  segment  the  triangle  with 
the  same  base  and  height  be  inscribed,  the  triangle  is  greater 
than  half  the  segment ;  whence  it  appears  that,  each  time  that 
we  increase  the  number  of  the  sides  of  the  figure  inscribed  *  in 
the  recognised  manner,'  we  take  away  more  than  half  of  the 
remaining  segments.] 

Let  the  inscribed  figure  be  drawn  accordingly;  its  centre 
of  gravity  then  lies  on  ^0  [Prop.  2].     Let  it  be  the  point  H. 

Join  HF  and  produce  it  to  meet  in  K  the  line  through  B 
parallel  to  AO. 

Then  we  have 

(inscribed  figure)  :  (remainder  of  segmt.)  >  A  ABB'  :  8 

>BE:EO 
>KF:FH. 

Suppose  L  taken  on  UK  produced  so  that  the  former  ratio  is 
equal  to  the  ratio  LF  :  FH. 

H.  A.  14 
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Then,  since  H  is  the  centre  of  gravity  of  the  inscribed 
figure,  and  F  that  of  the  segment,  L  must  be  the  centre 
of  gravity  of  all  the  segments  taken  together  which  form  the 
remainder  of  the  original  segment.  [I.  8] 

But  this  is  impossible,  since  all  these  segments  lie  on  one 
side  of  the  line  drawn  through  L  parallel  to  -40  [Of.  Post  7]. 

Hence  the  centre  of  gravity  of  the  segment  cannot  but  lie 
on^O. 

Proposition  5. 

If  in  a  parabolic  segment  a  figure  be  inscribed  ^  in  the 
recognised  manner'  the  centre  of  gravity  of  the  segment  is  nearer 
to  the  vertex  of  the  segment  than  the  centre  of  gravity  of  the 
inscribed  figure  is. 

Let  BAB'  be  the  given  segment,  and  AO  its  diameter. 
First y   let   ABB'  be   the   triangle  in- 
scribed *in  the  recognised  manner.' 

Divide  J.0  in  i^  so  that  AF=  2F0 ; 
F  is  then  the  centre  of  gravity  of  the 
triangle  ABB\ 

Bisect  AB,  AB'  in  J),  D'  respec- 
tively, and  join  DD'  meeting  AO  in  E, 
Draw  BQ,  D'Q'  parallel  to  OA  to  meet 
the  curve.  QD,  Q'D'  will  then  be  the 
diameters  of  the  segments  whose  bases 
are  AB,  AB\  and  the  centres  of  gravity 
of  those  segments  will  lie  respectively 
on  QD,  Q'D'  [Prop.  4].  Let  them  be  H,  H\  and  join  HH' 
meeting  AO  in  K. 

Now  QD,  Q'D'  are  equal*,  and  therefore  the  segments  of 
which  they  are  the  diameters  are  equal  [On  Conoids  and 
Spheroids,  Prop.  3]. 

*  This  may  either  be  inferred  from  Lemma  (1)  above  (since  QQ\  DD'  are 
both  parallel  to  BB%  or  from  Prop.  19  of  the  Quadrature  of  the  Parabola,  which 
applies  equally  to  Q  or  Q'. 
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Also,  since  QD,  Q'D'  are  parallel*,  and  DE  =  ED\  K  is  the 
middle  point  of  HH\ 

Hence  the  centre  of  gravity  of  the  equal  segments  AQB, 
AQ^B'  taken  together  is  K,  where  K  lies  between  E  and  A. 
And  the  centre  of  gravity  of  the  triangle  ABB'  is  F, 

It  follows  that  the  centre  of  gravity  of  the  whole  segment 
BAB'  lies  between  K  and  F,  and  is  therefore  nearer  to  the 
vertex  A  than  F  is. 

Secondly,  take  the  five-sided  figure  BQAQ'B^  inscribed  'in 
the  recognised  manner,'  QD,  Q'D'  being,  as  before,  the  diameters 
of  the  segments  AQB,  AQ'B\ 

Then,  by  the  first  part  of  this  proposition,  the  centre  of 
gravity  of  the  segment  A  QB  (lying  of  course  on  QD)  is  nearer 
to  Q  than  the  centre  of  gravity  of  the  triangle  AQB  is.  Let 
the  centre  of  gravity  of  the  segment  be  H,  and  that  of  the 
triangle  /. 

Similarly  let  H'  be  the  centre  of  gravity  of  the  segment 
AQ'B\  and  F  that  of  the  triangle  AQ'B\ 

It  follows  that  the  centre  of  gravity 
of  the  two  segments  AQB,  AQ'B'  taken 
together  is  K,  the  middle  point  of  HH\ 
and  that  of  the  two  triangles  AQB,  AQ'B' 
is  L,  the  middle  point  of  //'. 

If  now  the  centre  of  gravity  of  the 
triangle  ABB'  be  F,  the  centre  of  gravity 
of  the  whole  segment  BAB'  (i.e.  that  of 
the  triangle  ABB'  and  the  two  segments 
AQB,  AQ'B'  taken  together)  is  a  point 
G  on  KF  determined  by  the  proportion 

(sum  of  segments  AQB,  AQ'B')  :  A^J55'  =  FO  :  OK,    [I.  6,  7] 

*  There  is  clearly  some  interpolation  in  the  text  here,  which  has  the  words 
Kal  iirel  wapa\\7]\6ypafji,fjt,6v  ian.  rb  0ZHI.  It  is  not  yet  proved  that  H'B'DH  is 
a  parallelogram  ;  this  can  only  be  inferred  from  the  fact  that  JEf,  JET'  divide  QD, 
Q'D'  respectively  in  the  same  ratio.  But  this  latter  property  does  not  appear 
till  Prop.  7,  and  is  then  only  enunciated  of  similar  segments.  The  interpolation 
must  have  been  made  before  Eutocius'  time,  because  he  has  a  note  on  the 
phrase,  and  explains  it  by  gravely  assuming  that  H,  H'  divide  QD,  Q'D'  respec- 
tively in  the  same  ratio. 

U— 2 
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And  the  centre  of  gravity  of  the  inscribed  figure  BQAQ'B' 
is  a  point  F^  on  LF  determined  by  the  proportion 

{/SAQB  +  AAQ'B')  :  AABB'^^FF' :  FL.      [I  6,  7] 

[Hence  FO:GK>  FF'  :  FL, 

or  GK:FG<rL:FF\ 

and,  componendo,       FK:FG<FL:  FF\  while  FK>FL.] 

Therefore  FG  >  FF\  or  G  lies  nearer  than  F'  to  the  vertex  A, 

Using  this  last  result,  and  proceeding  in  the  same  way, 
we  can  prove  the  proposition  for  any  figure  inscribed  'in  the 
recognised  manner/ 

Proposition  6. 

Given  a  segment  of  a  parabola  cut  off  by  a  straight  liney  it  is 
possible  to  inscribe  in  it '  in  the  recognised  manner '  a  figure  such 
that  the  distance  between  the  centres  of  gravity  of  the  segment  and 
of  the  inscribed  figure  is  less  than  any  assigned  length. 

Let  BAB'  be  the  segment,  AO  its  diameter,  G  its  centre 
of  gravity,  and  ABB'  the  triangle  inscribed  '  in  the  recognised 
manner.' 

Let  D  be  the  assigned  length  and  8  an  area  such  that 

AG'.D^hABB'  :S, 

In  the  segment  inscribe  *  in  the  recognised  manner '  a  figure 
such  that  the  sum  of  the  segments  left  over  is  less  than  S. 
Let  F  be  the  centre  of  gravity  of  the  inscribed  figure. 

We  shall  prove  that  FG  <  D. 

For,  if  not,  FG  must  be  either  equal  to,  or  greater  than,  D. 

And  clearly 

(inscribed  fig.)  :  (sum  of  remaining  segmts.) 

>I\ABB'  :8 

>AG:D 

>AG:FG,hy  hypothesis  (since  FG^B). 
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Let  the  first  ratio  be  equal  to  the  ratio  KG  :  FG  (where  K 
lies  on  GA  produced);  and  it  follows  that  K  is  the  centre  of 
gravity  of  the  small  segments  taken  together.  [I.  8] 


But  this  is  impossible,  since  the  segments  are  all  on  the 
same  side  of  a  line  drawn  through  K  parallel  to  BB\ 

Hence  FG  cannot  but  be  less  than  D. 


Proposition  7. 

If  there  be  two  similar  parabolic  segments,  their  centres  of 
gravity  divide  their  diameters  in  the  same  ratio, 

[This  proposition,  though  enunciated  of  similar  segments 
only,  like  Prop.  3  on  which  it  depends,  is  equally  true  of 
any  segments.  This  fact  did  not  escape  Archimedes,  who 
uses  the  proposition  in  its  more  general  form  for  the  proof  of 
Prop.  8  immediately  following.] 

Let  BAB\  bab'  be  the  two  similar  segments,  AO,  ao  their 
diameters,  and  G,  g  their  centres  of  gravity  respectively. 

Then,  if  G,  g  do  not  divide  AO,  ao  respectively  in  the  same 
ratio,  suppose  H  to  be  such  a  point  on  AO  that 

AH  :  HO  =  ag  :  go  ; 
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and  inscribe  in  the  segment  BAB'  *in  the  recognised  manner' 
a  figure  such  that,  if  F  be  its  centre  of  gravity, 

OFkGH.  [Prop.  6] 


Inscribe  in  the  segment  hah'  *in  the  recognised  manner'  a 
similar  figure;  then,  if/  be  the  centre  of  gravity  of  this  figure, 

ag  <  af.  [Prop.  5] 

And,  by  Prop.  3,       af-.fo^^AF:  FO. 
But  AF:FO<AH:HO 

<  ag  :  go,  by  hypothesis. 
Therefore  af  \fo<ag  \  go\  which  is  impossible. 

It  follows  that  (?,  g  cannot  but  divide  AO,  ao  in  the  same 
ratio. 

Proposition  8. 

If  AO  he  the  diameter  of  a  parabolic  segment,  and  0  its 

centre  of  gravity,  then 

AG  =  I  GO, 

Let  the  segment  be  BAB'.  Inscribe  the  triangle  ABB'  *in 
the  recognised  manner,'  and  let  F  be  its  centre  of  gravity. 

Bisect  AB,  AB'  in  D,  D',  and  draw  BQ,  D'Q'  parallel  to  OA 
to  meet  the  curve,  so  that  QD,  Q'D'  are  the  diameters  of  the 
segments  AQB,  AQ'B'  respectively. 

Let  jET,  H'  be  the  centres  of  gravity  of  the  segments  AQB, 
AQ'B'  respectively.  Join  QQ',  HH'  meeting  AO  m  V,  K 
respectively. 
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K  is  then  the  centre  of  gravity  of  the  two  segments  AQBy 
AQE  taken  together. 

Now        AG:GO=:QH:HD, 

[Prop.  7] 

whence         AO:OG  =  QD:  HR 

But  A0==4iQD  [as  is  easily  proved 
by  means  of  Lemma  (3),  p.  206]. 

Therefore  0G  =  4^HD; 

and,  by  subtraction,  AG  =  ^QH, 

Also,  by  Lemma  (2),  QQ'  is  paral- 
lel to  BB'  and  therefore  to  DD\  It 
follows  from  Prop.  7  that  HH'  is  also  parallel  to  QQ'  or  DD\ 

and  hence  QH  =  VK. 

Therefore  AG^WK, 

and  AV+KG=^^VK. 

Measuring  VL  along  VK  so  that  VL  =  ^AV,  we  have 

KG^SLK (1). 

A0  =  4<AV  [Lemma  (3)] 

=  3JLi,  since  AV=:3VL, 

AL  =  iAO=^OF (2). 


Again 


whence 

Now,  by  I.  6,  7, 

A  ABB' :  (sum  of  segmts.  AQB,  AQ'B')  =  KG  :  GF, 

and  A  ABB'  =  3  (sum  of  segments  AQB,  AQ'B') 

[since  the  segment  ABB'  is  equal  to  §AABB'  (Quadrature  of 
the  Parabola,  Props.  17,  24)]. 

Hence  KG=-SGF, 

But  KG  =  3XJr,  from  (1)  above. 

Therefore  LF=^  LK+KG-h  GF 

^bGF. 
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And,  from  (2), 

LF^(AO-AL-OF)  =  ^AO=^OF. 
Therefore  0F=5GF, 

and  0G  =  6GF. 

But  A0=:S0F=^15GF, 

Therefore,  by  subtraction, 

AG  =  9GF 
=  1^0. 

Proposition  9  (liemma). 

If  a,  b,  c,  d  be  four  lines  in  continued  proportion  and  m 

descending  order  of  magnitude,  and  if 

dJ  :  (a  —  d)  =  a?  :  f  (a  —  c), 

and    (2a  +  4&  +  6c  +  3d!)  :  (5a  +  106  +  10c+  od)  =  y  :  (a-c), 

it  is  required  to  prove  that 

^  +  2/  =  |a. 

[The  following  is  the  proof  given  by  Archimedes,  with 
the  only  difference  that  it  is  set  out  in 
algebraical  instead  of  geometrical  notation. 
This  is  done  in  the  particular  case  simply  in 
order  to  make  the  proof  easier  to  follow. 
Archimedes  exhibits  his  lines  in  the  figure 
reproduced  in  the  margin,  but,  now  that  it  is 
possible  to  use  algebraical  notation,  there  is 
no  advantage  in  using  the  figure  and  the  more 
cumbrous  notation  which  only  obscures  the  course 
of  the  proof.  The  relation  between  Archimedes' 
figure  and  the  letters  used  below  is  as  follows ; 

AB  =  a,  rB  =  6,  AB  =  c,  EB  =  d,  ZH  =  ^,  H@  =  3/,  AO=^.] 

We  have  ?  =  -  =  ' (1), 


•  •d 


-  o 

E 


whence 


and  therefore 


b     c     d 

b  _b-'  c  ^c  —  d 

b 


a  —  b  ^b  —  c 
c  —  d 


Now 


b—c     c—a     0     c 
2(a  +  6)_a4-6_a  +  6    b __^ a  —  c 


2c 


b  —  c'  c  —  d 


G 

d    

b—c_a—c 


(2). 
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And,  in  like  manner, 

b  -he  _b  +  c    c  ^a  —  c 
d  c     '  d     c  —  d' 

It  follows  from  the  last  two  relations  that 

Suppose  z  to  be  so  taken  that 

2a  +  46  +  4c  4-  2d  _  a-c 

~~^^c  +  d  "^     z      ^^^' 

so  that  z<{c  —  d). 

Th      f  ^-g  +  'g ^  2a -f  46  +  6c  +  3cg 

a  —  c    ""  2  (a  +  d)  4-  4  (6  +  c)  * 

And,  by  hypothesis, 

g  -  c  _  5  (a  +  d)  4- 10  (6  +  c) 
y    ~     2a  +  46+6c  +  3d     ' 

so  that  "^^^^-i^"''^l''^^^^'"'^  =  i (5). 

y  2(a  +  d)4-4(6  +  c)      2  ^  ^ 

Again,  dividing  (3)  by  (4)  crosswise,  we  obtain 

z     _        2a  4-  36  +  c 
c^^ ~  2(a4-d)4-4(6  4-c) ' 

,  c-d-z  6  4- 3c  4- 2d  ,^. 

whence  ^—  =  ^r-. r- — -~-. ^^  (6). 

c-d        2 (a 4- d) 4- 4 (6  4- c)  ^  ^ 

But,  by  (2), 

c  -  d  _  g  -  6  _  3  (6  --  c)  _  2  (c  -  d) 
d     ~     6     ~       3c       "       2d      ' 

so  that  o-d^ia,,^)^^  

d  6  4- 3c  4- 2d  ^  ^ 

Combining  (6)  and  (7),  we  have 

c-d-  z  __  (g  -  6)  4-  3  (6  ~  c)  4-  2  (c  -  d) 
d        -         2(g4-d)  +  4(64-c) 

,  c  — i^  3a +  66  4- 3c  .q. 

whence  — f-  =  ^r-. ^ — ^-n \ w)- 

d        2  (a  4-  d)  4-  4  (6  4-  c) 

And,  since  [by  (1)] 

c  — d__6~c__g  — 6 

c4-d  ""6  +  c"~a4-6' 
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r                            c—d            c+d 
we  have  - —    =  ^— ^ , 

whence     ^-^^  ^  ^+ 2^  + ^^^^^  2(^  +  rf)4- 4(6  +  c) 

a-c         a  +  26H-c  2(a  +  c)  +  46      ^  ^* 

Thii^  ^-^^    ^  2(a  +  d)  +  4 (6  +  c) 

f(a-o)        f{2(a  +  o)  +  46}     ' 
and  therefore,  by  hypothesis, 

^  -  ^  (^  +  ^)  +  4  (6  +  c) 

But,  by  (8),  -^  =  2^^^  ^^^-_^  ^-^^^ ; 

and  it  follows,  ex  aequali,  that 

c-z  __    3 (g  +  c)  +  66    __  5     3  _  5 

0)    ~  f  {2  (a  +  c)  4-  46}  ~  3  *  2  ""  2  * 

And,  by  (5),  ^:::.l±f  =  |. 

Therefore  -  =  , 

2      w-\-  y 

or  ^-  +  2/  =  fa. 

Proposition  lO. 

If  PP'B'B  he  the  portion  of  a  parabola  intercepted  between 
two  parallel  chords  PP\  BB'  bisected  respectively  in  N,  0  by 
the  diameter  A  NO  (N  being  nearer  than  0  to  A,  the  vertex 
of  the  segments),  and  if  NO  be  divided  into  five  equal  parts  of 
which  LM  is  the  middle  one  (L  being  nearer  than  M  to  N),  then, 
if  0  be  a  point  on  LM  such  that 

LG  :  GM^B0\{2PN^B0)  :  PN\{2B0  +  PN), 
0  will  be  the  centre  of  gravity  of  the  area  PP'B^B. 

Take  a  line  ao  equal  to  AO,  and  an  on  it  equal  to  AN.  Let 
p,  q  be  points  on  the  line  ao  such  that 

ao  :  aq  =  aq  :  an (1), 

ao  :  an=aq  :  ap (2), 

[whence  ao  :  aq^  aq  :  an  =  an  :  ap,  or  ao,  aq,  an,  ap  are  lines  in 
continued  proportion  and  in  descending  order  of  magnitude]. 
Measure  along  OA  a  length  QF  such  that 

op:ap=^OL:  GF (3). 


ON  THE  EQUILIBRIUM  OF   PLANES   II. 

Then,  since  PN,  BO  are  ordinates  to  ANO, 
BO''  iPN'^AO'.AN 
^  ao  :  an 
=  ao^  :  aq\  by  (1), 

so  that  BO  :  PN=  ao  :  aq  W, 

and  BO':PN'  =  ao':aq' 

=  (ao  :  aq) .  (aq  :  an) .  (o^n  :  ap) 

—  aoiap (^)- 


219 


■H 1 +- 

p    n      q 


Thus  (segment  BAB')  :  (segment  PilP') 

=  ABAB' :  APAF 

=  ao  :  op, 
whence 

(area  PP'B'B) :  (segment  P^P')  =  op  :  op 

=  0£  :  (?P,  by  (3), 

=  iON:OF (6). 

Now         BO' .  {2PN  +  B0)  :  BO'  =  {2PN+B0)  :  50 

=  (2a5'  +  ao):ao,  by  (4), 
BO':PN'  =  ao  :  ap,  by  (5), 
and        PN':PN\  (2B0  4-  Pi\^)  =  P-^  :  (250  +  PN) 

=  aq  :  (2ao  +  ag^),  by  (4), 
=  ap:(2an  +  cip),  by  (2). 
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Hence,  eoo  aequali, 

BO' .  {2PN  +  BO):PN\  {WO  +  PN)  =  {2aq  +  ao)  :  (2an  +  ap\ 

so  that,  by  hypothesis, 

LG  :  GM  =  {2aq  +  ao)  :  {2an  4-  ap). 

Gomponendo,  and  multiplying  the  antecedents  by  5, 

ON  :  Glf  =  {5  (ao  +  op)  +  10  {aq  +  a^)}  :  {2an  +  a^). 

But   0N:0M=^o:2 

=  {5  (ao  4-  op)  +  10  (aq  4-  an)}  :  {2  (ao  4-  ap)  +  4  (ag  +  ayi)j. 

It  follows  that 

ON  :  OG  =  {5  (ao  -f  ap)  + 1 0  (aq  +  an)}  :  (2ao  +  4^aq  +  6an  +  Sap). 

Therefore 

(2ao  4-  4ag  4-  6an  4  Sap)  :  {5  (ao  4  ap)  +  10  (aq  4  (xn)}  =  OG  :  Oi\r 

=  0(?  :  on. 
And  a^  :  (ao  —  op)  =^ap  :  op 

=  GF  :  Oi,  by  hypothesis, 

=  GF  :  f  on, 

while  ao,  aq,  an,  ap  are  in  continued  proportion. 

Therefore,  by  Prop.  9, 

GF+OG==OF=iao  =  ^OA. 

Thus  F  is  the  centre  of  gravity  of  the  segment  BAB\    [Prop.  8] 

Let  H  be  the  centre  of  gravity  of  the  segment  PAP',  so 
that^jEr  =  |^i\r. 

And,  since  AF  =  ^A  0, 

we  have,  by  subtraction,    HF  =  f  ON. 

But,  by  (6)  above, 

(area  PP'B'B)  :  (segment  PiLP')  =  f  OA^  :  GF 

==HF:FG. 

..  Thus,  since  F,  H  are  the  centres  of  gravity  of  the  segments 
BAB\  PAP'  respectively,  it  follows  [by  I.  6,  7]  that  G  is  the 
centre  of  gravity  of  the  area  PP'B'B. 
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"  There  are  some,  king  Gelon,  who  think  that  the  number 
of  the  sand  is  infinite  in  multitude ;  and  I  mean  by  the  sand 
not  only  that  which  exists  about  Syracuse  and  the  rest  of  Sicily 
but  also  that  which  is  found  in  every  region  whether  inhabited 
or  uninhabited.  Again  there  are  some  who,  without  regarding 
it  as  infinite,  yet  think  that  no  number  has  been  named  which 
is  great  enough  to  exceed  its  multitude.  And  it  is  clear  that 
they  who  hold  this  view,  if  they  imagined  a  mass  made  up  of 
sand  in  other  respects  as  large  as  the  mass  of  the  earth,  in- 
cluding in  it  all  the  seas  and  the  hollows  of  the  earth  filled  up 
to  a  height  equal  to  that  of  the  highest  of  the  mountains, 
would  be  many  times  further  still  from  recognising  that  any 
number  could  be  expressed  which  exceeded  the  multitude  of 
the  sand  so  taken.  But  I  will  try  to  show  you  by  means  of 
geometrical  proofs,  which  you  will  be  able  to  follow,  that,  of  the 
numbers  named  by  me  and  given  in  the  work  which  I  sent  to 
Zeuxippus,  some  exceed  not  only  the  number  of  the  mass  of 
sand  equal  in  magnitude  to  the  earth  filled  up  in  the  way 
described,  but  also  that  of  a  mass  equal  in  magnitude  to  the 
universe.  Now  you  are  aware  that  'universe'  is  the  name 
given  by  most  astronomers  to  the  sphere  whose  centre  is  the\^ 
centre  of  the  earth  and  whose  radius  is  equal  to  the  straight 
line  between  the  centre  of  the  sun  and  the  centre  of  the  earth. 
This  is  the  common  account  (ra  ypa(f)6fi€va\  as  you  have  heard 
from  astronomers.     But  Aristarchus  of  Saraos  brought  out  a 
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book  consisting  of  some  hypotheses,  in  which  the  premisses  lead 
to  the  result  that  the  universe  is  many  times  greater  than  that 
now  so  called.  His  hypotheses  are  that  the  fixed  stars  and  the 
sun  remain  unmoved,  that  the  earth  revolves  about  the  sun  in 
the  circumference  of  a  circle,  the  sun  lying  in  the  middle  of  the 
orbit,  and  that  the  sphere  of  the  fixed  stars,  situated  about  the 
same  centre  as  the  sun,  is  so  great  that  the  circle  in  which  he 
supposes  the  earth  to  revolve  bears  such  a  proportion  to  the 
distance  of  the  fixed  stars  as  the  centre  of  the  sphere  bears  to 
its  surface.  Now  it  is  easy  to  see  that  this  is  impossible ;  for, 
since  the  centre  of  the  sphere  has  no  magnitude,  we  cannot 
conceive  it  to  bear  any  ratio  whatever  to  the  surface  of  the 
sphere.  We  must  however  take  Aristarchus  to  mean  this: 
since  we  conceive  the  earth  to  be,  as  it  were,  the  centre  of 
the  universe,  the  ratio  which  the  earth  bears  to  what  we 
describe  as  the  '  universe '  is  bhe  same  as  the  ratio  which  the 
sphere  containing  the  circle  in  which  he  supposes  the  earth  to 
revolve  bears  to  the  sphere  of  the  fixed  stars.  For  he  adapts 
the  proofs  of  his  results  to  a  hypothesis  of  this  kind,  and  in 
particular  he  appears  to  suppose  the  magnitude  of  the  sphere 
in  which  he  represents  the  earth  as  moving  to  be  equal  to  what 
we  call  the  *  universe.' 

I  say  then  that,  even  if  a  sphere  were  made  up  of  the  sand, 
as  great  as  Aristarchus  supposes  the  sphere  of  the  fixed  stars 
to  be,  I  shall  still  prove  that,  of  the  numbers  named  in  the 
Principles^ y  some  exceed  in  multitude  the  number  of  the 
sand  which  is  equal  in  magnitude  to  the  sphere  referred  to, 
provided  that  the  following  assumptions  be  made. 

1.  The  perimeter  of  the  earth  is  about  3,000,000  stadia  and 
not  greater. 

It  is  true  that  some  have  tried,  as  you  are  of  course  aware, 
to  prove  that  the  said  perimeter  is  about  300,000  stadia.  But 
I  go  further  and,  putting  the  magnitude  of  the  earth  at  ten 
times  the  size  that  my  predecessors  thought  it,  I  suppose  its 
perimeter  to  be  about  3,000,000  stadia  and  not  greater. 

*  'Apxai  was  apparently  the  title  of  the  work  sent  to  Zeuxippus.  Of.  the 
note  attached  to  the  enumeration  of  lost  works  of  Archimedes  in  the  Introduction, 
Chapter  II.,  ad  Jin, 
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2.  The  diameter  of  the  earth  is  greater  than  the  diameter  of 
the  moon,  and  the  diameter  of  the  sun  is  greater  than  the  diameter 
of  the  earth. 

In  this  assumption  I  follow  most  of  the  earlier  astronomers. 

3.  The  diameter  of  the  sun  is  about  30  times  the  diameter  of 
the  moon  and  not  greater. 

It  is  true  that,  of  the  earlier  astronomers,  Eudoxus  declared 
it  to  be  about  nine  times  as  great,  and  Pheidias  my  father* 
twelve  times,  while  Aristarchus  tried  to  prove  that  the  diameter 
of  the  sun  is  greater  than  18  times  but  less  than  20  times  the 
diameter  of  the  moon.  But  I  go  even  further  than  Aristarchus, 
in  order  that  the  truth  of  my  proposition  may  be  established 
beyond  dispute,  and  I  suppose  the  diameter  of  the  sun  to  be 
about  30  times  that  of  the  moon  and  not  greater. 

4.  The  diameter  of  the  sun  is  greater  than  the  side  of  the 
chiliagon  inscribed  in  the  greatest  circle  in  the  {sphere  of  the) 
universe, 

I  make  this  assumptionf  because  Aristarchus  discovered 
that  the  sun  appeared  to  be  about  yi^^th.  part  of  the  circle  of 
the  zodiac,  and  I  myself  tried,  by  a  method  which  I  will  now 
describe,  to  find  experimentally  {6pyapc/cco<i)  the  angle  sub- 
tended by  the  sun  and  having  its  vertex  at  the  eye  (rap  ytopLav^ 
eh  av  0  aXta  ivapfio^ec  rav  Kopv^av  e^ovaav  itotX  ra  o'^et)." 

[Up  to  this  point  the  treatise  has  been  literally  translated 
because  of  the  historical  interest  attaching  to  the  ipsissima 
verba  of  Archimedes  on  such  a  subject.  The  rest  of  the  work 
can  now  be  more  freely  reproduced,  and,  before  proceeding  to 
the  mathematical  contents  of  it,  it  is  only  necessary  to  remark 
that  Archimedes  next  describes  how  he  arrived  at  a  higher  and 
a  lower  limit  for  the  angle  subtended  by  the  sun.     This  he  did 

*  rod  dfJLov  irarphs  is  the  correction  of  Blass  for  rod  ' kKo&irarpos  (Jahrh.  /. 
Fhilol.  cxxvii.  1883). 

t  This  is  not,  strictly  speaking,  an  assumption ;  it  is  a  proposition  proved 
later  (pp.  224 — 6)  by  means  of  the  result  of  an  experiment  about  to  be 
described. 
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by  taking  a  long  rod  or  ruler  {Kavdov),  fastening  on  the  end  of  it 
a  small  cylinder  or  disc,  pointing  the  rod  in  the  direction  of  the 
sun  just  after  its  rising  (so  that  it  was  possible  to  look  directly 
at  it),  then  putting  the  cylinder  at  such  a  distance  that  it  just 
concealed,  and  just  failed  to  conceal,  the  sun,  and  lastly  measur- 
ing the  angles  subtended  by  the  cylinder.  He  explains  also  the 
correction  which  he  thought  it  necessary  to  make  because  "  the 
eye  does  not  see  from  one  point  but  from  a  certain  area  "  (eVel 
al  oy(ri€^  ovK  a<^'  €vd<;  aafieLov  ^XetrovTi^  aXKa  diro  nvos 
fjieye0€o<;).] 

The  result  of  the  experiment  was  to  show  that  the  angle 
subtended  by  the  diameter  of  the  sun  was  less  than  j^th  part, 
and  greater  than  ^th  part,  of  a  right  angle. 

To  prove  that  (on  this  assumption)  the  diameter  of  the  sun 
is  greater  than  the  side  of  a  chiliagon,  or  figure  with  1000  equal 
sides,  inscribed  in  a  great  circle  of  the  '  universe' 

Suppose  the  plane  of  the  paper  to  be  the  plane  passing 
through  the  centre  of  the  sun,  the  centre  of  the  earth  and  the 
eye,  at  the  time  when  the  sun  has  just  risen  above  the  horizon. 
Let  the  plane  cut  the  earth  in  the  circle  EHL  and  the  sun 
in  the  circle  FKOy  the  centres  of  the  earth  and  sun  being  0,  0 
respectively,  and  E  being  the  position  of  the  eye. 

Further,  let  the  plane  cut  the  sphere  of  the  '  universe '  (i.e. 
the  sphere  whose  centre  is  G  and  radius  GO)  in  the  great 
circle  AOB. 

Draw  from  E  two  tangents  to  the  circle  FKG  touching  it 
at  P,  Q,  and  from  G  draw  two  other  tangents  to  the  same  circle 
touching  it  in  Fy  0  respectively. 

Let  GO  meet  the  sections  of  the  earth  and  sun  in  if,  K 
respectively;  and  let  CjP,  GG  produced  meet  the  great  circle 
AOB  in  A,  B. 

Join  EO,  OF,  00,  OP,  OQ,  AB,  and  let  AB  meet  GO  in  if. 
Now  GO  >  EOj  since  the  sun  is  just  above  the  horizon. 
Therefore  Z  PEQ  >  z  FGO, 
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And  Z.PEQ>^m     ,        r>  ^        •  u^        1 

.  V_-r>\  where  R  represents  a  right  angle. 


Thus  /  FOG  <  y^E,  a  fortiori, 

and  the  chord  AB  subtends  an  arc  of  the  great  circle  which  is 
less  than  ^^th  of  the  circumference  of  that  circle,  i.e. 

AB  <  (side  of  656-sided  polygon  inscribed  in  the  circle). 

Now  the  perimeter  of  any  polygon  inscribed  in  the  great 
circle  is  less  than  ^(70.     [Cf.  Measurement  of  a  circle^  Prop.  3.] 

Therefore  AB:C0<\1: 1148, 

and,  a  fortiori,  AB  <  j^CO (a). 

Again,  since  GA  =  00,  and  AM  is  perpendicular  to  GO, 
while  OF  is  perpendicular  to  GA, 

AM=^OF, 

Therefore      AB  =  2AM  =  (diameter  of  sun). 

Thus  (diameter  of  sun)  <  j^^OO,  by  (a), 

and,  a  fortiori, 

(diameter  of  earth)  <  j^GO,  [Assumption  2] 


H.  A. 
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Hence  CH+OK<  j^GO, 

so  that  HK  >  1^00, 

or  CO  :HK<  100:  99. 

And  CO>GF, 

while  HKkEQ. 

Therefore  OF  :  EQ  <100  :  99 {^), 

Now  in  the  right-angled  triangles  GFO,  EQO,  of  the  sides 
about  the  right  angles, 

OF^  OQ,  but  EQ  <  GF  (since  EO  <  GO), 

Therefore  ^  OEQ  :  Z  OGF  >  GO  :  EO, 

but  <  GF  :  EQ*. 

Doubling  the  angles, 

aPEQ:ZAGB<GF:EQ 

<  100  :  99,  by  {y9)  above. 

But  Z  PEQ  >  -^Ry  by  hypothesis. 

Therefore  ^AGB>  ^^-^  R 

>Y^^R' 

It  follows  that  the  arc  AB  is  greater  than  ^th  of  the  circum- 
ference of  the  great  circle  A  OB. 

Hence,  a  fortiori, 

AB  >  (side  of  chiliagon  inscribed  in  great  circle), 

and  AB  is  equal  to  the  diameter  of  the  sun,  as  proved  above. 


The  following  results  can  now  be  proved  : 
(diameter  of  'universe')  <  10,000  (diameter  of  earth), 
and    (diameter  of '  universe')  <  10,000,000,000  stadia, 

*  The  proposition  here  assumed  is  of  course  equivalent  to  the  trigonometrical 
formula  which  states  that,  if  a,  /3  are  the  circular  measures  of  two  angles,  each 
less  than  a  right  angle,  of  which  a  is  the  greater,  then 

tan  a      a      sin  a 
tan  j8     /§     Sn~p ' 
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(1)  Suppose,  for  brevity,  that  d^  represents  the  diameter 
of  the  '  universe,'  dg  that  of  the  sun,  de  that  of  the  earth,  and  dm 
that  of  the  moon. 

By  hypothesis,  dg  :|>  30dm  >  [Assumption  3] 

and  de>dm]  [Assumption  2] 

therefore  dg  <  SOd!^. 

Now,  by  the  last  proposition, 

dg  >  (side  of  chiliagon  inscribed  in  great  circle), 
so  that  (perimeter  of  chiliagon)  <  lOOOd^ 

<  30,000d,. 

But  the  perimeter  of  any  regular  polygon  with  more  sides 
than  6  inscribed  in  a  circle  is  greater  than  that  of  the  inscribed 
regular  hexagon,  and  therefore  greater  than  three  times  the 
diameter.     Hence 

(perimeter  of  chiliagon)  >  3cZ„. 

It  follows  that  du  <  10,0004- 

(2)  (Perimeter  of  earth)  i^  3,000,000  stadia. 

[Assumption  1] 
and  (perimeter  of  earth)  >  Sd^. 

Therefore  de  <  1,000,000  stadia, 

whence  d^  <  10,000,000,000  stadia. 


Assumption  5. 

Suppose  a  quantity  of  sand  taken  not  greater  than  a  poppy- 
seed,  and  suppose  that  it  contains  not  more  than  10,000  grains. 

Next  suppose  the  diameter  of  the  poppy-seed  to  be  not  less 
than  ^^th  of  a  finger-breadth. 

Orders  and  periods  of  numbers. 

I.  We  have  traditional  names  for  numbers  up  to  a 
myriad  (10,000);  we  can  therefore  express  numbers  up  to  a 
myriad  myriads  (100,000,000).  Let  these  numbers  be  called 
numbers  of  the  first  order. 

Suppose  the  100,000,000  to  be  the  unit  of  the  second  order, 
and  let  the  second  order  consist  of  the  numbers  from  that  unit 
up  to  (100,000,000)1 

15—2 
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Let  this  again  be  the  unit  of  the  third  order  of  numbers 
ending  with  (100,000,000/;  and  so  on,  until  we  reach  the 
100,000,000eA  order  of  numbers  ending  with  (100,000,000y<>«'««*^'^^ 
which  we  will  call  P. 

II.  Suppose  the  numbers  from  1  to  P  just  described  to 
form  the  first  period. 

Let  P  be  the  unit  of  the  first  order  of  the  second  period,  and 
let  this  consist  of  the  numbers  from  P  up  to  100,000,000  P. 

Let  the  last  number  be  the  unit  of  the  second  order  of  the 
second  period,  and  let  this  end  with  (100,000,000)' P. 

We  can  go  on  in  this  way  till  we  reach  the  100,000,000^A  order 
of  the  second  period  ending  with  (100,000,000y«'^'«««'«^P,  or  P\ 

III.  Taking  P'  as  the  unit  of  the  first  order  of  the  third 
period,  we  proceed  in  the  same  way  till  we  reach  the 
100,000,000^A  order  of  the  third  period  ending  with  P^ 

IV.  Taking  P^  as  the  unit  of  the  first  order  of  the  fourth 
period,  we  continue  the  same  process  until  we  arrive  at  the 
100,000,OOO^A  order  of  the  100,000,000^A  period  ending  with 
pioo,ooo,ooo^  This  last  number  is  expressed  by  Archimedes  as  "  a 
myriad-myriad  units  of  the  myriad-myriad -th  order  of  the 
myriad-myriad-th  period  (al  fivpcafctafjivpcocrTdf;  irepiohov  fivpia- 
KLorfivpiocrrSv  apidfjiwv  fivpiai  /jLvpLdB€<i)"  wliich  is  easily  seen 
to  be  100,000,000  times  the  product  of  (100,000,000)»»'^^'^  and 

jP  99,999,999     j  q     jp  100,000,000 

[The  scheme  of  numbers  thus  described  can  be  exhibited 
more  clearly  by  means  of  indices  as  follows. 

FIRST  PERIOD. 

First  order.      Numbers  from  1  to  10^. 
Second  order.  „  „       10^  to  10^1 

Third  order,  „  „       lO^^  to  10^. 


{10')th  order.  „  „      lO'-i'^-'^  to  lO^-^*'' (P, say). 
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SECOND  PERIOD. 

First  order.      Numbers  from  P.l  to  P.10^ 
Second  order,  „  „      P.IO^  to  P.IO^^. 


{lW)th  order,  „  „      p.iQs-do^-D  to 

P.10«-i«'  (or  P*). 


(10«)TH   PERIOD. 

First  order.  „  ,,      pioB-i   i  ^^  pio«-i.lo«. 

S^ecowcZ  orrfer.  „  „      P^o'-i .  10^  to  P^^^'-^ .  10^«. 


(10')^/^  orcJgr.  „  „      pioB-i^i08.(io«-i)  to 

pio«-i  108-10'  (i.e.  P^O- 

The  prodigious  extent  of  this  scheme  will  be  appreciated 
when  it  is  considered  that  the  last  number  in  the  first  period 
would  be  represented  now  by  1  followed  by  800,000,000  ciphers, 
while  the  last  number  of  the  {10^)th  period  would  require 
100,000,000  times  as  many  ciphers,  i.e.  80,000  million  millions 
of  ciphers.] 

Octads. 

Consider  the  series  of  terms  in  continued  proportion  of 
which  the  first  is  1  and  the  second  10  [i.e.  the  geometrical 
progression  1,  10^  10^  10^,  ...].  The  first  octad  of  these  terms 
[i.e.  1,  10^  10',  ...10^]  fall  accordingly  under  the  first  order 
of  the  first  period  above  described,  the  second  octad  [i.e. 
10^  10®, ...  10^^]  under  the  second  order  of  the  first  period^  the 
first  term  of  the  octad  being  the  unit  of  the  corresponding 
order  in  each  case.  Similarly  for  the  third  octad^  and  so  on. 
We  can,  in  the  same  way,  place  any  number  of  octads. 

Theorem. 

If  there  he  any  number  of  terms  of  a  series  in  continued 
proportion,  say  A^,  A^,  A^,.,,  A^,,,,  ^n,--  -^.^^.n-i,...  of  which 
J.i  =  1,  j42  =  10  [so  that  the  series  forms  the  geometrical  pro- 
gression 1,  10\  10^...10'^^...10'*-^...10^+«"^...3,  and  if  any 
two  terms  as  A^,  An  be  taken  and  multiplied,  the  product 
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A^ .  An  will  be  a  term  in  the  same  series  and  will  be  as  many 
terms  distant  from  A^  as  A^  is  distant  from  A^;  also  it  will  be 
distant  from  A^by  a  number  of  terms  less  by  one  than  the  stem 
of  the  nvmbers  of  terms  by  which  Am  and  A^  respectively  are 
distant  from  Aj, 

Take  the  term  which  is  distant  from  An  by  the  same 
number  of  terms  as  A^  is  distant  from  Aj,  This  number  of 
terms  is  m  (the  first  and  last  being  both  counted).  Thus  the 
term  to  be  taken  is  m  terms  distant  from  An,  and  is  therefore 
the  term  A^^n-i- 

We  have  therefore  to  prove  that 

Now  terms  equally  distant  from  other  terms  in  the  con- 
tinued proportion  are  proportional. 


Thus 


-^m       ^m+n—i 


Ai  An 

But  Ani  =  Ani.Ai,  since  J.i  =  1. 

Therefore  Ani^n-i  =  ^m-^n (1). 

The  second  result  is  now  obvious,  since  A^  is  m  terms 
distant  from  Ai,  An  is  n  terms  distant  from  Ai,  and  Am^n-i  is 
(m  4-  ^  —  1)  terms  distant  from  Aj, 

Application  to  the  number  of  the  sand. 

By  Assumption  5  [p.  227], 

(diam.  of  poppy-seed)  ^  -^^  (finger-breadth) ; 

and,  since  spheres  are  to  one  another  in  the  triplicate  ratio 
of  their  diameters,  it  follows  that 

(sphere  of  diam.  1  finger-breadth)  :^  64,000  poppy-seeds 

:h  64,000  X  10,000     . 
it  640,000,000 

it  6  units  of  second     grains 
order +  40,000,000  I  of 
units  of  first  order    sand. 
(a  fortiori)  <  10  units  of  second 
order  of  numbers. 
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We  now  gradually  increase  the  diameter  of  the  supposed 
sphere,  multiplying  it  by  100  each  time.  Thus,  remembering 
that  the  sphere  is  thereby  multiplied  by  100^  or  1,000,000,  the 
number  of  grains  of  sand  which  would  be  contained  in  a  sphere 
with  each  successive  diameter  may  be  arrived  at  as  follows. 


Diameter  of  sphere. 
( 1 )    100  finger-breadths 


(2)     10,000  finger-breadths 


(3)  1  stadium 

(<  10,000  finger-breadths) 

(4)  100  stadia 


(5)     10,000  stadia 


(6)     1,000,000  stadia 


(7)    100,000,000  stadia 


(8).    10,000,000,000  stadia 


CorrespoTiding  number  of  grains  of  sand. 

<  1,000,000  X  10  units  of  second  order 

<  (7th   term   of   series)  x  (10th  term   of 

series) 

<  16th  term  of  series  [i.e.  lO^^] 
<[W  or]  10,000,000  units  of  the  seco7id 

order. 

<  1,000,000  X  (last  number) 

<  (7th  term  of  series)  x  (16th  term) 

<  22nd  term  of  series  [i.e.  10^^] 

<  [10^  or]  100,000  units  of  third  order. 

<  100,000  units  of  third  order. 

<  1,000,000  X  (last  number) 

<  (7th  term  of  series)  x  (22nd  term) 

<  28th  term  of  series  ^        [102?] 

<  [10^  or]  1,000  units  of  fourth  order. 

<  1,000,000  X  (last  number) 

<  (7th  term  of  series)  x  (28th  term) 

<  34th  term  of  series  [10^3] 

<  10  units  of  fifth  order. 

<  (7th  term  of  series)  x  (34th  term) 

<  40th  term  [W^] 
<[W  or]  10,000,000  units  of  fifth  order. 

<  (7th  term  of  series)  x  (40th  term) 

<  46th  term  [10*^] 
<[10^  or]  100,000  units  of  sixth  order. 

<  (7th  term  of  series)  x  (46th  term) 

<  52nd  term  of  series  [lO^T 
'<  [10^  or]  1,000  units  of  seventh  order. 


But,  by  the  proposition  above  [p.  227], 

(diameter  of '  universe ')  <  10,000,000,000  stadia. 

Hence  the  number  of  grains  of  sand  which  could  be  contained 
in  a  sphere  of  the  size  of  our  *  universe '  is  less  than  1,000  units 
of  the  seventh  order  of  numbers  [or  10"]. 
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From  this  we  can  prove  further  that  a  sphere  of  the  size 
attributed  by  Aristarchus  to  the  sphere  of  the  fixed  stars  would 
contain  a  number  of  grains  of  sand  less  than  10,000,000  units 
'  of  the  eighth  order  of  numbers  [or  10^*^^  =  10^]. 

For,  by  hypothesis, 

(earth)  :  ('  universe ')  =  (*  universe ')  :  (sphere  of  fixed  stars). 

And  [p.  227] 

(diameter  of '  universe ')  <  10,000  (diam.  of  earth) ; 
whence 

(diam.  of  sphere  of  fixed  stars)  <  10,000  (diam.  of  *  universe '). 

Therefore 

(sphere  of  fixed  stars)  <  (10,000)^ .  ('  universe '). 

It  follows  that  the  number  of  grains  of  sand  which  would  be 
contained  in  a  sphere  equal  to  the  sphere  of  the  fixed  stars 

<  (10,000)'  X  1,000  units  of  seventh  order 

<  (13th  term  of  series)  x  (52nd  term  of  series) 

<  64th  term  of  series  [i.e.  10^] 

<  [10''  or]  10,000,000  units  of  eighth  order  of  numbers. 

Conclusion. 

"I  conceive  that  these  things,  king  Gelon,  will  appear 
incredible  to  the  great  majority  of  people  who  have  not  studied 
mathematics,  but  that  to  those  who  are  conversant,  therewith 
and  have  given  thought  to  the  question  of  the  distances  and 
sizes  of  the  earth  the  sun  and  moon  and  the  whole  universe  the 
proof  will  carry  conviction.  And  it  was  for  this  reason  that 
I  thought  the  subject  would  be  not  inappropriate  for  your 
consideration." 
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"Archimedes  to  Dositheus  greeting. 

''  When  I  heard  that  Conon,  who  was  my  friend  in  his  life- 
time, was  dead,  but  that  you  were  acquainted  with  Conon  and 
withal  versed  in  geometry,  while  I  grieved  for  the  loss  not  only 
of  a  friend  but  of  an  admirable  mathematician,  I  set  myself  the 
task  of  communicating  to  you,  as  I  had  intended  to  send  to 
Conon,  a  certain  geometrical  theorem  which  had  not  been 
investigated  before  but  has  now  been  investigated  by  me,  and 
which  I  first  discovered  by  means  of  mechanics  and  then 
exhibited  by  means  of  geometry.  Now  some  of  the  earlier 
geometers  tried  to  prove  it  possible  to  find  a  rectilineal  area 
equal  to  a  given  circle  and  a  given  segment  of  a  circle;  and 
after  that  they  endeavoured  to  square  the  area  bounded  by  the 
section  of  the  whole  cone*  and  a  straight  line,  assuming  lemmas 
not  easily  conceded,  so  that  it  was  recognised  by  most  people 
that  the  problem  was  not  solved.  But  I  am  not  aware  that 
any  one  of  my  predecessors  has  attempted  to  square  the 
segment  bounded  by  a  straight  line  and  a  section  of  a  right- 
angled  cone  [a  parabola],  of  which  problem  I  have  now  dis- 
covered the  solution.  For  it  is  here  shown  that  every  segment 
bounded  by  a  straight  line  and  a  section  of  a  right-angled  cone 
[a  parabola]  is  four-thirds  of  the  triangle  which  has  the  same  base 
and  equal  height  with  the  segment,  and  for  the  demonstration 

*  There  appears  to  be  some  corruption  here :  the  expression  in  the  text  is 
ras  6\ov  tov  k<J^vov  Tofias,  and  it  is  not  easy  to  give  a  natural  and  intelligible 
meaning  to  it.  The  section  of  *  the  whole  cone '  might  perhaps  mean  a  section 
cutting  right  through  it,  i.e.  an  ellipse,  and  the  *  straight  line '  might  be  an  axis 
or  a  diameter.  But  Heiberg  objects  to  the  suggestion  to  read  tSj  d^vyuviov 
Kibvov  TO/ms,  in  view  of  the  addition  of  xal  eCOclas,  on  the  ground  that  the  former 
expression  always  signifies  the  whole  of  an  ellipse,  never  a  segment  of  it 
(Quaestiones  Archimedeae^  p.  149). 
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of  this  property  the  following  lemma  is  assumed:  that  the 
excess  by  which  the  greater  of  (two)  unequal  areas  exceeds 
the  less  can,  by  being  added  to  itself,  be  made  to  exceed  any 
given  finite  area.  The  earlier  geometers  have  also  used  this 
lemma ;  for  it  is  by  the  use  of  this  same  lemma  that  they  have 
shown  that  circles  are  to  one  another  in  the  duplicate  ratio  of 
their  diameters,  and  that  spheres  are  to  one  another  in  the 
triplicate  ratio  of  their  diameters,  and  further  that  every 
pyramid  is  one  third  part  of  the  prism  which  has  the  same  base 
with  the  pyramid  and  equal  height;  also,  that  every  cone  is 
one  third  part  of  the  cylinder  having  the  same  base  as  the  cone 
and  equal  height  they  proved  by  assuming  a  certain  lenjma 
similar  to  that  aforesaid.  And,  in  the  result,  each  of  the  afore- 
said theorems  has  been  accepted*  no  less  than  those  proved 
without  the  lemma.  As  therefore  my  work  now  published  has 
satisfied  the  same  test  as  the  propositions  referred  to,  I  have 
written  out  the  proof  and  send  it  to  you,  first  as  investigated 
by  means  of  mechanics,  and  afterwards  too  as  demonstrated  by 
geometry.  Prefixed  are,  also,  the  elementary  propositions  in 
conies  which  are  of  service  in  the  proof  {a-roix^ta  KCDViKa  xp^lav 
6'xpvTa  €9  rav  diroSec^cv),     Farewell." 

Proposition  1. 

If  from  a  point  on  a  para- 
bola a  straight  line  he  drawn 
which  is  either  itself  the  axis  or 
parallel  to  the  axis,  as  PV,  and 
if  QQ^  be  a  chord  parallel  to 
the  tangent  to  the  parabola  at  P 
and  meeting  PV  in  F,  then 

Conversely,  if  QF=  VQ\  the 
chord  QQ^  will  be  parallel  to  the 
tangent  at  P, 

*  The  Greek  of  this  passage  is:  crvfipatvei  5^  tQv  irpoetprifjiipuv  deujpTjfidrujv 
^Ka<Trov  ^tiBkv  rjffffov  tQv  &p€v  toi^tov  rov  Xi/jfifxaroi  dwodeBeiyfxhtap  TevLaTevK^vai. 
Here  it  would  seem  that  ireTnarevK^vai  must  be  wrong  and  that  the  passive 
should  have  been  used. 
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Proposition  2. 

If  in  a  parabola  QQ^  be  a  chord  parallel  to  the  tangent  at  P, 
and  if  a  straight  line  be  drawn  through  P  which  is  either  itself 
the  axis  or  parallel  to  the  axis,  and  which  meets  QQ^  in  V  and 
the  tangent  at  Q  to  the  parabola  in  T,  then 

PV^PT. 


Proposition  3. 

If  from  a  point  on  a  parabola  a  straight  line  be  drawn 
which  is  either  itself  the  axis  or  parallel  to  the  axis,  as  PV, 
and  if  from  two  other  points  Q,  Q^  on  the  parabola  straight 
lines  be  drawn  parallel  to  the  tangent  at  P  and  meeting  PV  in 
Vy  V  respectively,  then 

PV  :Pr::^qv^:q'v\ 

"  And  these  propositions  are  proved  in  the  elements  of  conies*" 

Proposition  4. 

//  Qq  be  the  base  of  any  segment  of  a  parabola,  and  P  the 
vertex  of  the  segment,  and  if  the  diameter  through  any  other  point 
R  meet  Qq  in  0  and  QP  (produced  if  necessary)  in  F,  then 

QYiVO^OF:  FR. 

Draw  the  ordinate  RW  to  PV,  meeting  QP  in  K, 

*  i.e.  in  the  treatises  on  conies  by  Euclid  and  Aristaeus. 
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Then  PF :  PF  =  QV  :  RW; 

whence,  by  parallels, 

PQ:PK^PQ':PF\ 


In  other  words,  PQ,  PF,  PK  are  in  continued  proportion; 

therefore 

PQ:PF^PF:PK 

=  PQ±PF:PF±PK 

=  QF :  KF. 

Hence,  by  parallels, 

QV:  VO  =  OF:FR 

[It  is  easily  seen  that  this  equation  is  equivalent  to  a  change  of 
axes  of  coordinates  from  the  tangent  and  diameter  to  new  axes 
consisting  of  the  chord  Qq  (as  axis  of  w,  say)  and  the  diameter 
through  Q  (as  axis  of  y). 

For,  if  QV  =  a,  PV=~-,  where  p  is  the  parameter  of  the 

ordinates  to  PV. 

Thus,  if  QO  =  w,  and  JBO  =  2/,  the  above  result  gives 

a     ^     OF 

x-a     OF-y' 

a 

a         OF    ^'p 
whence  -^--^^^  =  —  =  _ii 

za-^x       y         y 

or  py=^x  (2a  —  x)^ 
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Proposition  5. 

If  Qq  be  the  base  of  any  segment  of  a  parabohy  P  the  vertex 
of  the  segment,  and  PV  its  diameter,  and  if  the  diameter  of  the 
parabola  through  any  other  point  R  meet  Qq  in  0  and  the 
tangent  at  Q  in  E,  then 


QO:  Oq^ER:RO. 
Let  the  diameter  through  R  meet  QP  in  F. 


Then,  by  Prop.  4, 

QV:  VO==OF:FR. 

Since  QV=  Vq,  it  follows  that 

QV:qO^OF:OR  (1). 

Also,  if  VP  meet  the  tangent  in  jT, 

PT^PV,  and  therefore  EF=OF. 

Accordingly,  doubling  the  antecedents  in  (1),  we  have 

Qq-.qO-^OE:  OR, 

whence  QO:Oq  =  ER  :  RO, 
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Propositions  6^  7^. 

% 

Suppose  a  lever  AOB  placed  horizontally  and  supported  at 
its  middle  point  0.  Let  a  triangle  BCD  in  which  the  angle  0  is 
right  or  obtuse  be  suspended  from  B  and  0,  so  that  C  is  attached 
to  0  and  CD  is  in  the  same  vertical  line  with  0.  Then,  if  P  be 
such  an  area  as,  when  suspended  from  A,  will  keep  the  system  in 

equilibrium, 

P=JA5CD. 

Take  a  point  B  on  OB  such  that  BE=:20E,  and  draw  EFH 
parallel  to  OCD  meeting  BO,  BD  in  F,  H  respectively.  Let  G 
be  the  middle  point  of  FH, 


A  o        E 

G' 


Then  G  is  the  centre  of  gravity  of  the  triangle  BOD, 

Hence,  if  the  angular  points  B,  0  be  set  free  and  the 
triangle  be  suspended  by  attaching  F  to  E,  the  triangle  will 
hang  in  the  same  position  as  before,  because  EFG  is  a  vertical 
straight  line.     "For  this  is  proved f." 

Therefore,  as  before,  there  will  be  equilibrium. 

Thus  P:ABOD=^OE:AO 

=  1:3, 

or  P^iABGR 

*  In  Prop.  6  Archimedes  takes  the  separate  case  in  which  the  angle  BCD  of 
the  triangle  is  a  right  angle  so  that  C  coincides  with  0  in  the  figure  and  F  with 
E,  He  then  proves,  in  Prop.  7,  the  same  property  for  the  triangle  in  which 
BCD  is  an  ohtuse  angle,  by  treating  the  triangle  as  the  difference  between  two 
right-angled  triangles  BOD,  BOG  and  using  the  result  of  Prop.  6.  I  have  com- 
bined the  two  propositions  in  one  proof,  for  the  sake  of  brevity.  The  same 
remark  applies  to  the  propositions  following  Props.  6,  7. 

t  Doubtless  in  the  lost  book  wepl  j^vywp,  Cf.  the  Introduction,  Chapter  II., 
ad  Jin. 
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Propositions  8^  9. 

Suppose  a  lever  AOB  placed  horizontally  and  supported  at 
its  middle  point  0.  Let  a  triangle  BOB,  right-angled  or  obtuse- 
angled  at  (7,  be  suspended  from  the  points  J?,  E  on  OB,  the 
angular  point  G  being  so  attached  to  E  that  the  side  CD  is  in  the 
same  vertical  line  with  E.     Let  Q  be  an  area  such  that 

AO  :  OE==^ABCD:Q. 
Then,  if  an  area  P  suspended  from  A  keep  the  system  in 

equilibrium, 

P<ABGDbut  >Q. 

Take  G  the  centre  of  gravity  of  the  triangle  BCD,  and  draw 
GH  parallel  to  DO,  i.e.  vertically,  meeting  BO  in  H, 


A 

O       E           H 

C 

D 

G 

y 

P 

^ 

/ 

« 

'^ 

We  may  now  suppose  the  triangle  BCD  suspended  from  H, 
and,  since  there  is  equilibrium, 

ABGD:P^AO:OH (1), 

whence  PkABGD, 

Also  ABGD:Q^AO:  OE. 

Therefore,  by  (1),     ABGD  :  Q  >ABGD  :  P, 
and  P  >  Q. 

Propositions  lO^  11. 

Suppose  a  lever  AOB  placed  horizontally  and  supported  at  0, 
its  middle  point  Let  GDEF  be  a  trapezium  which  can  be  so 
placed  that  its  parallel  sides  GD,  FE  are  vertical,  while  G  is 
vertically  below  0,  and  the  other  sides  GF,  BE  meet  in  B,  Let 
EF  meet  BO  in  H,  and  let  the  trapezium  be  suspended  by  attaching 
F  to  H  and  G  to  0.  Further,  suppose  Q  to  be  an  area  such  that 
AO  :  OH  ^{trapezium  GDEF)  :  Q. 
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Therty  if  P  be  the  area  which,  when  suspended  from  A,  keeps  the 
system  in  equilibriumy 

P<Q. 
The  same  is  true  in  the  particular  case  where  the  angles  at 
(7,  F  are  rights  and  consequently   C,  F  coincide  with   0,  H 
respectively. 

Divide  OH  in  K  so  that 

{2GD  +  FE)  :  {2FE+GD)  =  HK  :  KO. 


c 

-- 

F 

/^ 

G 

p 

y 

Q 

D 

Draw  KG  parallel  to  OD,  and  let  G  be  the  middle  point  of 
the  portion  of  KG  intercepted  within  the  trapezium.  Then  G 
is  the  centre  of  gravity  of  the  trapezium  \0n  the  equilibrium  of 
planes,  I.  15], 

Thus  we  may  suppose  the  trapezium  suspended  from  K,  and 
the  equilibrium  will  remain  undisturbed. 

Therefore 

AG  :0K=:  (trapezium  GDEF)  :  P, 

and,  by  hypothesis, 

AG  :  0£r  =  (trapezium  GDEF)  :  Q. 

Since  0K<  GH,  it  follows  that 

P<Q. 


Propositions  12^   13. 

If  the  trapezium  GDEF  be  placed  as  in  the  last  propositions, 
except  that  GD  is  vertically  below  a  point  L  on  GB  instead  of 
being  below  0,  and  the  trapezium  is  suspended  from  L,  H, 
suppose  that  Q,  It  are  areas  such  that 

AG  :  GH^  (trapezium  GDEF)  :  Q, 

and  AO:GL=^  (trapezitim  GDEF)  :  R. 
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If  then  an  area  P  suspended  from  A  keep  the  system  in 
equilibrium^ 

P>R  but  <Q. 

Take  the  centre  of  gravity  G  of  the  trapezium,  as  in  the 
last  propositions,  and  let  the  line  through  G  parallel  to  DC 
meet  'OB  in  K, 


O         L      K  H 


Then  we  may  suppose  the  trapezium  suspended  from  K, 
and  there  will  still  be  equilibrium. 

Therefore    (trapezium  CDEF)  :  P  =  AO  :  OK. 

Hence 

(trapezium  CDEF)  :  P  >  (trapezium  CDEF)  :  Q, 

but  <  (trapezium  CDEF)  :  R. 

It  follows  that  P  <  Q  but  >  i?. 


Propositions  14^   15. 

Let  Qq  be  the  base  of  any  segment  of  a  parabola.  Then,  it 
two  lines  be  drawn  from  Q,  q,  each  parallel  to  the  axis  of  the 
parabola  and  on  the  same  side  of  Qq  as  the  segment  is,  either 

(1)  the  angles  so  formed  at  Q,  q  are  both  right  angles,  or 

(2)  one  is  acute  and  the  other  obtuse.     In  the  latter  case  let 
the  angle  at  q  be  the  obtuse  angle. 

Divide  Qq  into  any  number  of  equal  parts  at  the  points 
Oi,  O2, ...  0^.  Draw  through  g,  Oi,  O2,  ...  On  diameters  of  the 
parabola  meeting  the  tangent  at  Q  in  J?,  £'1,  JS'g, ...  ^n  and  the 
parabola  itself  in  q,  JRi,  iJg,  -.  Pn-  Join  Q^u  Q^2>  •••  QHn 
meeting  qE,  OiE^,  O^E^,  ...  On-iEn-i  i»  F,  F^,  F^,  ...  -Fn-i- 

H.  A.  16 
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Let  the  diameters  Eq,  Efii, ...  EnOn  meet  a  straight  line 
QOA  drawn  through  Q  perpendicular  to  the  diameters  in  the 
points  0,  H^,  H^,  ...  H^  respectively.  (In  the  particular  case 
where  Qq  is  itself  perpendicular  to  the  diameters  q  will  coincide 
with  0,  Oi  with  jffi,  and  so  on.) 

It  is  required  to  prove  that 

(1)  A  EqQ<S{sum  of  trapezia  FO^,  F^O^, . . .  ^»_iOn  andAEnOnQ), 

(2)  AEqQ>3(snmoftrapeziaRi02>Ii20sy . . . Rn-iOn(^'^idARnOnQ). 


Hi 


H2        Hw— 1       Hn 


On 

.^^;^ 

9 

Oi 

7/1 

/ 

Pi 

P2 

F 

/ 

R2/ 
F2  / 

Fn-l 

Pn+J 

'  tn~3 

/ 

I 

E2 

/ 

£1 

Suppose  J-0  made  equal  to  OQ,  and  conceive  QOA  as  a 
lever  placed  horizontally  and  supported  at  0.  Suppose  the 
triangle  EqQ,  suspended  from  0(^  in  the  position  drawn,  and 
suppose  that  the  trapezium  EO^  in  the  position  drawn  is 
balanced  by  an  area  Pi  suspended  from  A,  the  trapezium  E^O^ 
in  the  position  drawn  is  balanced  by  the  area  Pg  suspended 
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from  A,  and  so  on,  the  triangle  E^OnQ  being  in  like  manner 
balanced  by  Pn+i- 

Then  Pj  +  Pg  +  . . .  4-  Pn+i  will  balance  the  whole  triangle 
EqQ  as  drawn,  and  therefore 

P,  +  P2+  ...  ^Pn^i^^^EqQ.        [Props.  6,  7] 

Again  AO'.OH^^^QO:  OH, 

=  Qq  :  qO, 

=  EiOi  :  OiRi  [by  means  of  Prop.  5] 

=  (trapezium  EOi)  :  (trapezium  POi) ; 
whence  [Props.  10,  11] 

{FO,)>P,. 

Next  AO'.OH,^  E^O,  :  OA 

=  (^A):(i2A) («), 

while  J.0  :  OiT^  =  ^^Oa :  O^R, 

^{EA):{F,0,) (^); 

and,  since  (a)  and  (/3)  are  simultaneously  true,  we  have,  by 
Props.  12,  13, 

{F,0,)>P,>(BA). 

Similarly  it  may  be  proved  that 

(F,0,)  >  Ps  >  (11.0,), 
and  so  on. 
Lastly  [Props.  8,  9] 

AEnOnQ>Pn+i>AB„0„Q. 

By  addition,  we  obtain 

(1)  (FO,)+{PiO,)+...+(Fn-iO^)+  AEnO„Q> P,+P,  +  ...+F^+, 

>iAEqQ, 
or         AEqQ<S  (FO,  +  FA+...+  F^-iOn  +  A  E^OnQ). 

(2)  (ii,0,)+(iJA)  + . • .  +(Rn-iOn)+ABnOnQ<P,+Ps+  ■  ■  •  +Pn+i 

<Px  +  Pi+  ...+  Pn+i,  a  fortiori, 
<iAEqQ, 
or        A  EqQ  >  3  {R,0,  +  Bfi^  +  ...+  Rn-iOn  +  A  B„OnQ). 

16—2 
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Proposition  16. 

Suppose  Qq  to  be  the  base  of  a  parabolic  segment,  q  being 
not  more  distant  than  Qfrom  the  vertex  of  the  parabola.  Draw 
through  q  the  straight  line  qE  parallel  to  the  axis  of  the  parabola 
to  meet  the  tangent  at  Q  in  E,    It  is  required  to  prove  that 

(area  of  segment)  =  ^  AEqQ. 

For,  if  not,  the  area  of  the  segment  must  be  either  greater 
or  less  than  ^  AEqQ, 

I.  Suppose  the  area  of  the 
segment  greater  than  ^  AEqQ, 
Then  the  excess  can,  if  con- 
tinually added  to  itself,  be 
made  to  exceed  AEqQ,  And 
it  is  possible  to  find  a  submul- 
tiple  of  the  triangle  EqQ  less 
than  the  said  excess  of  the 
segment  over  ^  AEqQ, 

Let  the  triangle -FgQ  be  such 
a  submultiple  of  the  triangle 
EqQ,  Divide  Eq  into  equal 
parts  each  equal  to  qF,  and  let 
all  the  points  of  division  in- 
cluding F  be  joined  to  Q  meet- 
ing the  parabola  in  Ri,  R^,  ... 
Rn  respectively.  Through  R^,  R^, 
parabola  meeting  qQ  in  Oi,  Og,  . 

Let  Oi-Ri  meet  QR^  in  F^, 

Let  O2 JSg  meet  QR^  in  D^  and  QR^  in  F^, 

Let  O^R^  meet  QR^  in  A  and  QR^  in  F^,  and  so  on. 

We  have,  by  hypothesis, 

A  FqQ  <  (area  of  segment)  —  J  A  EqQ, 

or  (area  of  segment)—  AFqQ  >^  AEqQ (a). 


Rn  draw  diameters  of  the 


On  respectively. 
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Now,  since  all  the  parts  of  qE,  as  qF  and  the  rest,  are  equal, 
Oi-Ki  =  RiF^y  OJDi  =  D1R2  =  R^F^i  and  so  on ;  therefore 

=  {FO,  +  F,D,  +  i^,A  +. . .  +i^n-ii>n-i  +  A  EnRnQ)^. .(/8). 

But 

(area  of  segment)  <  {FO^  +  Ffi^  +  ...  +i^n-iO^  +AEnOnQ). 
Subtracting,  we  have 
(area  of  segment)  —  AFqQ<  (R1O2  -h  R^iP^  +  . . . 

+  Rn-.^On^\■ARnOnQ\ 

whence,  a  fortiori,  by  (a), 

^AEqQ  <  (R,0,+  R,0,  +  ...  +  R^_,On  +  ARnO^Q). 
But  this  is  impossible,  since  [Props.  14,  15] 

^AEqQ>(R,0,  +  RA  +  ...+Rr,,,On+ARnOnQ). 

Therefore 

(area  of  segment)  I^^AEqQ. 

II.     If  possible,  suppose  the  area  of  the  segment  less  than 

Take  a  submultiple  of  the  triangle  EqQ,  as  the  triangle 
FqQ,  less  than  the  excess  of  ^AEqQ  over  the  area  of  the 
segment,  and  make  the  same  construction  as  before. 

Since        A  FqQ  <^AEqQ-  (area  of  segment), 
it  follows  that 
A  FqQ  +  (area  of  segment)  <^A  EqQ 

<  (FO,  +  FA+...  +  Fn-.,On  +  AEnOnQ). 

[Props.  14, 15] 
Subtracting  from  each  side  the  area  of  the  segment,  we  have 
AjFgQ<(sum  of  spaces  qFR^,  RiF^y  ...  EnRnQ) 

<  (FO,  +  i^iA  +  . . .  +  Fn-iDn-i  +  A  EnRnQ\  afortiori; 
which  is  impossible,  because,  by  (y8)  above, 

A  FqQ  =  FO,  +  J^,  A  +  . . .  +  Fn-,Dn-^  +  A  EnRnQ- 

Hence         (area  of  segment)  H:  ^AEqQ. 

Since  then  the  area  of  the  segment  is  neither  less  nor 
greater  than  ^AEqQ,  it  is  equal  to  it. 
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Proposition  17. 

It  is  now  manifest  that  the  area  of  any  segment  of  a 
parabola  is  four-thirds  of  the  triangle  which  has  the  same  base 
as  the  segment  and  equal  height. 

Let  Qq  be  the  base  of  the  segment,  P  its  vertex.     Then 
PQq  is  the  inscribed  triangle  with  the 
same  base  as  the  segment  and  equal 
height. 

Since  P  is  the  vertex*  of  the  seg- 
ment, the  diameter  through  P  bisects 
Qq,     Let  V  be  the  point  of  bisection. 

Let  VP,  and  qE  drawn  parallel  to 
it,  meet  the  tangent  at  Q  in  T,  E  re- 
spectively. 

Then,  by  parallels, 

qB^2Vl\ 
and  PV^PT,         [Prop.  2] 

so  that  FT=2PF. 

Hence  AEqQ  =  4^APQq. 
But,  by  Prop.  16,  the  area  of  the  segment  is  equal  to  ^AEqQ. 

Therefore         (area  of  segment)  =  |  A  PQq. 


Def.  *'In  segments  bounded  by  a  straight  line  and  any 
curve  I  call  the  straight  line  the  base,  and  the  height  the 
greatest  perpendicular  drawn  from  the  curve  to  the  base  of  the 
segment,  and  the  vertex  the  point  from  which  the  greatest 
perpendicular  is  drawn.'' 

*  It  is  curious  that  Archimedes  uses  the  terms  base  and  vertex  of  a  segment 
here,  but  gives  the  definition  of  them  later  (at  the  end  of  the  proposition). 
Moreover  he  assumes  the  converse  of  the  property  proved  in  Prop.  18. 
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Proposition  18. 

If  Qq  he  the  base  of  a  segment  of  a  parabola,  and  V  the 
middle  point  of  Qq^  and  if  the  diameter  through  V  meet  the 
curve  in  P,  then  P  is  the  vertex  of  the  segment 


For  Qq  is  parallel  to  the  tangent  at  P  [Prop.  1].  Therefore, 
of  all  the  perpendiculars  which  can  be  drawn  from  points  on  the 
segment  to  the  base  Qq,  that  from  P  is  the  greatest.  Hence, 
by  the  definition,  P  is  the  vertex  of  the  segment. 

Proposition  19. 

//  Qq  he  a  chord  of  a  parabola  bisected  in  V  by  the  diameter 
PV,  and  if  EM  be  a  diameter  bisecting  QV  in  M,  and  RW 
be  the  ordinate  from  R  to  PV,  then 

PV  =  iRM. 

Q 


Q 

For,  by  the  property  of  the  parabola, 

PV:PW==QV':RW' 

so  that  PF=4PTf, 

whence  PV==iRM. 
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Proposition  20. 

If  Qq  he  the  base,  and  P  the  vertex,  of  a  parabolic  segment, 
then  the  triangle  PQq  is  greater  than  half  the  segment  PQq. 

For  the  chord  Qq  is  parallel  to  the  tangent  at  P,  and  the 
triangle  PQq  is  half  the  parallelogram 
formed  by  Qq,  the  tangent  at  P,  and  the 
diameters  through  Q,  q. 

Therefore  the  triangle  PQq  is  greater 
than  half  the  segment. 

Cor.  It  follows  that  it  is  possible 
to  inscribe  in  the  segment  a  polygon  such 
that  the  segments  left  over  are  together 
less  than  any  assigned  area. 


Proposition  21. 

If  Qq  be  the  base,  and  P  the  vertex,  of  any  parabolic 
segment,  and  if  R  be  the  vertex  of  the  segment  cut  off  by  PQ, 
then 

APQq^SAPRQ, 

The  diameter  through  R  will  bisect  the  chord  PQ,  and 
therefore  also  QV,  where  PF  is  the 
diameter  bisecting  Qq.     Let  the  dia- 
meter through  R  bisect  PQ  in  Y  and 
QVinM.     Join  PM. 

By  Prop.  19, 

PF=fPif. 

Also  PV:=2YM. 

Therefore  YM=2RY, 

and  APQM=2APRQ. 

Hence  APQF=  4<APRQ, 

and  APQq  =  SAPRQ. 


QUADRATURE  OF  THE  PARABOLA.  249 

Also,  if  RW,  the  ordinate  from  J?  to  PF,  be  produced  to 
meet  the  curve  again  in  r, 

RW^rW, 

and  the  same  proof  shows  that 

APQg=:8APrg. 


Proposition  22. 

If  there  he  a  series  of  areas  A,  B,G,  D,  .,,  each  of  which  is 
four  times  the  next  in  order,  and  if  the  largest,  A,  he  equal  to  the 
triangle  PQq  inscribed  in  a  parabolic  segment  PQq  and  having 
the  same  base  with  it  and  equal  height ,  then 

{A-hB  +  G  +  D  -h  ,..)<  (area  of  segment  PQq). 

For,  since  A  PQq  =  8  APiJQ  =  8  APgr,  where  P,  r  are  the 
vertices  of  the  segments  cut  oflF  by  PQ, 
Pq,  as  in  the  last  proposition, 

APQg  =  4(APQP  +  APqr). 

Therefore,  since  A  PQq  =  A, 

APQP+  APqr^B. 

In  like  manner  we  prove  that  the 
triangles  similarly  inscribed  in  the  re- 
maining segments  are  together  equal  to 
the  area  G,  and  so  on. 

Therefore  J.4-P  +  G  +  P+...  is  equal  to  the  area  of  a 
certain  inscribed  polygon,  and  is  therefore  less  than  the  area  of 
the  segment. 

Proposition  23. 

Given  a  series  of  areas  A,  B,  G,  D,  ...  Z,  of  which  A  is  the 
greatest,  and  each  is  equal  to  four  times  the  newt  in  order,  then 

A'¥B  +  G^...  +  Z-h^Z^IA. 
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Then,  since 


and 


ARCHIMEDES 

..  such  that 

d  =  |D,  and  so  on. 


C-f  c  = 


iB. 


Similarly 

Therefore 
B  +  C+D+...  +  Z+b  +  c  +  d+...+z  =  ^{A+B+G+...+  Y). 
But         b  +  c  +  d+...+y  =  :^{B  +  C+D+...  +  Y). 


A 

B 

C 

D 

CZD 


IZZ] 


Therefore,  by  subtraction, 

or  J[  +  5  + <7-f...  4-^  +  ^-2^=1^. 
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The  algebraical  equivalent  of  this  result  is  of  course 


Proposition  24. 

Every  segment  bounded  by  a  parabola  and  a  chord  Qq  is 
equal  to  four-thirds  of  the  triangle  which  has  the  same  base  as 
the  segment  and  equal  height 

Suppose  if  =  I A  PQq, 

where  P  is  the  vertex  of  the  segment ;  and  we  have  then  to 
prove  that  the  area  of  the  segment  is 
equal  to  K. 

For,  if  the  segment  be  not  equal  to 
K,  it  must  either  be  greater  or  less. 

L  Suppose  the  area  of  the  segment 
greater  than  K, 

If  then  we  inscribe  in  the  segments 
eut  off  by  PQ,  Pq  triangles  which  have 
the  same  base  and  equal  height,  i.e. 
triangles  with  the  same  vertices  jB,  r  as 
those   of  the   segments,  and  if  in  the 

remaining  segments  we  inscribe  triangles  in  the  same  manner, 
and  so  on,  we  shall  finally  have  segments  remaining  whose  sum 
is  less  than  the  area  by  which  the  segment  PQq  exceeds  K. 

Therefore  the  polygon  so  formed  must  be  greater  than  the 
area  K ;  which  is  impossible,  since  [Prop.  23] 

JL  +  5  +  0+..,+^<|4, 

where  J.  =  A  PQq. 

Thus  the  area  of  the  segment  cannot  be  greater  than  K. 

II.  Suppose,  if  possible,  that  the  area  of  the  segment  is 
less  than  K, 
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If  then  APQq  =  A,  B=IA,  C  =  IB,  and  so  on,  until  we 
arrive  at  an  area  X  such  that  X  is  less  than  the  difference 
between  K  and  the  segment,  we  have 

^+5+(7+...+Z+iX  =  f4  [Prop.  23] 

=  K. 

Now,  since  K  exceeds  A-\-B+G+, ..-{-Xhy  an  area  less 
than  X,  and  the  area  of  the  segment  by  an  area  greater  than  X, 
it  follows  that 

A  +jB-f  (7+...  -i-X>(the  segment); 
which  is  impossible,  by  Prop.  22  above. 
Hence  the  segment  is  not  less  than  K. 
Thus,  since  the  segment  is  neither  greater  nor  less  than  iT, 

(area  of  segment  PQq)  =  K  =  |  APQg. 


ON  FLOATINa   BODIES. 
BOOK  I. 


Postulate  1. 

'*  Let  it  be  supposed  that  a  fluid  is  of  such  a  character  that, 
its  parts  lying  evenly  and  being  continuous,  that  part  which  is 
thrust  the  less  is  driven  along  by  that  which  is  thrust  the 
more ;  and  that  each  of  its  parts  is  thrust  by  the  fluid  which  is 
above  it  in  a  perpendicular  direction  if  the  fluid  be  sunk  in 
anything  and  compressed  by  anything  else." 


Proposition  1. 

If  a  surface  he  cut  hy  a  plane  always  passing  through  a 
certain  pointy  and  if  the  section  he  always  a  circumference  [of  a 
circle]  whose  centre  is  the  aforesaid  pointy  the  surface  is  that  of 
a  sphere. 

For,  if  not,  there  will  be  some  two  lines  drawn  from  the 
point  to  the  surface  which  are  not  equal. 

Suppose  0  to  be  the  fixed  point,  and  J.,  jB  to  be  two  points 
on  the  surface  such  that  OAy  OB  are  unequal.  Let  the  surface 
be  cut  by  a  plane  passing  through  OAy  OB.  Then  the  section 
is,  by  hypothesis,  a  circle  whose  centre  is  0. 

Thus  OA  =  OB ;  which  is  contrary  to  the  assumption. 
Therefore  the  surface  cannot  but  be  a  sphere. 
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Proposition  2. 

The  surface  of  any  fluid  at  rest  is  the  surface  of  a  sphere 
whose  centre  is  the  same  as  that  of  the  earth. 

Suppose  the  surface  of  the  fluid  cut  by  a  plane  through  0, 
the  centre  of  the  earth,  in  the  curve  ABGD, 

ABGD  shall  be  the  circumference  of  a  circle. 

For,  if  not,  some  of  the  lines  drawn  from  0  to  the  curve 
will  be  unequal.  Take  one  of  them,  OB,  such  that  OB  is 
greater  than  some  of  the  lines  from  0  to  the  curve  and  less 
than  others.  Draw  a  circle  with  OB  as  radius.  Let  it  be  EBF, 
which  will  therefore  fall  partly  within  and  partly  without  the 
surface  of  the  fluid. 


EA 


Draw  OOH  making  with  OB  an  angle  equal  to  the  angle 
EOB,  and  meeting  the  surface  in  H  and  the  circle  in  G.  Draw 
also  in  the  plane  an  arc  of  a  circle  PQR  with  centre  0  and 
within  the  fluid. 

Then  the  parts  of  the  fluid  along  PQR  are  uniform  and 
continuous,  and  the  part  PQ  is  compressed  by  the  part  between 
it  and  AB,  while  the  part  QB  is  compressed  by  the  part 
between  QR  and  BH.  Therefore  the  parts  along  PQ,  QR  will 
be  unequally  compressed,  and  the  part  which  is  compressed  the 
less  will  be  set  in  motion  by  that  which  is  compressed  the 
more. 

Therefore  there  will  not  be  rest ;  which  is  contrary  to  the 
hypothesis. 

Hence  the  section  of  the  surface  will  be  the  circumference 
of  a  circle  whose  centre  is  0 ;  and  so  will  all  other  sections  by 
planes  through  0. 

Therefore  the  surface  is  that  of  a  sphere  with  centre  0. 
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Proposition  3. 

Of  solids  those  which,  size  for  size,  are  of  equal  weight  with 
a  fluid  will,  if  let  down  into  the  fluid,  be  immersed  so  that  they 
do  not  project  above  the  surface  but  do  not  sink  lower. 

If  possible,  let  a  certain  solid  EFHG  of  equal  weight, 
volume  for  volume,  with  the  fluid  remain  immersed  in  it  so 
that  part  of  it,  EBCF,  projects  above  the  surface. 

Draw  through  0,  the  centre  of  the  earth,  and  through  the 
solid  a  plane  cutting  the  surface  of  the  fluid  in  the  circle 
ABGD, 

Conceive  a  pyramid  with  vertex  0  and  base  a  parallelogram 
at  the  surface  of  the  fluid,  such  that  it  includes  the  immersed 
portion  of  the  solid.  Let  this  pyramid  be  cut  by  the  plane  of 
ABOD  in  OL,  OM,  Also  let  a  sphere  within  the  fluid  and 
below  QH  be  described  with  centre  0,  and  let  the  plane  of 
ABCB  cut  this  sphere  in  PQK 


Conceive  also  another  pyramid  in  the  fluid  with  vertex  0, 
continuous  with  the  former  pyramid  and  equal  and  similar  to 
it.  Let  the  pyramid  so  described  be  cut  in  OM,  ON  by  the 
plane  of  ^5Ci). 

Lastly,  let  STUV  be  a  part  of  the  fluid  within  the  second 
pyramid  equal  and  similar  to  the  part  BGHG  of  the  solid,  and 
let  /8F  be  at  the  surface  of  the  fluid. 

Then  the  pressures  on  PQ,  QR  are  unequal,  that  on  PQ 
being  the  greater.     Hence  the  part  at  QR  will  be  set  in  motion 
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by  that  at  PQ,  and  the  fluid  will  not  be  at  rest;   which  is 
contrary  to  the  hypothesis. 

Therefore  the  solid  will  not  stand  out  above  the  surface. 
Nor  will  it  sink  further,  because  all  the  parts  of  the  fluid 
will  be  under  the  same  pressure. 

Proposition  4. 

A  solid  lighter  than  a  fluid  will,  if  immersed  in  it,  not  he 
completely  submerged,  hut  part  of  it  will  project  above  the 
surface. 

In  this  case,  after  the  manner  of  the  previous  proposition, 
we  assume  the  solid,  if  possible,  to  be  completely  submerged  and 
the  fluid  to  be  at  rest  in  that  position,  and  we  conceive  (1)  a 
pyramid  with  its  vertex  at  0,  the  centre  of  the  earth,  including 
the  solid,  (2)  another  pyramid  continuous  with  the  former  and 
equal  and  similar  to  it,  with  the  same  vertex  0,  (3)  a  portion  of 
the  fluid  within  this  latter  pyramid  equal  to  the  immersed  solid 
in  the  other  pyramid,  (4)  a  sphere  with  centre  0  whose  surface 
is  below  the  immersed  solid  and  the  part  of  the  fluid  in  the 
second  pyramid  corresponding  thereto.  We  suppose  a  plane  to 
be  drawn  through  the  centre  0  cutting  the  surface  of  the 
fluid  in  the  circle  ABO,  the  solid  in  S,  the  first  pyramid  in  OA, 
OB,  the  second  pyramid  in  OB,  00,  the  portion  of  the  fluid  in 
the  second  pyramid  in  K,  and  the  inner  sphere  in  PQR. 

Then  the  pressures  on  the  parts  of  the  fluid  at  PQ,  QR  are 
unequal,  since  8  is  lighter  than  K.  Hence  there  will  not  be 
rest ;  which  is  contrary  to  the  hypothesis. 


Therefore  the  solid  S  cannot,  in  a  condition  of  rest,  be 
completely  submerged. 
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Proposition  5. 


Any  solid  lighter  than  a  fluid  will,  if  placed  in  the  fluid, 
he  so  far  immersed  that  the  weight  of  the  solid  will  be  equal  to 
the  weight  of  the  fluid  displaced. 

For  let  the  solid  be  EGHF,  and  let  BGHC  be  the  portion 
of  it  immersed  when  the  fluid  is  at  rest.  As  in  Prop.  3, 
conceive  a  pyramid  with  vertex  0  including  the  sohd,  and 
another  pyramid  with  the  same  vertex  continuous  with  the 
former  and  equal  and  similar  to  it.  Suppose  a  portion  of  the 
fluid  STUV  at  the  base  of  the  second  pyramid  to  be  equal  and 
similar  to  the  immersed  portion  of  the  solid ;  and  let  the  con- 
struction be  the  same  as  in  Prop.  3. 


Then,  since  the  pressure  on  the  parts  of  the  fluid  at  PQ,  QR 
must  be  equal  in  order  that  the  fluid  may  be  at  rest,  it  follows 
that  the  weight  of  the  portion  STUV  of  the  fluid  must  be 
equal  to  the  weight  of  the  solid  EGHF.  And  the  former  is 
equal  to  the  weight  of  the  fluid  displaced  by  the  immersed 
portion  of  the  solid  BGHC. 


Proposition  6. 

If  a  solid  lighter  than  a  fluid  be  forcibly  immersed  in  it,  the 
solid  will  be  driven  upwards  by  a  force  equal  to  the  difference 
between  its  weight  and  the  weight  of  the  fluid  displaced. 

For  let  A  be  completely  immersed  in  the  fluid,  and  let  G 
represent  the  weight  of  J.,  and  (G  -f  H)  the  weight  of  an  equal 
volume   of  the   fluid.     Take   a  solid  D,  whose  weight    is  H 
H.  A.  17 
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and  add  it  to  -4.  Then  the  weight  of  (A  +  D)  is  less  than 
that  of  an  equal  volume  of  the  fluid  ;  and,  if  (A  4-  D)  is 
immersed  in  the  fluid,  it  will  project  so  that  its  weight  will 
be  equal  to  the  weight  of  the  fluid  displaced.  But  its  weight 
is  (G  +  H). 


D 

G 

^ 

--^c 

H 

A 

Therefore  the  weight  of  the  fluid  displaced  is  {G  +  H),  and 
hence  the  volume  of  the  fluid  displaced  is  the  volume  of  the 
solid  A.  There  will  accordingly  be  rest  with  A  immersed 
and  D  projecting. 

Thus  the  weight  of  D  balances  the  upward  force  exerted  by 
the  fluid  on  A,  and  therefore  the  latter  force  is  equal  to  H, 
which  is  the  difference  between  the  weight  of  A  and  the  weight 
of  the  fluid  which  A  displaces. 


Proposition  7. 

A  solid  heavier  than  a  fluid  will,  if  placed  in  it,  descend 
to  the  bottom  of  the  fluid,  and  the  solid  will,  when  weighed 
in  the  fluid,  he  lighter  than  its  true  weight  hy  the  weight  of  the 
fluid  displaced. 

(1)  The  first  part  of  the  proposition  is  obvious,  since  the 
part  of  the  fluid  under  the  solid  will  be  under  greater  pressure, 
and  therefore  the  other  pai'ts  will  give  way  until  the  solid 
reaches  the  bottom. 

(2)  Let  ^  be  a  solid  heavier  than  the  same  volume  of  the 
fluid,  and  let  {G  +  H)  represent  its  weight,  while  G  represents 
the  weight  of  the  same  volume  of  the  fluid. 
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Take  a  solid  B  lighter  than  the  same  volume  of  the  fluid, 
and  such  that  the  weight  of  B  is  G,  while  the  weight  of  the 
same  volume  of  the  fluid  is  (G+H). 


A 

G 

• 
H 

B 

Let  A  and  B  be  now  combined  into  one  solid  and  immersed. 
Then,  since  {A  +  B)  will  be  of  the  same  weight  as  the  same 
volume  of  fluid,  both  weights  being  equal  to  {G  +  H)  +  G,  it 
follows  that  (A+B)  will  remain  stationary  in  the  fluid. 

Therefore  the  force  which  causes  A  by  itself  to  sink  must 
be  equal  to  the  upward  force  exerted  by  the  fluid  on  B  by 
itself  This  latter  is  equal  to  the  difference  between  (G  +  H) 
and  G  [Prop.  6].  Hence  A  is  depressed  by  a  force  equal  to 
ffy  i.e.  its  weight  in  the  fluid  is  H,  or  the  difference  between 
(G  +  H)  and  G. 

[This  proposition  may,  I  think,  safely  be  regarded  as  decisive 
of  the  question  how  Archimedes  determined  the  proportions  of 
gold  and  silver  contained  in  the  famous  crown  (cf  Introduction, 
Chapter  I.).  The  proposition  suggests  in  fact  the  following 
method. 

Let  W  represent  the  weight  of  the  crown,  w^  and  W2  the 
w^eights   of  the   gold   and   silver   in   it   respectively,  so   that 

(1)  Take  a  weight  W  of  pure  gold  and  weigh  it  in  a  fluid. 
The  apparent  loss  of  weight  is  then  equal  to  the  weight  of 
the  fluid  displaced.  If  F^  denote  this  weight,  Fi  is  thus  known 
as  the  result  of  the  operation  of  weighing. 

It  follows  that  the  weight  of  fluid  displaced  by  a  weight  Wi 

of  gold  is  ^.1-,. 

17—2 
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(2)  Take  a  weight  W  of  pure  silver  and  perform  the  same 
operation.  If  F2  be  the  loss  of  weight  when  the  silver  is 
weighed  in  the  fluid,  w^e  find  in  like  manner  that  the  weight 

of  fluid  displaced  by  t^2  is  ^fp  •  F^. 

(3)  Lastly,  weigh  the  crown  itself  in  the  fluid,  and  let  F  be 
the  loss  of  weight.  Therefore  the  weight  of  fluid  displaced  by 
the  crown  is  F. 

It  follows  that        ^.F,+^.F,^F, 

or  WiF:^  4-  W2F2  =  (wi  +  W2)  F, 

w,     F,-F 
whence  ^^J^^^x* 

This  procedure  corresponds  pretty  closely  to  that  described 
in  the  poem  de  ponderibus  et  mensuris  (written  probably  about 
500  A.D.)*  purporting  to  explain  Archimedes'  method.  Ac- 
cording to  the  author  of  this  poem,  we  first  take  two  equal 
weights  of  pure  gold  and  pure  silver  respectively  and  weigh 
them  against  each  other  when  both  immersed  in  water;  this 
gives  the  relation  between  their  weights  in  water  and  therefore 
between  their  loss  of  weight  in  water.  Next  we  take  the 
mixture  of  gold  and  silver  and  an  equal  weight  of  pure  silver 
and  weigh  them  against  each  other  in  water  in  the  same 
manner. 

The  other  version  of  the  method  used  by  Archimedes  is 
that  given  by  Vitruviusf,  according  to  which  he  measured 
successively  the  volumes  of  fluid  displaced  by  three  equal 
weights,  (1)  the  crown,  (2)  the  same  weight  of  gold,  (3)  the 
same  weight  of  silver,  respectively.  Thus,  if  as  before  the 
weight  of  the  crown  is  W,  and  it  contains  weights  Wi  and  w^  of 
gold  and  silver  respectively, 

(1)  the  crown  displaces  a  certain  quantity  of  fluid,  V  say. 

(2)  the  weight  W  of  gold  displaces  a  certain  volume  of 

*  Torelli's  Archimedes,   p.  364;    Hultsch,  Metrol.  Script,  n.  95  sq.,  and 
Prolegomena  §  118. 
t  De  architect,  ix.  3. 
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fluid,  Vi  say  ;  therefore  a  weight  Wi  of  gold  displaces  a  volume 

^.Fi  of  fluid. 

(3)    the  weight  W  of  silver  displaces  a  certain  volume  of 
fluid,  say  V2 ;  therefore  a  weight  W2  of  silver  displaces  a  volume 

^.F^  of  fluid. 
W 

It  follows  that        y='^'Vi  +  '^'V2, 
whence,  since  W=Wi-hW2y 

and  this  ratio  is  obviously  equal  to  that  before  obtained,  viz. 

F2-F 

F--F^'^ 

Postulate  2. 


"  Let  it  be  granted  that  bodies  which  are  forced  upwards  in 
a  fluid  are  forced  upwards  along  the  perpendicular  [to  the 
surface]  which  passes  through  their  centre  of  gravity." 

Proposition  8. 

If  a  solid  in  the  form  of  a  segment  of  a  sphere^  and  of  a 
substance  lighter  than  a  fluid,  be  immersed  in  it  so  that  its  base 
does  not  touch  the  surface,  the  solid  will  rest  in  such  a  position 
that  its  axis  is  perpendicular  to  the  surface';  and,  if  the  solid  be 
forced  into  such  a  position  that  its  base  touches  the  fluid  on  one 
side  and  be  then  set  free,  it  will  not  remain  in  that  position  but 
will  return  to  the  symmetrical  position. 

[The  proof  of  this  proposition  is  wanting  in  the  Latin 
version  of  Tartaglia.  Commandinus  supplied  a  proof  of  his 
own  in  his  edition.] 

Proposition  9. 

If  a  solid  in  the  form  of  a  segment  of  a  sphere^  and  of  a 
substance  lighter  than  a  fluid,  be  immersed  in  it  so  that  its  base 
is  completely  below  the  surface,  the  solid  will  rest  in  such  a 
position  that  its  axis  is  perpendicular  to  the  surface. 
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[The  proof  of  this  proposition  has  only  survived  in  a 
mutilated  form.  It  deals  moreover  with  only  one  case  out  of 
three  which  are  distinguished  at  the  beginning,  viz.  that  in 
which  the  segment  is  greater  than  a  hemisphere,  while  figures 
only  are  given  for  the  cases  where  the  segment  is  equal  to,  or 
less  than,  a  hemisphere.] 

Suppose,  first,  that  the  segment  is  greater  than  a  hemisphere. 
Let  it  be  cut  by  a  plane  through  its  axis  and  the  centre  of  the 
earth ;  and,  if  possible,  let  it  be  at  rest  in  the  position  shown 
in  the  figure,  where  AB  is  the  intersection  of  the  plane  with 
the  base  of  the  segment,  DE  its  axis,  C  the  centre  of  the 
sphere  of  which  the  segment  is  a  part,  0  the  centre  of  the 
earth. 


The  centre  of  gravity  of  the  portion  of  the  segment  outside 
the  fluid,  as  F,  lies  on  00  produced,  its  axis  passing  through  C, 

Let  G  be  the  centre  of  gravity  of  the  segment.  Join  FG, 
and  produce  it  to  H  so  that 

FG :  GH  =  (volume  of  immersed  portion)  :  (rest  of  solid). 
Join  OH. 

Then  the  weight  of  the  portion  of  the  solid  outside  the  fluid 
acts  along  FO,  and  the  pressure  of  the  fluid  on  the  immersed 
portion  along  OH,  while  the  weight  of  the  immersed  portion 
acts  along  HO  and  is  by  hypothesis  less  than  the  pressure  of 
the  fluid  acting  along  OH, 

Hence  there  will  not  be  equilibrium,  but  the  part  of  the 
segment  towards  A  will  ascend  and  the  part  towards  B  descend, 
until  DE  assumes  a  position  perpendicular  to  the  surface  of 
the  fluid. 
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Proposition  1. 

If  a  solid  lighter  than  a  fluid  he  at  rest  in  it,  the  weight  of 
the  solid  will  he  to  that  of  the  same  volume  of  the  fluid  as  the 
immersed  portion  of  the  solid  is  to  the  whole. 

Let  (A  +  B)  be  the  solid,  B  the  portion  immersed  in  the 
fluid. 

Let  (C  -{-D)  be  an  equal  volume  of  the  fluid,  G  being  equal 
in  volume  to  A  and  B  to  D. 

Further  suppose  the  line  E  to  represent  the  weight  of  the 
solid  (A  +  B),  (F+G)  to  represent  the  weight  of  (O  +  D),  and 
G  that  of  i). 


E 

A 

F 

C 

D 

B 

G 

Then 

weight  oi{A  +  B)  :  weight  oi (C+I))  =  E  :  (F+  &)...{!). 
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And  the  weight  of  (A  +  B)  is  equal  to  the  weight  of  a 
volume  B  of  the  fluid  [I.  5],  i.e.  to  the  weight  of  D, 

That  is  to  say,  E=G. 

Hence,  by  (1), 

weight  of  (A+B):  weight  of  (0  +  D)  =  (?  :  ^4-  (? 

=  B:A+B. 

Proposition  2. 

If  a  right  segment  of  a  paraboloid  of  revolution  ivhose  axis  is 
not  greater  than  ^p  (where  p  is  the  principal  parameter  of  the 
generating  parabola),  and  whose  specific  gravity  is  less  than  that 
of  a  fluid,  be  placed  in  the  fluid  with  its  axis  inclined  to  the 
vertical  at  any  angle,  but  so  that  the  base  of  the  segment  does  not 
touch  the  surface  of  the  fluid,  the  segment  of  the  paraboloid  will 
not  remain  in  that  position  but  will  return  to  the  position  in 
which  its  axis  is  vertical. 

Let  the  axis  of  the  segment  of  the  paraboloid  be  AN,  and 
through  AN  draw  a  plane  perpendicular  to  the  surface  of  the 
fluid.  Let  the  plane  intersect  the  paraboloid  in  the  parabola 
BAB\  the  base  of  the  segment  of  the  paraboloid  in  BB\  and 
the  plane  of  the  surface  of  the  fluid  in  the  chord  QQ'  of  the 
parabola. 

Then,  since  the  axis  AN  m  placed  in  a  position  not  perpen- 
dicular to  QQ\  BB'  will  not  be  parallel  to  QQ\ 

Draw  the  tangent  PT  to  the  parabola  which  is  parallel  to 
QQ\  and  let  P  be  the  point  of  contact*. 

[From  P  draw  PV  parallel  to  ^i\^  meeting  QQ'  in  V. 
Then  PV  will  be  a  diameter  of  the  parabola,  and  also  the 
axis  of  the  portion  of  the  paraboloid  immersed  in  the  fluid. 

*  The  rest  of  the  proof  is  wanting  in  the  version  of  Tartaglia,  but  is  given 
in  brackets  as  supplied  by  Commandinus. 
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Let  C  be  the  centre  of  gravity  of  the  paraboloid  BAB\  and 
F  that  of  the  portion  immersed  in  the  fluid.  Join  FG  and 
produce  it  to  H  so  that  H  is  the  centre  of  gravity  of  the 
remaining  portion  of  the  paraboloid  above  the  surface. 


LPKM 


Then,  since 
and 

it  follows  that 


AGi^ 


P 


Therefore,  if  CP  be  joined,  the  angle  GPT  is  acutef. 
Hence,  if  GK  be  drawn  perpendicular  to  PT,  K  will  fall  between 
P  and  jP.  And,  if  FL,  HM  be  drawn  parallel  to  GK  to  meet 
PT,  they  will  each  be  perpendicular  to  the  surface  of  the  fluid. 

Now  the  force  acting  on  the  immersed  portion  of  the 
segment  of  the  paraboloid  will  act  upwards  along  LF,  while 
the  weight  of  the  portion  outside  the  fluid  will  act  downwards 
along  HM, 

Therefore  there  will  not  be  equilibrium,  but  the  segment 

*  As  the  determination  of  the  centre  of  gravity  of  a  segment  of  a  paraboloid 
which  is  here  assumed  does  not  appear  in  any  extant  work  of  Archimedes,  or 
in  any  known  work  by  any  other  Greek  mathematician,  it  appears  probable  that 
it  was  investigated  by  Archimedes  himself  in  some  treatise  now  lost. 

t  The  truth  of  this  statement  is  easily  proved  from  the  property  of  the  sub- 

normal.    For,  if  the  normal  at  P  meet  the  axis  in  G,  AG  is  greater  than  ^ 

except  in  the  case  where  the  normal  is  the  normal  at  the  vertex  A  itself.  But 
the  latter  case  is  excluded  here  because,  by  hypothesis,  AN  is  not  placed  vertically. 
Hence,  P  being  a  different  point  from  J,  ^G^  is  always  greater  than  AG;  and, 
since  the  angle  TPG  is  right,  the  angle  TPG  must  be  acute. 
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will  turn  so  that  B  will  rise  and  J5'  will  fall,  until  AN  takes 
the  vertical  position.] 


[For  purposes  of  comparison  the  trigonometrical  equivalent 
of  this  and  other  propositions  will  be  appended. 

Suppose  that  the  angle  NTF,  at  which  in  the  above  figure 
the  axis  AN  is  inclined  to  the  surface  of  the  fluid,  is  denoted 
by^. 

Then  the  coordinates  of  P  referred  to  AN  and  the  tangent 
at  A  as  axes  are 

|cot^^,      |cot^, 

where  p  is  the  principal  parameter. 

Suppose  that  AN  =  h,    PV^k 

If  now  x'  be  the  distance  from  Tof  the  orthogonal  projection 
of  F  on  jPP,  and  x  the  corresponding  distance  for  the  point  C, 
we  have 

i»' = I  cot^  ^ .  cos  ^  4- 1  cot  ^ .  sin  ^  +  ^  A?  cos  <9, 
2i  A  o 

p  2 

a?  =  ^  cot^  d.cosd  -h-^hcos  6y 

whence    ^'  -  ^  =  cos  ^  ||  (cot^  (9  +  2)  -  ^  (A  -  *) 

In  order  that  the  segment  of  the  paraboloid  may  turn  in 
the  direction  of  increasing  the  angle  PTN,  x  must  be  greater 
than  a?,  or  the  expression  just  found  must  be  positive. 

This  will  always  be  the  case,  whatever  be  the  value  of  d,  if 

2^  3  ' 
or  }i\  |j9.] 

Proposition  3. 

If  a  right  segment  of  a  paraboloid  of  revolution  whose  axis 
is  not  greater  than  f  p  (where  p  is  the  parameter),  and  whose 
specific  gravity  is  less  than  that  of  a  fluid,  be  placed  in  the  fluid 
with  its  axis  inclined  at  any  angle  to  the  vertical,  but  so  that  its 
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base  is  entirely  submerged,  the  solid  will  not  remain  in  that  posi- 
tion but  will  return  to  the  position  in  which  the  axis  is  vertical. 

Let  the  axis  of  the  paraboloid  be  AN,  and  through  AN 
draw  a  plane  perpendicular  to  the  surface  of  the  fluid  inter- 
secting the  paraboloid  in  the  parabola  BAB\  the  base  of  the 
segment  in  BNB\  and  the  plane  of  the  surface  of  the  fluid  in 
the  chord  QQ'  of  the  parabola. 


MKPL 


Then,  since  AN,  as  placed,  is  not  perpendicular  to  the 
surface  of  the  fluid,  QQ'  and  BB'  will  not  be  parallel. 

Draw  FT  parallel  to  QQ'  and  touching  the  parabola  at  P. 
Let  PT  meet  NA  produced  in  T.  Draw  the  diameter  PV 
bisecting  QQ^  in  F.  PV  is  then  the  axis  of  the  portion  of  the 
paraboloid  above  the  surface  of  the  fluid. 

Let  C  be  the  centre  of  gravity  of  the  whole  segment  of  the 
paraboloid,  F  that  of  the  portion  above  the  surface.  Join  FG 
and  produce  it  to  H  so  that  H  is  the  centre  of  gravity  of 
the  immersed  portion. 

Then,  since  AG'i^^,  the  angle  OPT  is  an  acute  angle,  as  in 
the  last  proposition. 

Hence,  if  GK  be  drawn  perpendicular  to  PT,  K  will  fall 
between  P  and  T,  Also,  if  HM,  FL  be  drawn  parallel  to  GK, 
they  will  be  perpendicular  to  the  surface  of  the  fluid. 

And  the  force  acting  on  the  submerged  portion  will  act 
upwards  along  HM,  while  the  weight  of  the  rest  will  act 
downwards  along  LF  produced. 

Thus  the  paraboloid  will  turn  until  it  takes  the  position 
in  which  AN  is  vertical. 
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Proposition  4. 

Given  a  right  segment  of  a  paraboloid  of  revolution  whose 
acds  AN  is  greater  than  ^p  (where  p  is  the  parameter),  and 
whose  specific  gravity  is  less  than  that  of  a  fluid  but  bears 
to  it  a  ratio  not  less  than  (AN  —  ^pY  :  AN^,  if  the  segment 
of  the  paraboloid  be  placed  in  the  fluid  with  its  axis  at  any 
inclination  to  the  vertical^  but  so  that  its  base  does  not  touch 
the  surface  of  the  fluid,  it  will  not  remain  in  that  position  but 
will  return  to  the  position  in  which  its  axis  is  vertical. 

Let  the  axis  of  the  segment  of  the  paraboloid  be  AN,  and 
let  a  plane  be  drawn  through  AN  perpendicular  to  the  surface 
of  the  fluid  and  intersecting  the  segment  in  the  parabola  BAB\ 
the  base  of  the  segment  in  BB\  and  the  surface  of  the  fluid  in 
the  chord  QQ'  of  the  parabola. 


p  T 


Then  AN,  as  placed,  will  not  be  perpendicular  to  QQ\ 

Draw  PT  parallel  to  QQ'  and  touching  the  parabola  at  P. 
Draw  the  diameter  PF  bisecting  QQ'  in  F.  Thus  PF  will  be 
the  axis  of  the  submerged  portion  of  the  solid. 

Let  0  be  the  centre  of  gravity  of  the  whole  solid,  F  that  of 
the  immersed  portion.  Join  FC  and  produce  it  to  H  so  that  R 
is  the  centre  of  gravity  of  the  remaining  portion. 

Now,  since  AN^^AG, 

and  AN  >  f  p, 


it  follows  that 


AOZ. 
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Measure  GO  along  GA  equal  to  -^ ,  and  OR  along  OG  equal  to 

Then,  since  AN  =  ^AG, 

and  AR:=^AO, 

we  have,  by  subtraction, 

NR  =  foa 
That  is,  ^iV"-^iJ  =  fOC 

or  AR^{AN-lp). 

Thus  (^i^  ~  ||))'^  :  AN^  =  ^E^  :  AN\ 

and  therefore  the  ratio  of  the  specific  gravity  of  the  solid  to 

that  of  the  fluid  is,  by  the  enunciation,  not  less  than  the  ratio 

AR'  :  AN\ 

But,  by  Prop.  1,  the  former  ratio  is  equal  to  the  ratio 
of  the  immersed  portion  to  the  whole  solid,  i.e.  to  the  ratio 
PV^  :  AN""  [On  Conoids  and  Spheroids,  Prop.  24]. 

Hence  PV  :  AN^  ^  AR'  :  AN^ 

or  PV^  AR, 

It  follows  that 

PF{=IPV)^IAR 

^AO. 
If,  therefore,  OK  be  drawn  from  0  perpendicular  to  OA,  it  will 
meet  PF  between  P  and  F, 

Also,  if  GK  be  joined,  the  triangle  KGO  is  equal  and  similar 
to  the  triangle  formed  by  the  normal,  the  subnormal  and  the 
ordinate  at  P  (since  GO  =  \p  or  the  subnormal,  and  KO  is 
equal  to  the  ordinate). 

Therefore  GK  is  parallel  to  the  normal  at  P,  and  therefore 
perpendicular  to  the  tangent  at  P  and  to  the  surface  of  the 
fluid. 

Hence,  if  parallels  to  GK  be  drawn  through  F,  H,  they  will 
be  perpendicular  to  the  surface  of  the  fluid,  and  the  force 
acting  on  the  submerged  portion  of  the  solid  will  act  upwards 
along  the  former,  while  the  weight  of  the  other  portion  will 
act  downwards  along  the  latter. 
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Therefore  the  solid  will  not  remain  in  its  position  but  will 
turn  until  AN  assumes  a  vertical  position. 


[Using  the  same  notation  as  before  (note  following  Prop.  2), 
we  have 

^'  ~  a;  =  cos  (9  ll  (cof-^  l9  +  2)  ~  I  (A  -  A;)l , 

and  the  minimum  value  of  the  expression  within  the  bracket, 
for  different  values  of  6,  is 

corresponding  to  the  position  in  which  J. if  is  vertical,  or  0  =  -^ . 

Therefore  there  will  be  stable  equilibrium  in  that  position  only, 
provided  that 

or,  if  s  be  the  ratio  of  the  specific  gravity  of  the  solid  to  that  of 
the  fluid  (=  k^jh^  in  this  case), 


Proposition  5. 

Given  a  right  segment  of  a  paraboloid  of  revolution  such  that 
its  accis  AN  is  greater  than  ^p  (where  p  is  the  parameter)^  and 
its  specific  gravity  is  less  than  that  of  a  fluid  hut  in  a  ratio  to 
it  not  greater  than  the  ratio  {AN"" -{AN -^pj]  :  AN^,  if  the 
segment  he  placed  in  the  fluid  with  its  awis  inclined  at  any  angle 
to  the  vertical,  hut  so  that  its  hase  is  completely  submerged,  it  will 
not  remain  in  that  position  but  will  return  to  the  position  in 
which  AN  is  vertical. 

Let  a  plane  be  drawn  through  AN,  as  placed,  perpendicular 
to  the  surface  of  the  fluid  and  cutting  the  segment  of  the 
paraboloid  in  the  parabola  BAB\  the  base  of  the  segment  in 
BB',  and  the  plane  of  the  surface  of  the  fluid  in  the  chord 
QQ'  of  the  parabola. 

Draw  the  tangent  PT  parallel  to  QQ',  and  the  diameter 
PV,  bisecting  QQ',  will  accordingly  be  the  axis  of  the  portion 
of  the  paraboloid  above  the  surface  of  the  fluid. 
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Let  F  be  the  centre  of  gravity  of  the  portion  above  the 
surface,  G  that  of  the  whole  solid,  and  produce  FC  to  H,  the 
centre  of  gravity  of  the  immersed  portion. 

As  in  the  last  proposition,  AG>^,  and  we  measure  CO  along 

CA  equal  to  -^ ,  and  OR  along  00  equal  to  ^AO, 

Then  AN  =  ^AO,  and  JLJB  =  f^O ; 
and  we  derive,  as  before, 

AR  =  (AF--^p), 
Now,  by  hypothesis, 

(spec,  gravity  of  solid)  :  (spec,  gravity  of  fluid) 

^{AF'-(AN--^py}:AN' 
:i^(AN'-AR'):AN\ 


T  P 


/ 

aT^ 

~'\^^ 

/ 

oV 

l^              \ 

c 

L___A.. 

Q 

l\^^--^^^' 

^—-"N^ 

B 

Therefore 

(portion  submerged) 

:  (whole  solid) 

i^(AN'-AR'):AI{\ 

and 

(whole  solid) 

:  (portion  above  surface) 
^  AN'  :  AR\ 

Thus 

AN': 

PV  -il-  AN'  :  AR\ 

whence 

PV^AR, 

and 

PFi^AR 

iAO. 
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Therefore,  if  a  perpendicular  to  AG  he  drawn  from  0,  it  will 
meet  PF  in  some  point  K  between  P  and  F. 

And,  since  CO  =  ^p,  OK  will  be  perpendicular  to  PT,  as  in 
the  last  proposition. 

Now  the  force  acting  on  the  submerged  portion  of  the  solid 
will  act  upwards  through  H,  and  the  weight  of  the  other 
portion  downwards  through  F,  in  directions  parallel  in  both 
cases  to  GK\  whence  the  proposition  follows. 

Proposition  6. 

If  a  right  segment  of  a  paraboloid  lighter  than  a  fluid  he 
such  that  its  axis  AM  is  greater  than  f_p,  hut  AM  :  ^p<lh  \  4i, 
and  if  the  segment  he  placed  in  the  fluid  with  its  aocis  so  inclined 
to  the  vertical  that  its  base  touches  the  fluid,  it  will  never  remain 
in  such  a  position  that  the  base  touches  the  surface  in  one  point 
only. 

Suppose  the  segment  of  the  paraboloid  to  be  placed  in  the 
position  described,  and  let  the  plane  through  the  axis  AM 
perpendicular  to  the  surface  of  the  fluid  intersect  the  segment 
of  the  paraboloid  in  the  parabolic  segment  BAB'  and  the  plane 
of  the  surface  of  the  fluid  in  BQ. 

Take  0  on  AM  such  that  J.(7=  2(7if  (or  so  that  0  is  the 
centre  of  gravity  of  the  segment  of  the  paraboloid),  and  measure 
OK  along  OA  such  that 

AM:GK=U  :  4. 


P    T 


Thus  AM :  OK  >  AM :  |_p,  by  hypothesis;  therefore  OK <  ^p. 
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Measure  GO  along  GA  equal  to  ^p.     Also  draw  KR  per- 
pendicular to  AG  meeting  the  parabola  in  R. 

Draw  the  tangent  PT  parallel  to  BQ,  and  through  P  draw 
the  diameter  PV  bisecting  BQ  in  Fand  meeting  KR  in  /. 

Then  PViPI  J^  KM  :  AK, 

^'for  this  is  proved/'^ 


And 

GK==j*^AM  =  iAG; 

whence               AK  ■ 

=  AG-GK  =  %AG  =  IAM. 

Thus 

KM  =  IAM. 

Therefore 

KM  =  %AK. 

It  follows  that 

-p^or>t^^' 

so  that 

pi,r<2^^- 

Let  F  be  the  centre  of  gravity  of  the  immersed  portion  of 
the  paraboloid,  so  that  PF=2FV.  Produce  FG  to  H,  the 
centre  of  gravity  of  the  portion  above  the  surface. 

Draw  OL  perpendicular  to  PV. 

*  We  have  no  hint  as  to  the  work  in  which  the  proof  of  this  proposition  was 
contained.  The  following  proof  is  shorter  than  Eobertson's  (in  the  Appendix 
to  Torelli's  edition). 

Let  BQ  meet  AM  in  U,  and  let  PN  be  the  ordinate  from  P  to  AM. 
We  have  to  prove  that  PV.AKo7>  PI. KM,  or  in  other  words  that 
{PV .  AK  -  PI .  KM)  is  positive  or  zei-o. 
Now  PV.AK-PI.KM=AK.PV-{AK-AN)(AM-AK) 

=AK^-AK(AM+AN-PV)  +  AM.AN 
=  AK^-AK.UM-\-AM.AN, 


(since  AN= 

=  AT). 

Now 

UM:BM=:NT  :PN. 

Therefore 
whence 

UM^  :p.AM=:4:AN^  ip.AN, 
UM^=4.AM.AN, 

or 

4 

Therefore 

PV, 

,AK-PI.KM=AK^-AK,  UM-i 

and  accordingly  (PV .  AK  -  PI .  KM)  cannot  be  negative. 

4 


H.  A. 


18 
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Then,  since  GO  =  \p,  CL  must  be  perpendicular  to  PT  and 
therefore  to  the  surface  of  the  fluid. 

And  the  forces  acting  on  the  immersed  portion  of  the 
paraboloid  and  the  portion  above  the  surface  act  respectively 
upwards  and  downwards  along  lines  through  F  and  H  parallel 
to  GL. 

Hence  the  paraboloid  cannot  remain  in  the  position  in  which 
B  just  touches  the  surface,  but  must  turn  in  the  direction  of 
increasing  the  angle  PTM, 

The  proof  is  the  same  in  the  case  where  the  point  /  is  not 
on  VP  but  on  VP  produced,  as  in  the  second  figure* 


/                 7 

I 

^^ — —-^.^^f^B/^ 

_/-^"a                \ 

p^ 

/                                         T 

[With  the  notation  used  on  p.  266,  if  the  base  BB'  touch 
the  surface  of  the  fluid  at  B,  we  have 

£if=£Fsin^  +  Piy, 

and,  by  the  property  of  the  parabola, 

BV^  =  {'p^^AN)FY 

Therefore  '^'ph  =  VpA;  +  «  cot  0. 

To  obtain  the  result  of  the  proposition,  we  have  to  eliminate 
h  between  this  equation  and 


X  —x 


=  cos^||(cot'^+2)-|(/^~A;)l. 


*  It  is  curious  that  the  figures  given  hy  Torelli,  Nizze  and  Heiberg  are  all 
incorrect,  as  they  all  make  the  point  which  I  have  called  I  lie  on  B^  instead  of 
VP  produced. 
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We  have,  from  the  first  equation, 

k  =  h-^/ph  cot  e  +  ^cof'd, 

or  h  —  k  =  s/ph  cot  ^  -  ^  cot^  6. 

Therefore 
^'-^  =  cos  (9  ll  (cot'  ^  +  2)  -|(V^cot  ^-|  cot*  ^)l 

=  cos  d  j|(f  cot'  ^  +  2)  - 1  A/p^cot  e\ . 

If  then  the  solid  can  never  rest  in  the  position  described, 
but  must  turn  in  the  direction  of  increasing  the  angle  PTM, 
the  expression  within  the  bracket  must  be  positive  whatever 
be  the  value  of  0, 

Therefore  (d^ph<ip\ 

or  h<  ^-p.] 

Proposition  7. 

Given  a  right  segment  of  a  paraboloid  of  revolution  lighter 
than  a  fluid  and  such  that  its  axis  AM  is  greater  than  f  p,  but 
AM  :  ^p<15  :  4,  if  the  segment  be  placed  in  the  fluid  so  that 
its  base  is  entirely  submerged,  it  will  never  rest  in  such  a  position 
that  the  base  touches  the  surface  of  the  fluid  at  one  point  only. 

Suppose  the  solid  so  placed  that  one  point  of  the  base 
only  (B)  touches  the  surface  of  the  fluid.  Let  the  plane 
through  B  and  the  axis  AM  cut  the  solid  in  the  parabolic 
segment  BAB'  and  the  plane  of  the  surface  of  the  fluid  in  the 
chord  BQ  of  the  parabola. 

Let  G  be  the  centre  of  gravity  of  the  segment,  so  that 
AC=WM\  and  measure  GK  along  GA  such  that 

^if  :(7Z=15:4. 

It  follows  that  GK<^p, 

Measure  GO  along  CA  equal  to  \p.  Draw  KR  perpen- 
dicular to  ^if  meeting  the  parabola  in  i?. 

18—2 


276 


ARCHIMEDES 


Let  PTy  touching  at  P,  be  the  tangent  to  the  parabola 
which  is  parallel  to  jBQ,  and  PV  the  diameter  bisecting  BQ,  i.e. 
the  axis  of  the  portion  of  the  paraboloid  above  the  surface. 


Then,  as  in  the  last  proposition,  we  prove  that 


and 


PV      ^       §rPI 

■^  ^  or>  ^^^' 

PI  ^^2ir. 

or< 


Let  F  be  the  centre  of  gravity  of  the  portion  of  the  solid 
above  the  surface ;  join  FO  and  produce  it  to  H,  the  centre  of 
gravity  of  the  portion  submerged. 

Draw  OL  perpendicular  to  PV;  and,  as  before,  since 
CO=^\py  CL  is  perpendicular  to  the  tangent  PT.  And  the 
lines  through  H^  F  parallel  to  GL  are  perpendicular  to  the 
surface  of  the  fluid;  thus  the  proposition  is  established  as 
before. 

The  proof  is  the  same  if  the  point  /  is  not  on  VP  but  on 
VP  produced. 


Proposition  8. 

Given  a  solid  in  the  form  of  a  right  segment  of  a  paraboloid 
of  revolution  whose  aods  AM  is  greater  than  f  jp,  hut  such  that 
AM :  |jp<  15  :  4,  and  whose  specific  gravity  hears  to  that  of  a 
fluid  a  ratio  less  than  (AM—^pf  :  AM^,  then,  if  the  solid  be 
placed  in  the  fluid  so  that  its  base  does  not  touch  the  fluid  and 
its  aods  is  inclined  at  an  angle  to  the  vertical,  the  solid  will  not 
return  to  the  position  in  which  its  aods  is  vertical  and  will  not 
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remain  in  any  position  except  that  in  which  its  axis  makes  with 
the  surface  of  the  fluid  a  certain  angle  to  be  described. 

Let  am  be  taken  equal  to  the  axis  AM,  and  let  c  be  a  point 
on  am  such  that  ac  =  2cm.  Measure  co  along  ca  equal  to  ^p, 
and  or  along  oc  equal  to  |  ao. 


P   T 


am^ 


.(«), 


Let  X  +  F  be  a  straight  line  such  that 
(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  =  {X  +Yy 
and  suppose  X  =  2Y. 

Now  ar  =  f  ao  =  f  (I  am  -  ^p) 

=  am  —  f  p 
=  J.JIf  —  f  p. 
Therefore,  by  hypothesis, 

(X-hYy:am''<ar^:am', 
whence  (X  +  F)  <  ar,  and  therefore  X  <  ao. 

Measure  ob  along  oa  equal  to  X,  and  draw  bd  perpendicular 
to  ab  and  of  such  length  that 

bd'^^co.ab (iS). 

Join  ad. 

Now  let  the  solid  be  placed  in  the  fluid  with  its  axis  AM 
inclined  at  an  angle  to  the  vertical.  Through  AM  draw  a 
plane  perpendicular  to  the  surface  of  the  fluid,  and  let  this 
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plane  cut  the  paraboloid  in  the  parabola  BAB'  and  the  plane 
of  the  surface  of  the  fluid  in  the  chord  QQ'  of  the  parabola. 

Draw  the  tangent  PT  parallel  to  QQ\  touching  at  P,  and 
let  PF  be  the  diameter  bisecting  QQ'  in  F(or  the  axis  of  the 
immersed  portion  of  the  solid),  and  PK  the  ordinate  from  P. 

Measure  AO  along  AM  equal  to  ao,  and  OC  along  OM 
equal  to  oc,  and  draw  OL  perpendicular  to  PV, 

I.     Suppose  the  angle  OTP  greater  than  the  angle  dab. 


Thus 

PN'  :  Nr  >  db'  :  ba\ 

But 

PN':Nr=p:^AN 

^co  :NT, 

and 

dViba^^\co  :ab,  by  (/3). 

Therefore 

NT<  2ab, 

or 

AN<aby 

whence 

NO  >  bo    (since  ao  =  AO) 

>X. 

mw{x+Yy 

'  :  am^  =  (spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid) 

=  (portion  immersed)  :  (rest  of  solid) 

=^PV':AM\ 

so  that 

X-h7  =  PV. 

But 

PL(=NO)>X 

>|(Z+F),    since  Z  =  2F, 

>fPF, 

or 

PF<fPi, 

and  therefore 

Pi:>2i:F 

Take  a  point  P  on  PF  so  that  PF==  2PF,  i.e.  so  that  F  is 
the  centre  of  gravity  of  the  immersed  portion  of  the  solid. 

Also  jlO  =  ac  =  fam  =  |J.if,  and  therefore  G  is  the  centre 
of  gravity  of  the  whole  solid. 

Join  FG  and  produce  it  to  if,  the  centre  of  gravity  of  the 
portion  of  the  solid  above  the  surface. 
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Now,  since  GO  =  Jp,  GL  is  perpendicular  to  the  surface  of 
the  fluid ;  therefore  so  are  the  parallels  to  GL  through  F  and 
H,  But  the  force  on  the  immersed  portion  acts  upwards 
through  F  and  that  on  the  rest  of  the  solid  downwards 
through  H, 

Therefore  the  solid  will  not  rest  but  turn  in  the  direction  of 
diminishing  the  angle  MTP. 

II.  Suppose  the  angle  OTP  less  than  the  angle  dab.  In 
this  case,  we  shall  have,  instead  of  the  above  results,  the 
following, 

AN>ah, 

NO<X, 

Also  PF>|PZ, 

and  therefore  PL  <  2LV. 


Make  PF  equal  to  2FV,  so  that  F  is  the  centre  of  gravity 
of  the  immersed  portion. 

And,  proceeding  as  before,  we  prove  in  this  case  that  the 
solid  will  turn  in  the  direction  of  increasing  the  angle  MTP, 

III.  When  the  angle  MTP  is  equal  to  the  angle  dab, 
equalities  replace  inequalities  in  the  results  obtained,  and  L  is 
itself  the  centre  of  gravity  of  the  immersed  portion.  Thus  all 
the  forces  act  in  one  straight  line,  the  perpendicular  GL; 
therefore  there  is  equilibrium,  and  the  solid  will  rest  in  the 
position  described. 
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[With  the  notation  before  used 

>»'-^  =  cos^||(cot2<9+2)-|(/^-A?)l, 

and  a  position  of  equilibrium  is  obtained  by  equating  to  zero  the 
expression  within  the  bracket.     We  have  then 

It  is  easy  to  verify  that  the  angle  0  satisfying  this  equation 
is  the  identical  angle  determined  by  Archimedes.  For,  in  the 
above  proposition, 


whence  ab  =  ^h --  ~  —  -^k  =^ :^{h  —  k)  —^ , 


Also  bd'^^.ab. 

It  follows  that 

cot^  dab  =  ab'/bd'  =  -  j|  C^  ~  ^)  ~  f }  •] 


Proposition  9. 

Given  a  solid  in  the  form  of  a  right  segment  of  a  paraboloid 
of  revolution  whose  axis  AM  is  greater  than  f  p,  but  such  that 
AM :  |jp<15  :  4f,  and  ivhose  specific  gravity  bears  to  that  of  a 
fluid  a  ratio  greater  than  {AM^ -{AM —  ^pY]  :  AM^,  then,  if 
the  solid  be  placed  in  the  fluid  with  its  axis  inclined  at  an  angle 
to  the  vertical  but  so  that  its  base  is  entirely  below  the  surface, 
the  solid  will  not  return  to  the  position  in  tvhich  its  axis  is 
vertical  and  will  not  remain  in  any  position  except  that  in  which 
its  axis  makes  with  the  surface  of  the  fluid  an  angle  equal  to  that 
described  in  the  last  proposition. 

Take  am  equal  to  AM^  and  take  c  on  am  such  that  ac  —  2cm. 
Measure  co  along  ca  equal  to  ^p,  and  ar  along  ac  such  that 
ar  =  f  ao. 


ON   FLOATING  BODIES  II. 


281 


Let  X  +  F  be  such  a  line  that 
(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  =  {am^  —  (Z  +  F)®}  :  am^, 
and  suppose  X  =  2Y. 

d 

A. 


a  b 


T     P 


Now  ar  =  |ao 

=  |(fam-Jjp) 

Therefore,  by  hypothesis, 

am^  —  ar^ :  am^  <  {am^  -(X  +  Y)^}  :  am^, 
whence  X  +  Y  <  ar, 

and  therefore  X  <  ao. 

Make  ob  (measured  along  oa)  equal  to  X,  and  draw  bd 
perpendicular  to  ba  and  of  such  length  that 

bd^  =  ^co  .  ab. 
Join  ad. 

Now  suppose  the  solid  placed  as  in  the  figure  with  its  axis 
AM  inclined  to  the  vertical.  Let  the  plane  through  AM 
perpendicular  to  the  surface  of  the  fluid  cut  the  solid  in  the 
parabola  BAB'  and  the  surface  of  the  fluid  in  QQ\ 

Let  PT  be  the  tangent  parallel  to  QQ',  PV  the  diameter 
bisecting  QQ'  (or  the  axis  of  the  portion  of  the  paraboloid  above 
the  surface),  PN  the  ordinate  from  P. 
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I.  Suppose  the  angle  MTP  greater  than  the  angle  dab. 
Let  AM  be  cut  as  before  in  G  and  0  so  that  AC=2CM, 
OG  =  ^p,  and  accordingly  AM,  am  are  equally  divided.  Draw 
OL  perpendicular  to  PV. 

Then,  we  have,  as  in  the  last  proposition, 

PN':Nr>db':ba\ 

whence  co  :  NT>^co  :  ab, 

and  therefore  A]Sf<  ab. 

It  follows  that  NO>bo 

>X. 

Again,  since  the  specific  gravity  of  the  solid  is  to  that  of 
the  fluid  as  the  immersed  portion  of  the  solid  to  the  whole, 

AM^  -  (X  +  Yf  :  AM^  =  AM'  -PV:  AM\ 

or  (X  +  Yy  :  AM'  =  PV':  AM\ 

That  is,  X-^Y=PV, 

And  PL  (or  NO)  >X 

>|PF, 

so  that  PL>2LV, 

Take  jF  on  PF  so  that  PF=  2FY  Then  F  is  the  centre 
of  gravity  of  the  portion  of  the  solid  above  the  surface. 

Also  0  is  the  centre  of  gravity  of  the  whole  solid.  Join  FC 
and  produce  it  to  H,  the  centre  of  gravity  of  the  immersed 
portion. 

Then,  since  CO  =  ^p,  GL  is  perpendicular  to  PT  and  to  the 
surface  of  the  fluid;  and  the  force  acting  on  the  immersed 
portion  of  the  solid  acts  upwards  along  the  parallel  to  GL 
through  H,  while  the  weight  of  the  rest  of  the  solid  acts  down- 
wards along  the  parallel  to  GL  through  F, 

Hence  the  solid  will  not  rest  but  turn  in  the  direction  of 
diminishing  the  angle  MTP, 

II.  Exactly  as  in  the  last  proposition,  we  prove  that,  if  the 
angle  MTP  be  less  than  the  angle  dab,  the  solid  will  not  remain 
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in  its  position  but  will  turn  in  the  direction  of  increasing  the 
angle  MTP, 


III.  If  the  angle  MTP  is  equal  to  the  angle  dab,  the  solid 
will  rest  in  that  position,  because  L  and  F  will  coincide,  and  all 
the  forces  will  act  along  the  one  line  GL. 

Proposition  lO. 

Given  a  solid  in  the  form  of  a  right  segment  of  a  paraboloid 
of  revolution  in  which  the  axis  AM  is  of  a  length  such  that 
AM :\p>lb'.^y  and  supposing  the  solid  placed  in  a  fluid 
of  greater  specific  gravity  so  that  its  base  is  entirely  above  the 
surface  of  the  fluidy  to  investigate  the  positions  of  rest 

(Preliminary-) 

Suppose  the  segment  of  the  paraboloid  to  be  cut  by  a  plane 
through  its  axis  AM  in  the  parabolic  segment  BAB^  of  which 
BBi  is  the  base. 

Divide  AM  at  G  so  that  AG=2GM,  and  measure  GK  along 

GA  so  that 

AM;  GK=:U  :4 (a), 

whence,  by  the  hypothesis,  GK  >  ^p- 

Suppose  GO  measured  along  GA  equal  to  J^,  and  take  a 
point  R  on  AM  such  that  MR  =  ^GO. 

Thus  AR=:AM-'MB 

=  1(^(7-00) 
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Join  BA,  draw  KA^  perpendicular  to  AM  meeting  BA  in  A2 
bisect  BA  in  A3,  and  draw  A2M2,  A-^M^  parallel  to  AM  meeting 
BM  in  ifg,  M3  respectively. 


On  A2M2,  AsMs  as  axes  describe  parabolic  segments  similar 
to  the  segment  BAB^^,     (It  follows,  by  similar  triangles,  that 
BM  will  be  the  base  of  the  segment  whose  axis  is  A3M3  and 
BB2  the  base  of  that  whose  axis  is  A2M2,  where  BB2  =  2BM2,) 
The  parabola  BA2B2  will  then  pass  through  G. 
[For  BM2 :  M2M  =  BM2  :  A2K 

^KM  :AK 
==GM-hGK:AG^GK 
==(^  +  ^i,)AM:(l-^j%)AM 

=  9:6 (/3) 

=-MA  :AG. 
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Thus  G  is  seen  to  be  on  the  parabola  BA^B^  by  the  converse 
of  Prop.  4  of  the  Quadrature  of  the  Parabola^ 

Also,  if  a  perpendicular  to  -4ilf  be  drawn  from  0,  it  will 
meet  the  parabola  BA^B^  in  two  points,  as  Q^y  P^.  Let  QiQ^Q^D 
be  drawn  through  Q2  parallel  to  AM  meeting  the  parabolas 
BABi,  BAsM  respectively  in  Qi,  Q^  and  BM  in  D;  and  let 
P1P2P3  be  the  corresponding  parallel  to  J.  If  through  Pg.  Let 
the  tangents  to  the  outer  parabola  at  P^  Qi  meet  MA  produced 
in  Ti,  U  respectively. 

Then,  since  the  three  parabolic  segments  are  similar  and 
similarly  situated,  with  their  bases  in  the  same  straight  line 
and  having  one  common  extremity,  and  since  Q1Q2Q3D  is  a 
diameter  common  to  all  three  segments,  it  follows  that 
QiQ2  :  Q.Q,  =  (B,B,  :  B,B) ,  (BM  :  MB,)'', 
Now  B,B,  :  B^B  =  MM,  :  BM  (dividing  by  2) 

=  2:5,  by  means  of  (/8)  above. 

And  BM  :  MB,  =  BM :  (2BM,  -  BM) 

=  5  :  (6  ~  5),  by  means  of  (^), 

=  5:1. 

*  This  result  is  assumed  without  proof,  no  doubt  as  being  an  easy  deduction 
from  Prop.  5  of  the  Quadrature  of  the  Parabola.  It  may  be  established 
as  follows. 

First,  since  AA,A^B  is  a  straight  line,  and  AN— AT  with  the  ordinary 
notation  (where  FT  is  the  tangent  at  P  and  PN  the  ordinate),  it  follows,  by 
similar  triangles,  that  the  tangent  at  B  to  the  outer  parabola  is  a  tangent  to 
each  of  the  other  two  parabolas  at  the  same  point  B. 

Now,  by  the  proposition  quoted,  if  DQ^Q,Q^  produced  meet  the  tangent  BT 
inE, 

EQs :  QsD=BD  :  DM, 
whence  EQ^  :ED=BD:  BM,  ] 

Similarly  EQ,  :  ED=BD  :  BB,,  I 

and  jBQj  :ED=BD:  BB^  .J 

The  first  two  proportions  are  equivalent  to 

EQs  :  ED=BD,  BB,  :  BM.  BB,, 
and  EQ,  :ED=BD.  BM  :  BM .  BB,. 

By  subtraction, 

Q2Q3  •  ED=BD  .  MB,  :  BM.BB,. 
Similarly  Q^Q^  :  ED=BD.  B,B^  :  BB, .  BB^ . 


It  follows  that 


Q1Q2  •  QiiQz=^(B,B^  :  B^B) .  (BM  :  MB,). 
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It  follows  that 

or  Q,Q,  =  2Q2Q3. 

Similarly  P,P,  =  2P,P,, 

Also,  since  MR  =  f  (70  =  f  p, 

AR^AM'-MB 
=-AM-^p. 
(Enunciation.) 

If  the  segment  of  the  paraboloid  be  placed  in  the  fluid  with 
its  base  entirely  above  the  surface,  then 

a-)  if 

(spec.  gr.  of  solid)  :  {spec.  gr.  of  fluid)  -^  AR^  :  AM^ 

[i(AM-lpf:AM'], 
the  solid  will  rest  in  the  position  in  which  its  axis  AM  is  vertical; 

ill)  if 

{spec,  gr.  of  solid)  :  (spec,  gr.  of  fluid)  <  AR^  :  AM^ 

but  >  Q1Q3'  :  AM\ 

the  solid  will  not  rest  with  its  base  touching  the  surface  of  the 
fluid  in  one  point  only,  but  in  such  a  position  that  its  base  does 
not  touch  the  surface  at  any  point  and  its  axis  makes  with  the 
surface  an  angle  greater  than  U ; 

(III.  a)  if 
{spec.  gr.  of  solid)  :  {spec.  gr.  of  fluid)  =  Q^Q^^ :  AM^, 
the  solid  will  rest  and  remain  in  the  position  in  which  the  base 
touches  the  surface  of  the  fluid  at  one  point  only  and  the  axis 
makes  with  the  surface  an  angle  equal  to  U ; 

(III.  b)  if 

{spec.  gr.  of  solid)  :  {spec.  gr.  of  fluid)  =  PiPs^ :  AM^, 
the  solid  will  rest  with  its  base  touching  the  surface  of  the  fluid 
at  one  point  only  and  with  its  axis  inclined  to  the  surface  at  an 
angle  equal  to  Ti ; 

(IV.)  */ 
(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  >  P1P3' :  AM' 

but  <  Q^Q,"  :  AM% 
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the  solid  will  rest  and  remain  in  a  position  with  its  base  more 
submerged ; 

(V.)  if 

{spec.  gr.  of  solid)  :  {spec.  gr.  of  fluid)  <  P1P3* :  AM^, 

the  solid  will  rest  in  a  position  in  which  its  axis  is  inclined  to  the 
surface  of  the  fluid  at  an  angle  less  than  Ti,  but  so  that  the  base 
does  not  even  touch  the  surface  at  one  point 

(Proof.) 

(I.)     Since  AM  >  |p,  and 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  ^  {AM  -  ^pf  :  AM^, 

it  follows,  by  Prop.  4,  that  the  solid  will  be  in  stable  equilibrium 
with  its  axis  vertical. 

(II.)     In  this  case 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  <  AR^ :  AM^ 

but  >  Q,Q,'  :  AM\ 


Suppose  the  ratio  of  the  specific  gravities  to  be  equal  to 
V  :  AM\ 
so  that  I  <  AR  but  >  Q1Q3. 

Place  P^V^  between  the  two  parabolas  BABi,  BP^Q^M  equal 
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to  I  and  parallel  to  AM^]  and  let  P'V  meet  the  intermediate 
parabola  in  F\ 

Then,  by  the  same  proof  as  before,  we  obtain 

PT'  =  2J"F. 

Let  P'T\  the  tangent  at  P'  to  the  outer  parabola,  meet 
MA  in  T\  and  let  P'N'  be  the  ordinate  at  P\ 

Join  jBF'  and  produce  it  to  meet  the  outer  parabola  in  Q'. 
Let  OQ2-P2  meet  P'F  in  /. 

Now,  since,  in  two  similar  and  similarly  situated  parabolic 

*  Archimedes  does  not  give  the  solution  of  this  problem,  but  it  can  be 
supplied  as  follows. 

Let  BEiQ^-t  BRQ2  be  two  similar  and  similarly  situated  parabolic  segments 
with  their  bases  in  the  same  straight  line,  and  let  BE  be  the  common  tangent 
at  J5. 


Suppose  the  problem  solved,  and  let  EBRiO,  paraUel^;to  the  axes,  meet  the 
parabolas  in  B,  R-^  and  BQ^  in  O,  making  the  intercept^J^i^j  equal  to  I. 
Then,  we  have,  as  usual, 

ERi:EO  =  BO:BQ^ 

=B0.BQ^:BQt^.BQ2, 
and  ER  :  EO=BO  :  BQ^ 

:=BO,BQi:BQ^,BQ^. 
By  subtraction, 

RR^  :  EO=:BO.Q^Q^  :  BQ^.BQ^, 

or  BO,OE=l. ??i-l:^2^  which  is  known. 

V1V2 

And  the  ratio  BO  :  OE  is  known.    Therefore  B0%  or  OE^,  can  be  found,  and 
therefore  0. 
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segments  with  bases  BM,  BB^  in  the  same  straight  line,  BV\  BQ' 
are  drawn  making  the  same  angle  with  the  bases, 

BV  :BQ'^BM:BB,* 
=  1:2, 
so  that  BV'=  TQ\ 

Suppose  the  segment  of  the  paraboloid  placed  in  the  fluid, 
as  described,  with  its  axis  inclined  at  an  angle  to  the  vertical, 
and  with  its  base  touching  the  surface  at  one  point  B  only. 
Let  the  solid  be  cut  by  a  plane  through  the  axis  and  per- 


pendicular to  the  surface  of  the  fluid,  and  let  the  plane  intersect 
the  solid  in  the  parabolic  segment  BAB^  and  the  plane  of  the 
surface  of  the  fluid  in  BQ, 

Take  the  points  C,  0  on  AM  as  before  described.     Draw 

*  To  prove  this,  suppose  that,  in  the  figure  on  the  opposite  page,  BR^  is 
produced  to  meet  the  outer  parabola  in  B^ . 

We  have,  as  before, 

ER^  :  EO=BO  :  BQi, 

ER  :  EO=B0  :  BQ^, 
whence  ERji  ER^BQ^:  BQ^. 

And,  since  R^  is  a  point  within  the  outer  parabola, 

ER  :  ER^=BR^  :  BR^,  in  like  manner. 
Hence  BQ^  :  BQ^=:BR^  :  BR^. 

H.  A.  19 
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the  tangent  parallel  to  BQ  touching  the  parabola  in  P  and 
meeting' jlJf  in  T;  and  let  PFbe  the  diameter  bisecting  BQ 
(i.e.  the  axis  of  the  immersed  portion  of  the  solid). 

Then 

P  :  AM^  =  (spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid) 

=  (portion  immersed) :  (whole  solid) 

=  PV  :  AM\ 

whence  P'V'^l^PV. 

Thus  the  segments  in  the  two  figures,  namely  BP'Q\ 
BPQ,  are  equal  and  similar. 

Therefore  z  PTN  =  Z  P'TN'. 

Also         AT==AT\  AN==AN\  PN=^P'N\ 

Now,  in  the  first  figure,  P'I<  2IT. 

Therefore,  if  OL  be  perpendicular  to  PF  in  the  second 
figure, 

PL<2LV, 

Take  P  on  iF  so  that  PP=  2PF,  i.e.  so  that  F  is  the  centre 
of  gravity  of  the  immersed  portion  of  the  solid.  And  G  is  the 
centre  of  gravity  of  the  whole  solid.  Join  FG  and  produce  it  to 
H^  the  centre  of  gravity  of  the  portion  above  the  surface. 

Now,  since  GO  =  ^p,  GL  is  perpendicular  to  the  tangent  at 
P  and  to  the  surface  of  the  fluid.  Thus,  as  before,  we  prove 
that  the  solid  will  not  rest  with  B  touching  the  surface,  but  will 
turn  in  the  direction  of  increasing  the  angle  PTN, 

Hence,  in  the  position  of  rest,  ,the  axis  AM  must  make  with 
the  surface  of  the  fluid  an  angle  greater  than  the  angle  U  which 
the  tangent  at  Qi  makes  with  AM, 

(III.  a)    In  this  case 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  =  Q^Q^  :  AM^. 

Let  the  segment  of  the  paraboloid  be  placed  in  the  fluid  so 
that  its  base  nowhere  touches  the  surface  of  the  fluid,  and  its 
axis  is  inclined  at  an  anofle  to  the  vertical. 
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Let  the  plane  through  AM  perpendicular  to  the  surface  of 
the  fluid  cut  the  paraboloid  in  the  parabola  BAB'  and  the 


plane  of  the  surface  of  the  fluid  in  QQ\  Let  PT  be  the  tangent 
parallel  to  QQ\  PV  the  diameter  bisecting  QQ\  PN  the  ordinate 
at  P. 


Divide  J.  ilf  as  before  at  0,  0. 


19—2 
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In  the  other  figure  let  QiN'  be  the  ordinate  at  Qi.  Join 
BQ^  and  produce  it  to  meet  the  outer  parabola  in  q.  Then 
-BQs  =  Qa?,  and  the  tangent  Qi  U  is  parallel  to  Bq.     Now 

QiQg^  :  J.M ^  =  (spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid) 
=  (portion  immersed)  :  (whole  solid) 
=  PV  :  AM\ 

Therefore  Q^Q^  =  PV\  and  the  segments  QPQ\  BQ^q  of  the 
paraboloid  are  equal  in  volume.  And  the  base  of  one  passes 
through  B,  while  the  base  of  the  other  passes  through  Q,  a  point 
nearer  to  A  than  B  is. 

It  follows  that  the  angle  between  QQ^  and  BB'  is  less  than 
the  angle  B^Bq, 

Therefore  Z  U<Z.PTN, 

whence  AN'  >  AN, 

and  therefore  NV  (or  Q,Q,)  <  PL, 

where  OL  is  perpendicular  to  PV, 

It  follows,  since  Q1Q2  =  ^Q^Qs,  that 
PL>2LV, 

Therefore  F,  the  centre  of  gravity  of  the  immersed  portion 
of  the  solid,  is  between  P  and  i,  while,  as  before,  GL  is  perpen- 
dicular to  the  surface  of  the  fluid. 

Producing  FC  to  H,  the  centre  of  gravity  of  the  portion  of 
the  solid  above  the  surface,  we  see  that  the  solid  must  turn  in 
the  direction  of  diminishing  the  angle  PTN  until  one  point  B 
of  the  base  just  touches  the  surface  of  the  fluid. 

When  this  is  the  case,  we  shall  have  a  segment  BPQ  equal 
and  similar  to  the  segment  BQiq,  the  angle  PTN  will  be  equal 
to  the  angle  Uy  and  AN  will  be  equal  to  AN\ 

Hence  in  this  case  PL  =  2LV,  and  F,  L  coincide,  so  that  F, 
(7,  H  are  all  in  one  vertical  straight  line. 

Thus  the  paraboloid  will  remain  in  the  position  in  which 
one  point  B  of  the  base  touches  the  surface  of  the  fluid,  and  the 
axis  makes  with  the  surface  an  angle  equal  to  U. 
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(III.  6)     In  the  case  where 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  =  P^P^  :  AM\ 

we  can  prove  in  the  same  way  that,  if  the  solid  be  placed  in  the 
fluid  so  that  its  axis  is  inclined  to  the  vertical  and  its  base  does 
not  anywhere  touch  the  surface  of  the  fluid,  the  solid  will  take 
up  and  rest  in  the  position  in  which  one  point  only  of  the  base 
touches  the  surface,  and  the  axis  is  inclined  to  it  at  an  angle 
equal  to  2\  (in  the  figure  on  p.  284). 

(IV.)     In  this  case 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  >  P^P^  :  AM^ 

but  <  q,Qi  :  AM\ 

Suppose  the  ratio  to  be  equal  to  V" :  J.if  ^,  so  that  I  is  greater 
than  P1P3  but  less  than  Q1Q3. 

Place  P'V  between  the  parabolas  BP^Q^,  BP^Qs  so  that 
P'V^  is  equal  to  I  and  parallel  to  AM,  and  let  P'V  meet  the 
intermediate  parabola  in  F'  and  OQJP2  in  !• 


Join  B  V  and  produce  it  to  meet  the  outer  parabola  in  q. 

Then,  as  before,  5F'  =  V'q,  and  accordingly  the  tangent 
P'T  at  P'  is  parallel  to  Bq,     Let  P'N'  be  the  ordinate  of  P\ 
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1.  Now  let  the  segment  be  placed  in  the  fluid,  first,  with 
its  axis  so  inclined  to  the  vertical  that  its  base  does  not 
anywhere  touch  the  surface  of  the  fluid. 


Let  the  plane  through  AM  perpendicular  to  the  surface  of 
the  fluid  cut  the  paraboloid  in  the  parabola  BAB^  and  the 
plane  of  the  surface  of  the  fluid  in  QQ\  Let  PT  be  the 
tangent  parallel  to  QQ\  PV  the  diameter  bisecting  QQ\ 
Divide  AM  at  G,  0  as  before,  and  draw  OL  perpendicular  to  PV. 

Then,  as  before,  we  have  PV^l=:P'V\ 

Thus  the  segments  BP%  QPQ'  of  the  paraboloid  are  equal 
in  volume ;  and  it  follows  that  the  angle  between  QQ'  and  BB' 
is  less  than  the  angle  BiBq. 

Therefore  Z  P'TN'  <  Z  PTIl, 

and  hence  AN'  >  AN, 

so  that  NO  >  NV, 

i.e.  PL>P'I 

>P'F\  a  fortiori. 

Thus  PL>2LV^  so  that  F,  the  centre  of  gravity  of  the 
immersed  portion  of  the  solid,  is  between  L  and  P,  while  CL 
is  perpendicular  to  the  surface  of  the. fluid. 
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If  then  we  produce  FC  to  H,  the  centre  of  gravity  of  the 
portion  of  the  solid  above  the  surface,  we  prove  that  the  solid 
will  not  rest  but  turn  in  the  direction  of  diminishing  the 
angle  PTN, 

2.  Next  let  the  paraboloid  be  so  placed  in  the  fluid  that 
its  base  touches  the  surface  of  the  fluid  at  one  point  B  only, 
and  let  the  construction  proceed  as  before. 

Then  PV=-P'V\  and  the  segments  BPQ,  BP'q  are  equal 
and  similar,  so  that 

ZPTN^ZPYW. 


It  follows  that 
and  therefore 
whence 


P'I  =  PL, 
PL>2LV. 


N'O. 


Thus  F  again  lies  between  P  and  i,  and,  as  before,  the 
paraboloid  will  turn  in  the  direction  of  diminishing  the  angle 
PTNj  i.e.  so  that  the  base  will  be  more  submerged. 

(V.)    In  this  case 

(spec.  gr.  of  solid)  :  (spec.  gr.  of  fluid)  <  PiPs^  :  AM\ 

If  then  the  ratio  is  equal  to  P  :  AM\  I  <  P^P^.     Place  P'V 
between  the  parabolas  BPiQi  and  BP^Q^  equal  in  length  to  I 
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and  parallel  to  AM,     Let  P'  V  meet  the  intermediate  parabola 
in  r  and  OP^  in  /. 

Join  BV  and  produce  it  to  meet  the  outer  parabola  in  g. 
Then,  as  before,  BV  =  Tq,  and  the  tangent  P'T  is  parallel 
to  Bq, 


1.     Let  the  paraboloid  be  so  placed  in  the  fluid  that  its 
base  touches  the  surface  at  one  point  only. 


ON   FLOATING  BODIES   II.  297 

Let  the  plane  through  AM  perpendicular  to  the  surface 
of  the  fluid  cut  the  paraboloid  in  the  parabolic  section  BAB' 
and  the  plane  of  the  surface  of  the  fluid  in  BQ. 

Making  the  usual  construction,  we  find 
PV=l  =  P'V\ 
and  the  segments  BPQ,  BP^q  are  equal  and  similar. 

Therefore  Z  PTN  =  Z  PTN', 

and  AN  =  AN\NV  =  NO, 

Therefore  PL  =  P'l, 

whence  it  follows  that    PL  <  2LV. 

Thus  F,  the  centre  of  gravity  of  the  immersed  portion  of  the 
solid,  lies  between  L  and  F,  while  CL  is  perpendicular  to  the 
surface  of  the  fluid. 

Producing  FO  to  H,  the  centre  of  gravity  of  the  portion 
above  the  surface,  we  prove,  as  usual,  that  there  will  not  be 
rest,  but  the  solid  will  turn  in  the  direction  of  increasing  the 
angle  PTJSf,  so  that  the  base  will  not  anywhere  touch  the 
surface. 

2.  The  solid  will  however  rest  in  a  position  where  its  axis 
makes  with  the  surface  of  the  fluid  an  angle  less  than  Tj. 
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For  let  it  be  placed  so  that  the  angle  PTN  is  not  less 
than  3^1 . 

Then,  with  the  same  construction  as  before,  PV^l=^P'V'. 
And,  since  z.T^Z.T^, 

and  therefore  NO  H:  i\^iO,  where  P^N^  is  the  ordinate  of  Pi. 

Hence  PL^P.P,. 

But  PiP^  >  P'F\ 

Therefore  PL  >  |PF, 

so  that  F,  the  centre  of  gravity  of  the  immersed  portion  of 
the  solid,  lies  between  P  and  L. 

Thus  the  solid  will  turn  in  the  direction  of  diminishing 
the  angle  PTN  until  that  angle  becomes  less  than  T^. 


[As  before,  if  x,  x'  be  the  distances  from  T  of  the  orthogonal 
projections  of  (7,  F  respectively  on  TP,  we  have 

a;'  -  ^  =  cos  ^  ll  (cot'  5  +  2)  - 1  (A  -  jfc)| (1), 

where  h  =  AM,  k  =  PV, 

Also,  if  the  base  BB'  touch  the  surface  of  the  fluid  at  one 
point  5,  we  have  further,  as  in  the  note  following  Prop.  6, 


\/p/i  =  Vj9A;-f|cot(9 (2), 

and  A-i  =  \/^fecot(9-|cof'6'  (3). 

Therefore,  to  find  the  relation  between  h  and  the  angle  6  at 
which  the  axis  of  the  paraboloid  is  inclined  to  the  surface  of  the 
fluid  in  a  position  of  equilibrium  with  B  just  touching  the 
surface,  we  eliminate  k  and  equate  the  expression  in  (1)  to 
zero;  thus 

I  (cot*  ^  4-  2)  - 1  (\/p:cot  0  -|  cot'-'  e^  =  0, 
or  5pcot'5-8Vp:cot^  +  6^  =  0  (4). 
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The  two  values  of  6  are  given  by  the  equations 


o\/pcote  =  4^\/h±\/l6h'-30p (5). 

The  lower  sign  corresponds  to  the  angle  CT,  and  the  upper 
sign  to  the  angle  Ti,  in  the  proposition  of  Archimedes,  as  can 
be  verified  thus. 

In  the  first  figure  of  Archinaedes  (p.  284  above)  we  have 

^TV15""2 
If  P^P^Pz  meet  BM  in  D\  it  follows  that 


/¥f?^s)*,^^A 


'\'    5  Us      2; -10 


MD 
MD' 


and  ,^  n/  ^  =  ^^2  +  M^D 


==i^p^+-v/t(ti-l)- 


Now,  from  the  property  of  the  parabola, 
cot  U=^2MDIp, 
cotT,  =  2MD'/p, 


so  that  I  cot  |y  [  =  g  Vp/t  +  y  -^  (^  Y 


4th  ^p 
"5~2 


U 


or  5  Vp  cot  ]  ;p  [  =  4  V/i  +  Vie  A  -  SOp, 

which  agrees  with  the  result  (5)  above. 

To  find  the  corresponding  ratio  of  the  specific  gravities,  or 
lc^lK\  we  have  to  use  equations  (2)  and  (5)  and  to  express  k  in 
terms  of  h  and  p. 
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Equation  (2)  gives,  on  the  substitution  in  it  of  the  value  of 
cot  6  contained  in  (5), 


whence  we  obtain,  by  squaring, 


k==Uh-j%P  +  ^'^h{lQh-SOp) (6). 

The  lower  sign  corresponds  to  the  angle  U  and  the  upper  to 
the  angle  Ti,  and,  in  order  to  verify  the  results  of  Archimedes, 
we  have  simply  to  show  that  the  two  values  of  k  are  equal  to 
QiQz>  PiPa  respectively. 

Now  it  is  easily  seen  that 

QiQs  =  h/2  ~  MD'/p  +  2M,Dyp, 
P,P,  =  A/2  -«  MD'yp  +  2M,D"lp. 

Therefore,  using  the  values  of  MD,  MD\  M^D,  M^D'  above 
found,  we  have 

QiQs\_h     3/4A_^\      7_^     6     /3A/M_p 
P,P,}2'^o\lb     2/      50*5V5U5     2 

^Uf^-f6P±  i-E  V/i(16A-30i?), 
which  are  the  values  of  k  given  in  (6)  above.] 
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Proposition    1 . 


If  two  circles  touch  at  J.,  and  ifBD,  EF  he  parallel  diameters 
in  them  J  ADF  is  a  straight  line. 

[The  proof  in  the  text  only  applies  to  the  particular  case 
where  the  diameters  are  perpendicular  to  the  radius  to  the 
point  of  contact,  but  it  is  easily  adapted  to  the  more  general 
case  by  one  small  change  only.] 

Let  0,  C  be  the  centres  of  the  circles,  and  let  OG  be  joined 
and  produced  to  A.  Draw  DH  parallel  to  AO  meeting  OF 
inH, 


Then,  since  OH=GD  =  CA , 

and  OF=OA, 

we  have,  by  subtraction, 

HF^GO^DH. 

Therefore  z  HDF  =  Z  HFD. 
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Thus  both  the  triangles  GAD,  HDF  are  isosceles,  and  the 
third  angles  AGD,  DHF  in  each  are  equal.  Therefore  the 
equal  angles  in  each  are  equal  to  one  another,  and 

Add  to  each  the  angle  GDF,  and  it  follows  that 
/.ADG-\-^GDF^^GDF-v^I)FH 
=  (two  right  angles). 
Hence  ADF  is  a  straight  line. 
The  same  proof  applies  if  the  circles  touch  externally*. 

Proposition  2. 

Let  AB  he  the  diameter  of  a  semicircle,  and  let  the  tangents 
to  it  at  B  and  at  any  other  point  D  onit  meet  in  T,  If  now  BE 
be  drawn  perpendicular  to  AB^  and  if  AT,  DE  meet  in  F, 

DF=:FE. 

Produce  AD  to  meet  BT  produced  in  H.  Then  the  angle 
ADB  in  the  semicircle  is  right;  therefore  the  angle  BDH  is 
also  right.     And  TB,  TD  are  equal. 


Therefore   T  is   the   centre  of  the  semicircle  on  BU  as 
diameter,  which  passes  through  I). 

Hence  HT=^TB, 

And,  since  DE,  HB  are  parallel,  it  follows  that  DF-  FE. 

*  Pappus  assumes  the  result  of  this  proposition  in  connexion  with  the 
dpprjKoi  (p.  214,  ed.  Hultsch),  and  he  proves  it  for  the  case  where  the  circles 
touch  externally  (p.  840). 
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Proposition  3. 

Let  P  he  any  point  on  a  segment  of  a  circle  whose  base  is 

AB,  and  let  FN  he  perpendicular  to  AB,     Take  D  on  AB  so 

that  AN  =  ND,    If  now  PQ  he  an  arc  equal  to  the  arc  PAy  and 

BQ  he  joined, 

BQ,  BD  shall  he  equal*. 


Join  PA,  PQ,  PD,  DQ, 

*  The  segment  in  the  figure  of  the  ms.  appears  to  have  been  a  semicircle, 
though  the  proposition  is  equally  true  of  any  segment.  But  the  case  where  the 
segment  is  a  semicircle  brings  the  proposition  into  close  connexion  with  a 
proposition  in  Ptolemy's  fxeydXr]  o-iJira^ts,  I.  9  (p.  31,  ed.  Halma ;  cf.  the  repro- 
duction in  Cantor's  Gesch.  d.  Mathematik,  I.  (1894),  p.  389).  Ptolemy's  object  is 
to  connect  by  an  equation  the  lengths  of  the  chord  of  an  arc  and  the  chord  of  half 
the  arc.  Substantially  his  procedure  is  as  follows.  Suppose  AP,  PQ  to  be 
equal  arcs,  AB  the  diameter  through  A ;  and  let  AP,  PQ,  AQ,  PB,  QB  be  joined. 
Measure  BD  along  BA  equal  to  BQ.  The  perpendicular  PN  is  now  drawn,  and 
it  is  proved  that  PA  =PD,  and  AN=ND, 

Then         AN^i{BA-BD)  =  ^(BA~BQ)  =  i{BA-^/BA^^AQ^)' 
And,  by  similar  triangles,         AN  :  AP=AP  :  AB. 

Therefore  AF^=AB.AN 

=  ^{AB-  v/^£2^r7Q2) .  AB, 

This  gives  AP  in  terms  of  ^Q  and  the  known  diameter  AB.  If  we  divide  by 
AB^  throughout,  it  is  seen  at  once  that  the  proposition  gives  a  geometrical 
proof  of  the  formula 

sin2-  =  J(l-cosa). 

The  case  where  the  segment  is  a  semicircle  recalls  also  the  method  used  by 
Archimedes  at  the  beginning  of  the  second  part  of  Prop.  3  of  the  Measurement 
of  a  circle.    It  is  there  proved  that,  in  the  figure  above, 

AB-\'BQiAQ=BPiPA, 
or,  if  we  divide  the  first  two  terms  of  the  proposition  by  AB^ 

( 1  +  cos  a)/sin  a  =  cot  -  . 
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Then,  since  the  arcs  PA,  PQ  are  equal, 

PA  =  PQ. 
But,  since  AN  =  ND,  and  the  angles  at  N  are  right, 

PA  =  PD. 
Therefore  PQ  =  PD, 

and  ZPQD  =  ZPDQ. 

Now,  since  A,  P,  Q,  B  are  concyclic, 

ZPAD-^Z  PQB  =  (two  right  angles), 
whence  Z  PDA  +  Z  PQ5  =  (two  right  angles) 

.    =ZPDA+ZPDB. 
Therefore  Z  PQB  =  Z  PZ)J5 ; 

and,  since  the  parts,  the  angles  PQD,  PDQ,  are  equal, 

ZBQD^ZBBQ, 
and  BQ  =  PZ). 

Proposition  4. 

If  AB  he  the  diameter  of  a  semicircle  and  N  any  point  on  AB, 
and  if  semicircles  be  described  within  the  first  semicircle  and 
having  AN,  BN  as  diameters  respectively,  the  figure  included 
between  the  circumferences  of  the  three  semicircles  is  ''what 
Archimedes  called  an  dp^rjXo^^^' ;  and  its  area  is  equal  to  the 
circle  on  PN  as  diameter,  where  PN  is  perpendicular  to  AB 
and  meets  the  original  semicircle  in  P. 

For  AB'  =  AN'  +  NB'  +  2AN  .  NB 

^AN'  +  NB'^2PN\ 

But  circles  (or  semicircles)  are  to  one  another  as  the  squares  of 
their  radii  (or  diameters). 

*  AppriKos  is  literally  •  a  shoemaker's  knife.'    Cf.  note  attached  to  the  remarks 
on  the  Liber  Assumptorum  in  the  Introduction,  Chapter  II. 
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Hence 
(semicircle  on  AB)  =  (sum  of  semicircles  on  AN,  NB) 
+  2  (semicircle  on  PiV). 


That  is,  the  circle  on  PN  as  diameter  is  equal  to  the 
difference  between  the  semicircle  on  AB  and  the  sum  of  the 
semicircles  on  AW,  NB,  i.e.  is  equal  to  the  area  of  the  dp^7fKo<;. 


Proposition  5. 

Let  AB  he  the  diameter  of  a  semicircle,  C  any  point  on  AB, 
and  CD  perpendicular  to  it,  and  let  semicircles  be  described 
within  the  first  semicircle  and  having  AG,  GB  as  diameters. 
Then,  if  two  circles  be  drawn  touching  GD  on  different  sides 
and  each  touching  two  of  the  semicircles,  the  circles  so  drawn 
will  he  equal. 

Let  one  of  the  circles  touch  GB  at  E,  the  semicircle  on  AB 
in  F,  and  the  semicircle  on  AG  in  G. 

Draw  the  diameter  EH  of  the  circle,  which  will  accordingly 
be  perpendicular  to  GB  and  therefore  parallel  to  AB. 

Join  FH,  HA,  and  FE,  EB.  Then,  by  Prop.  1,  FHA,  FEB 
are  both  straight  lines,  since  EH,  AB  are  parallel. 

For  the  same  reason  AGE,  GGH  are  straight  lines. 

Let  AF  produced  meet  GD  in  D,  and  let  AE  produced 
meet  the  outer  semicircle  in  /.     Join  BI,  ID. 

H.  A.  20 
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Then,  since  the  angles  AFB,  AGD  are  right,  the  straight 
lines  AD,  AB  are  such  that  the  perpendiculars  on  each  from  the 
extremity  of  the  other  meet  in  the  point  E,  Therefore,  by  the 
properties  of  triangles,  AE  is  perpendicular  to  the  line  joining 
B  to  D. 


But  AE  is  perpendicular  to  BI. 

Therefore  BID  is  a  straight  line. 

Now,  since  the  angles  at  (r,  /  are  right,  GH  is  parallel 
to  BD, 

Therefore  AB:BC=:AD:DH 

^Aa:HE, 
so  that  AC  ,CB^AB  .HE. 

In  like  manner,  if  d  is  the  diameter  of  the  other  circle,  we  can 
prove  that  AG  .CB  =  AB  .d. 

Therefore  d  =  HE,  and  the  circles  are  equal*. 

*  The  property  upon  which  this  result  depends,  viz.  that 
AB  :  BG  =  AG:  HE, 
appears  as  an  intermediate  step  in  a  proposition  of  Pappus  (p.  230,  ed.  Hultsch) 
which  proves  that,  in  the  figure  above, 

AB:BC=GE^:HEK 
The  truth  of  the  latter  proposition  is  easily  seen.    For,  since  the  angle  CEH 
is  a  right  angle,  and  EG  is  perpendicular  to  CH, 
CE^iEH^=CG  :  GH 
=AG  :  HE, 
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[As  pointed  out  by  an  Arabian  Scholiast  Alkauhi,  this 
proposition  may  be  stated  more  generally.  If,  instead  of  one 
point  0  on  AB,  we  have  two  points  (7,  B,  and  semicircles  be 
described  on  AC,  BD  as  diameters,  and  if,  instead  of  the 
perpendicular  to  AB  through  0,  we  take  the  radical  axis  of  the 
two  semicircles,  then  the  circles  described  on  different  sides  of 
the  radical  axis  and  each  touching  it  as  well  as  two  of  the 
semicircles  are  equal.  The  proof  is  similar  and  presents  no 
difficulty.] 

Proposition  6. 

Let  AB,  the  diameter  of  a  semicircle,  he  divided  at  G  so  that 
AO=^GB  [or  in  any  ratio'].  Describe  semicifxles  within  the 
first  semicircle  and  on  AG,  GB  as  diameters,  and  suppose  a 
circle  drawn  touching  all  three  semicircles.  If  GH  he  the 
diameter  of  this  circle,  to  find  the  relation  hetween  GH  and  AB, 

Let  OH  be  that  diameter  of  the  circle  which  is  parallel  to 
AB,  and  let  the  circle  touch  the  semicircles  on  AB,  AG,  GB 
in  D,  E,  F  respectively. 

Join  AG,  GD  and  BH,  HR  Then,  by  Prop.  1,  AOD,  BHD 
are  straight  lines. 


For  a  like  reason  A  EH,  BFO  are  straight  lines,  as  also 
are  GEO,  GFK 

Let  AD  meet  the  semicircle  on  AG  in  I,  and  let  BD  meet 
the  semicircle  on  GB  in  K,    Join  GI,  GK  meeting  AE^  BF 

20—2 
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respectively  in  L,  M,  and  let  OL,  HM  produced  meet  AB  in 
N,  P  respectively. 

Now,  in  the  triangle  AOO,  the  perpendiculars  from  A,  C  on 
the  opposite  sides  meet  in  L,  Therefore,  by  the  properties  of 
triangles,  OLN  is  perpendicular  to  AC, 

Similarly  HMP  is  perpendicular  to  OB. 

Again,  since  the  angles  at  /,  jfiT,  JD  are  right,  GK  is  parallel 
to  AD,  and  01  to  BD. 

Therefore  AO:OB==AL:LH 

=^AN:NP, 
and  BO:GA^BM:MQ 

^BPiPN. 

Hence  AN :  NP==NP:  PB, 

or  AN,  JVP,  PB  are  in  continued  proportion*. 

Now,  in  the  case  where  AO  =  ^  OB, 

AN^%NP^\PB, 
whence     BP  :  PN  :  NA  :  AB^^:  6  :  9  :  19. 

Therefore  GH  ^  NP  =  j%  AB, 

And  similarly  GH  can  be  found  when  AG  :  OB  is  equal  to 
any  other  given  ratio  f. 

*  This  same  property  appears  incidentally  in  Pappus  (p.  226)  as  an  inter- 
mediate step  in  the  proof  of  the  *'  ancient  proposition  "  alluded  to  below. 

t  In  general,  if  ^C  :  0-B=X  :  1,  we  have 

BPiPN'.NA:  AB  =  l  :  X  :  X'^ :  (l  +  X+X^), 
and  GH:AB=\:  (l  +  X  +  X^). 

It  may  be  interesting  to  add  the  enunciation  of  the  "ancient  proposition" 
stated  by  Pappus  (p.  208)  and  proved  by  him  after  several  auxiliary  lemmas. 
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Proposition  7. 

If  circles  be  circumscribed  about  and  inscribed  in  a  square, 
the  circumscribed  circle  is  double  of  the  inscribed  circle. 

For  the  ratio  of  the  circumscribed  to  the  inscribed  circle  is 
equal  to  that  of  the  square  on  the  diagonal  to  the  square  itself, 
i.e.  to  the  ratio  2:1. 

Proposition  8. 

If  A  B  be  any  chord  of  a  circle  whose  centre  is  0,  and  if  AB 
be  produced  to  G  so  that  BG  is  equal  to  the  radius;  if  further  GO 
meet  the  circle  in  D  and  be  produced  to  meet  the  circle  a  second 
time  in  E,  the  arc  AE  will  be  equal  to  three  times  the  arc  BD. 


Draw  the  chord  EF  parallel  to  AB,  and  join  OB,  OF. 

Let  an  dp^rjXos  be  formed  by  three  semicircles  on  AB,  AG,  CB  as  diameters,  and 
let  a  series  of  circles  be  described,  the  first  of  which  touches  all  three  semicircles, 
while  the  second  touches  the  first  and  two  of  the  semicircles  forming  one  end 
of  the  dp^riXos,  the  third  touches  the  second  and  the  same  two  semicircles,  and 
so  on.  Let  the  diameters  of  the  successive  circles  he  dj,  d^,  d.^,...  their  centres 
Oj,  O2,  O3,...  and  OyNi,  O2N2,  OgiVg,...  the  perpendiculars  from  the  centres  on 
AB,     Then  it  is  to  be  proved  that 

O^N,=d„ 

02N2=2d2, 
O^N^=nd^. 
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Then,  since  the  angles  OEF,  OFE  are  equal, 

Z  GOF  =  2  z  OEF 

=  2z5(70,  by  parallels, 

=  2z50D,  since  £0  =  50. 
Therefore 

ZB0F==S/.B0D, 

so  that  the  arc  BF  is  equal  to  three  times  the  arc  BD, 

Hence  the  arc  AE,  which  is  equal  to  the  arc  BF,  is  equal  to 
three  times  the  arc  BD*, 


Proposition  9. 

If  in  a  circle  two  chords  AB,  OB  which  do  not  pass  through 
the  centre  intersect  at  right  angles,  then 

(arc  AD)  +  (arc  GB)  =  (arc  J[(7)  +  (arc  DB), 

Let  the  chords  intersect  at  0,  and  draw  the  diameter  EF 
parallel  to  AB  intersecting  GD  in 
H.    EF  will  thus  bisect  GD  at 
right  angles  in  H,  and 

(arc^i))  =  (arc^a). 
Also  EDF,   EGF   are    semi- 
circles, while 
(arc  ED)  =  (arc  EA)  +  (arc  AD\ 
Therefore 
(sum  of  arcs  GF,  EA,  JD)  =  (arc 
of  a  semicircle). 

And  the  arcs  AE,  BF  are  equal. 
Therefore 

(arc  GB)  +  (arc  AD)  =  (arc  of  a  semicircle). 

*  This  proposition  gives  a  method  of  reducing  the  trisection  of  any  angle, 
i.e.  of  any  circular  arc,  to  a  problem  of  the  kind  known  as  veiJcreij.  Suppose  that 
AE  is  the  arc  to  be  trisected,  and  that  EB  is  the  diameter  through  E  of  the  circle 
of  which  AE  is  an  arc.  In  order  then  to  find  an  arc  equal  to  one-third  of  AE, 
we  have  only  to  draw  through  A  a  line  ABC,  meeting  the  circle  again  in  B  and 
ED  produced  in  C,  such  that  BC  is  equal  to  the  radius  of  the  circle.  For  a 
discussion  of  this  and  other  v€^a-€is  see  the  Introduction,  Chapter  V. 
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Hence  the  remainder  of  the  circumference,  the  sum  of  the 
arcs  AG,  DB,  is  also  equal  to  a  semicircle;  and  the  proposition 
is  proved. 

Proposition  lO. 

Suppose  that  TA,  TB  are  two  tangents  to  a  circle,  while  TO 
cuts  it.  Let  BD  he  the  chord  through  B  parallel  to  TO,  and  let 
AD  meet  TO  in  E.  Then,  if  EH  he  drawn  perpendicular  to  BD, 
it  will  bisect  it  in  H. 

Let  AB  meet  TG  in  F,  and  join  BE, 

Now  the  angle  TAB  is  equal  to  the  angle  in  the  alternate 

segment,  i.e. 

^TAB  =  /.ADB 

=  Z  AET,  by  parallels. 


Hence  the  triangles  EAT,  AFT  have  one  augle  equal  and 
another  (at  T)  common.     They  are  therefore  similar,  and 

FT:AT=^AT:ET 
Therefore 

ET,TF^  TA' 

^TB\ 
It  follows  that  the  triangles  EBT,  BFT  are  similar. 
Therefore  Z  TEB  =  Z  TBF 

^Z.TAB, 

But  the  angle  TEB  is  equal  to  the  angle  EBD,  and  the 
angle  TAB  was  proved  equal  to  the  angle  EDB, 
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Therefore  Z  EDB  =  Z  EBD. 

And  the  angles  at  H  are  right  angles. 


It  follows  that 


BH  =  HD*, 


Proposition  11. 

If  two  chords  AB,  CD  in  a  circle  intersect  at  right  angles  in 
a  point  0,  not  being  the  centre,  then 

^  0'  +  BO'  +  CO'  +  DO'=^  {diameterf. 
Draw  the  diameter  GE,  and  join  AG,  GB,  AD,  BE. 

Then  the  angle  GAG  is  equal 
to  the  angle  GEB  in  the  same  seg- 
ment, and  the  angles  AOG,  EBG 
are  right;  therefore  the  triangles 
AOG,  EBG  are  similar,  and 

Z^AGO^ZEGB. 

It  follows  that  the  subtended 
arcs,  and  therefore  the  chords  AD, 
BE,  are  equal. 

*  The  figure  of  this  proposition  curiously  recalls  the  figure  of  a  problem 
given  by  Pappus  (pp.  836-8)  among  his  lemmas  to  the  first  Book  of  the  treatise 
of  Apollonius  On  Contacts  (wepi  iiracpojv).  The  problem  is,  Given  a  circle  and 
two  points  E,  F  (neither  of  which  is  necessarily,  as  in  this  case,  the  middle 
point  of  the  chord  of  the  circle  drawn  through  J5J,  F),  to  draw  through  E,  F 
respectively  two  chords  AD,  AB  having  a  common  extremity  A  and  such  that  DB 
is  parallel  to  EF,  The  analysis  is  as  follows.  Suppose  the  problem  solved,  BD 
being  parallel  to  FE.  Let  BT,  the  tangent  at  B,  meet  EF  produced  in  T.  {T 
is  not  in  general  the  pole  of  AB,  so  that  TA  is  not  generally  the  tangent  at  A.) 

Then  /  TBF=  L  BDA,  in  the  alternate  segment, 

=  z  AET,  by  parallels. 
Therefore  A,  E,  B,  T  are  concyclic,  and 

EF.FT=AF.FB. 
But,  the  circle  ADB  and  the  point  F  being  given,  the  rectangle  AF .  FB  is  given. 
Also  EF  is  given. 

Hence  FT  is  known. 

Thus,  to  make  the  construction,  we  have  only  to  find  the  length  of  FT  from 
the  data,  produce  EF  to  T  so  that  FT  has  the  ascertained  length,  draw  the 
tangent  TB,  and  then  draw  BD  parallel  to  EF.  DE,  BF  will  then  meet  in  A  on 
the  circle  and  will  be  the  chords  required. 


Thus 
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Proposition  12. 

If  AB  he  the  diameter  of  a  semicircle,  and  TP,  TQ  the 
tangents  to  it  from  any  point  T,  and  if  AQ,  BP  he  joined 
meeting  in  i?,  then  TR  is  perpendicular  to  AB. 

Let  TR  produced  meet  AB  in  if,  and  join  PA,  QB. 

Since  the  angle  APB  is  right, 

Z  PAB  4-  Z  PBA  =  (a  right  angle) 

=^zAQB. 


Add  to  each  side  the  angle  RBQ,  and 

Z  PAB  +  Z  QBA  =  (exterior)  Z  PJSQ. 

But  Z  TPE  =  z  P^P,  and  Z  TQE  =  Z  QBA, 

in  the  alternate  segments ; 
therefore  Z  TPi?  +  Z  TQE  =  Z  PPQ. 

It  follows  from  this  that  TP==TQ  =  TR. 

[For,  if  PT  be  produced  to  0  so  that  TO  =  TQ,  we  have 
.^T0Q  =  ZTQ0, 

And,  by  hypothesis,      Z  PPQ  =  Z  TPiJ  +  TQR. 

By  addition,  Z  POQ  +  Z  PPQ  =  z  TPE  +  OQP. 
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It  follows  that,  in  the  quadrilateral  OPRQ,  the  opposite 
angles  are  together  equal  to  two  right  angles.  Therefore  a 
circle  will  go  round  OPQR,  and  T  is  its  centre,  because 
TP^TO--  TQ.     Therefore  TR  =  TP,] 

Thus  Z  TRP  =  z  TPR  =  z  PAM, 

Adding  to  each  the  angle  PRM, 

Z  PAM+^  PRM=  Z  TRP  +  z  PRM 

=  (two  right  angles). 

Therefore        Z  J.P-B  +  Z  AMR  =  (two  right  angles), 

whence  Z  AMR  =  (a  right  angle)*. 


Proposition  13. 

//'  a  diameter  AB  of  a  circle  meet  any  chord  CD,  not  a 
diameter,  in  E,  and  if  AM,  BN  he  drawn  perpendicular  to  CD, 
then 

GN  =  DMf. 

Let  0  be  the  centre  of  the 
circle,  and  OH  perpendicular  to 
CD,  Join  BM,  and  produce  HO  to 
meet  BM  in  K, 

Then  CH-^HD. 

And,  by  parallels, 

since  BO  =  OA, 

BK  =  KM. 

Therefore  NH^HM. 

Accordingly  GN = DM. 


*  TM  is  of  course  the  polar  of  the  intersection  of  PQ,  AB,  as  it  is  the  line 
joining  the  poles  of  PQ,  AB  respectively. 

t  This  proposition  is  of  course  true  whether  M,  N  lie  on  CD  or  on  CD 
produced  each  way.  Pappus  proves  it  for  the  latter  case  in  his  first  lemma 
(p.  788)  to  the  second  Book  of  ApoUonius'  peiLxreLs. 
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Proposition  14. 

Let  AGB  he  a  semicircle  on  AB  as  diameter y  and  let  AD, 
BE  be  equal  lengths  measured  along  AB  from  A,  B  respectively. 
On  ADy  BE  as  diameters  describe  semicircles  on  the  side  towards 
G,  and  on  DE  as  diameter  a  semicircle  on  the  opposite  side.  Let 
the  perpendicular  to  AB  through  0,  the  centre  of  the  first  semi- 
circle, meet  the  opposite  semicircles  in  C,  F  respectively. 

Then  shall  the  area  of  the  figure  bounded  by  the  circumferences 
of  all  the  semicircles  {''which  Archimedes  calls  ' Salinon"'*)  be 
equal  to  the  area  of  the  circle  on  OF  as  diameter  f. 

By  Eucl.  II.  10,  since  ED  is  bisected  at  0  and  produced 
to^, 

EA'  +  AD'  =  2  (EO'  +  0A'\ 

and  CF=::OA-hOE  =  EA, 


*  For  the  explanation  of  this  name  see  note  attached  to  the  remarks  on  the 
Liber  Assumptorum  in  the  Introduction,  Chapter  II.  On  the  grounds  there 
given  at  length  I  believe  craXtvov  to  be  simply  a  Graecised  form  of  the  Latin 
word  salinxiniy  *  salt-cellar.' 

+  Cantor  {Gesch,  d.  Mathematik,  i.  p.  285)  compares  this  proposition 
with  Hippocrates'  attempt  to  square  the  circle  by  means  of  lunes,  but 
points  out  that  the  object  of  Archimedes  may  have  been  the  converse  of  that 
of  Hippocrates.  For,  whereas  Hippocrates  wished  to  find  the  area  of  a  circle 
from  that  of  other  figures  of  the  same  sort,  Archimedes'  intention  was  possibly 
to  equate  the  area  of  figures  bounded  by  different  curves  to  that  of  a  circle 
regarded  as  already  known. 
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Therefore 

AB'  +  DE'  =:  4  {EO'  +  OA')  =  2  (OF'  +  AD'). 

But  circles  (and  therefore  semicircles)  are  to  one  another  as 
the  squares  on  their  radii  (or  diameters). 

Therefore 

(sum  of  semicircles  on  AB,  DE) 

=  (circle  on  GF)  -I-  (sum  of  semicircles  on  AD,  BE). 
Therefore 

(area  of '  salinon ')  =  (area  of  circle  on  GF  as  diam.). 


Proposition  15. 

Let  AB  he  the  diameter  of  a  circle^  AG  a  side  of  an  in- 
scribed  regular  pentagon,  D  the  middle  point  of  the  arc  AG, 
Join  GD  and  produce  it  to  meet  BA  produced  in  E ;  join  AG, 
DB  meeting  in  F,  and  draw  FM  perpendicular  to  AB.     Then 

EM  =  {radius  of  circle)  *, 

Let  0  be  the  centre  of  the  circle,  and  join  DA,  DM,  DO, 
CB. 

Now  Z  J.  J5(7  =  I  (right  angle), 

and  ZABD=:Z  DBG  =  i  (right  angle), 

whence  Z  A  OD  =  |  (right  angle). 

*  Pappus  gives  (p.  418)  a  proposition  almost  identical  with  this  among  the 
lemmas  required  for  the  comparison  of  the  five  regular  polyhedra.  His  enunci- 
ation is  substantially  as  follows.  If  DH  be  half  the  side  of  a  pentagon  inscribed 
in  a  circle,  while  DH  is  perpendicular  to  the  radius  OHA,  and  if  HM  be  made 
equal  to  AH,  then  OA  is  divided  at  M  in  extreme  and  mean  ratio,  OM  being  the 
greater  segment. 

In  the  course  of  the  proof  it  is  first  shown  that  AD,  DM,  MO  are  all  equal, 
as  in  the  proposition  above. 

Then,  the  triangles  ODA,  DAM  being  similar, 

OA  :AD  =  AD  :  AM, 

or  (since  AD=:OM)  OA  :  OM^  OM  :  MA. 
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Further,  the  triangles  FOB,  FMB  are  equal  in  all  respects. 

Therefore,  in  the  triangles  DOB,  DMB,  the  sides  GB,  MB 
being  equal  and  BD  common,  while  the  angles  CBD,  MBD  are 
equal, 

Z  BOD  =  Z  BMD  =  I  (right  angle). 


But  Z  BCD  +  Z  BAD  =  (two  right  angles) 

^^BAD-^Z.DAE 
=  Z.BMD  +  zDMA, 
SO  that  Z.  DAE  =^  A  BCD, 

and  Z.BAD=^ZAMD. 

Therefore  AD=^MD. 

Now,  in  the  triangle  DM0, 

ZifOi)  =  I  (right  angle), 
Zi)if0  =  I  (right  angle). 
Therefore     Z  ODM = f  (right  angle)  =  AOD\ 
whence  OM  =  MD. 

Again  Z  ^DJ.  =  (supplement  of  ADO) 

=  ZGBA 
=  I  (right  angle) 
=  zODil/. 
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Therefore,  in  the  triangles  EDA,  ODM, 
^EDA=/:ODM, 
/.EAD^aOMD, 
and  the  sides  AD,  MD  are  equal 

Hence  the  triangles  are  equal  in  all  respects,  and 

EA^MO, 
Therefore  EM==AO, 


Moreover  DE^DO\  and  it  follows  that,  since  DE  is  equal 
to  the  side  of  an  inscribed  hexagon,  and  DC  is  the  side  of  an 
inscribed  decagon,  EG  is  divided  at  D  in  extreme  and  mean 
ratio  [i.e.  EG  :  ED==ED  :  DC]]  "and  this  is  proved  in  the 
book  of  the  Elements."  [Eucl.  xiii.  9,  "If  the  side  of  the 
hexagon  and  the  side  of  the  decagon  inscribed  in  the  same 
circle  be  put  together,  the  whole  straight  line  is  divided  in 
extreme  and  mean  ratio,  and  the  greater  segment  is  the 
side  of  the  hexagon."] 
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It  is  required  to  find  the  number  of  bulls  and  cows  of  each 
of  four  colours,  or  to  find  8  unknown  quantities.  The  first 
part  of  the  problem  connects  the  unknowns  by  seven  simple 
equations ;  and  the  second  part  adds  two  more  conditions  to 
which  the  unknowns  must  be  subject. 

Let  W,  w  be  the  numbers  of  white  bulls  and  cows  respectively, 


X,  X 

V 

„         black 

Y,y 

JJ 

„         yellow 

Z,z 

)) 

„       dappled 

First  part. 

(I) 

F=a+i)X4- 

Z  =  (i  +  i)Z+F (/3), 

2:  =  (i+|)F+F (7), 

(II)  w  =  {^  +  i){X-^x) (S).' 

^  =  (i  +  *)(^  +  ^) (e), 

^  =  (i  +  *)(i^  +  2/) (0. 

2/  =  a  +  l)(^  +  w) (v). 


Second  part 


If  +  X  =  a  square {d), 

Y-^  Z  =  B.  triangular  number (0- 
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[There  is  an  ambiguity  in  the  language  which  expresses  the 
condition  (0).  Literally  the  lines  mean  "  When  the  white  bulls 
joined  in  number  with  the  black,  they  stood  firm  (e/nireSop) 
with  depth  and  breadth  of  equal  measurement  (Icro/jLerpoc  et? 
^d0o<:  €69  €vp6(f  re) ;  and  the  plains  of  Thrinakia,  far-stretching 
all  ways,  were  filled  with  their  multitude"  (reading,  with 
Kj'umbiegel,  irXr^Oov^  instead  of  irXivBov).  Considering  that,  if 
the  bulls  were  packed  together  so  as  to  form  a  square  figure^ 
the  number  of  them  need  not  be  a  square  number,  since  a  bull 
is  longer  than  it  is  broad,  it  is  clear  that  one  possible  interpre- 
tation would  be  to  take  the  *  square'  to  be  a  square  figure,  and 
to  understand  condition  {6)  to  be  simply 

TF+  X  =  a  rectangle  (Le.  a  product  of  two  factors). 

The  problem  may  therefore  be  stated  in  two  forms : 

(1)  the  simpler  one  in  which,  for  the  condition  {6),  there  is 
substituted  the  mere  requirement  that 

TF+ X  =  a  product  of  two  whole  numbers ; 

(2)  the  complete  problem  in  which  all  the  conditions  have  to 
be  satisfied  including  the  requirement  {6)  that 

TTh-  X  =  a  square  number. 
The  simpler  problem  was  solved  by  Jul.  Fr.  Wurm  and  may 
be  called 

Wurm^s  Problem.  ^ 

The  solution  of  this  is  given  (together  with  a  discussion  of 
the  complete  problem)  by  Amthor  in  the  Zeitschrift  fur  Math, 
u.  Physik  {Hist.  litt.  Ahtheilung),  XXV.  (1880),  p.  156  sqq. 

Multiply  (a)  by  336,  (yS)  by  280,  (7)  by  126,  and  add;  thus 

297Tf=742r,  or   3M1F=2.7.53F {a!),  f 

Then  from  (7)  and  {^)  we  obtain 

891-^=1580F,  or   3M1^- 2*.  5.  797 (^0, 

and  99Z=    178F,  or  3M1Z  =  2.89F (7'). 

Again,  if  we  multiply  (S)  by  4800,  (e)  by  2800,  (^)  by  1260, 
(17)  by  462,  and  add,  we  obtain 

4657t(;  =  2800Z  + 1260^-1- 462F  +  143F; 
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and,  by  means  of  the  values  in  (a'),  (/3%  (y\  we  derive 
297.4657?^  =  24021207, 

or  3M1 .  4657^  =  2\  5 . 7  .  23 .  373F (8'). 

Hence,  by  means  of  (77),  (f),  (e),  we  have 

3M1.46572/  =  13. 46489  F W), 

3^4657<0  =  2^5.7.761F (O, 

and  3M1. 4657^  =  2. 17. 15991 F (rj'). 

And,  since  all  the  unknowns  must  be  whole  numbers,  we  see 
from  the  equations  (a),  (/8'), ...  W)  that  F  must  be  divisible  by 
3* .  11 .  4657,  i.e.  we  may  put 

F=  3M1 .  465771  =  41493877^. 

Therefore  the  equations  (a'),  (^'),...(i;')  give  the  following  values 
for  all  the  unknowns  in  terms  of  n,  viz. 

F  =  2 . 3 .  7 .  53 .  4^657n     =  10366482/^\ 

X  =  2,S\89AQ57n        =  7460514w 

F=3M1.4657n  =  4149387n 

^=2^  5.  79.465771        =  7358060^ 

w  =  2^3.5.7.23.373n=  7206360^1 

«  =  2. 3M7. 15991/1      =  4893246^1 

2/  =  3M3.464897i  =  5439213n 

z  =  2\B.5.7A1.761n=  25U820n) 

If  now  71  =  1,  the  numbers  are  the  smallest  which  will  satisfy 
the  seven  equations  (a),  (/3),...(7;);  and  we  have  next  to  find 
such  an  integral  value  for  n  that  the  equation  (t)  will  be 
satisfied  also.  [The  modified  equation  (0)  requiring  that  W  +  X 
must  be  a  product  of  two  factors  is  then  simultaneously 
satisfied.] 

Equation  (i)  requires  that 

where  q  is  some  positive  integer. 

H.  A.  21 


y (A). 
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Putting  for  F,  Z  their  values  as  above  ascertained,  we  have 
?^y^^^  =  (3M1  +  2\  5 .  79) .  4657n 

JU 

=  2471 .  mhin 

=  7.353.4657n. 

Now  q  is  either  even  or  odd,  so  that  either  q  —  2s,  or 
^  =  25  —  1,  and  the  equation  becomes 

s(25±l)  =  7.353.4657n. 

As  n  need  not  be  a  prime  number,  we  suppose  n==u.v,  where 
u  is  the  factor  in  n  which  divides  s  without  a  remainder  and  v 
the  factor  which  divides  2^  +  1  without  a  remainder ;  we  then 
have  the  following  sixteen  alternative  pairs  of  simultaneous 
equations : 


(1) 

s  = 

u, 

2s  +  1  =  7 

.353.4657i», 

(2) 

s  = 

1u, 

2s  +  l  = 

353 .  4657?;, 

(3) 

s  = 

353% 

2s  +  l  = 

7.4657t;, 

(4) 

s  = 

46.57m, 

2s±l  = 

7.353t>, 

(5) 

s  = 

7.353m, 

2s±l  = 

4657«, 

(6) 

s  = 

7.46.57m, 

2s  +  l  = 

353?;, 

(7) 

s  — 

353 . 4657m, 

2s±l  = 

1v, 

(8) 

s=7 

.  353 .  4657m, 

2s  +  l  = 

V. 

In  order  to  find  the  least  value  of  n  which  satisfies  all  the 
conditions  of  the  problem,  we  have  to  choose  from  the  various 
positive  integral  solutions  of  these  pairs  of  equations  that 
particular  one  which  gives  the  smallest  value  for  the  product 
uv  or  n. 

If  we  solve  the  various  pairs  and  compare  the  results,  we 
find  that  it  is  the  pair  of  equations 

s-1%      2s  -  1  =  353 .  4657t;, 
which  leads  to  the  solution  we  want ;  this  solution  is  then 

^^  =  117423,       t;=l, 
so  that  7i  =  w  =  1 17423  =  3' .  4349, 
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whence  it  follows  that 

5  =  7^^  =  821961, 
and  q^2s-l  =  1648921. 

Thus  F+^=  2471. 4657/1 

=  2471.4657.117423 

= 1351238949081 

_  1643921 . 1643922 

2 

which  is  a  triangular  number,  as  required. 

The  number  in  equation  (0)  which  has  to  be  the  product  of 
two  integers  is  now 

Tf  +  Z  =  2.3.(7.  53 +  3.89).  4657^ 
=  2\3. 11.29.465771 
=  2\ 3. 11.  29.  4657. 117423 
=  2\3M  1.29.  4657. 4349 
=  (2\  3*.  4349).  (11. 29. 4657) 
= 1409076 . 1485583, 
which  is  a  rectangular  number  with  nearly  equal  factors. 

The  solution  is  then  as  follows  (substituting  for  n  its  value 
117423): 

F=  1217263415886 
Z=  876035935422 
F=  487233469701 
^=  864005479380 
w=  846192410280 
a?=  574579625058 
2/=  638688708099 
^=  412838131860 
and  the  sum  =  5916837175686 
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The  complete  problem. 

In  this  case  the  seven  original  equations  (a),  (/3),...(7))  have 
to  be  satisfied,  and  the  following  further  conditions  must  hold, 

Tf  +  X  =  a  square  number  =  p^,  say, 

Y+  Z  =  a  triangular  number  =  ^-^ — ^ ,  say. 

Using  the  values  found  above  (A),  we  have  in  the  first  place 

/  =  2. 3. (7. 53  +  3. 89). 4657^ 

=  2\3.11.29.4657n, 

and  this  equation  will  be  satisfied  if 

*2  =  3 .  11 .  29 .  4657f  =  4456749f , 

where  ^  is  any  integer. 

Thus  the  first  8  equations  (a),  (yS),...(?;),  (6)  are  satisfied  by 
the  following  values : 

F=  2. 3\  7 .  11 .  29 .  53 .  4657' .  f  =  46200808287018 .  f 

Z  =  2 .  3M1 .  29 .  89 .  4657' .  ^'  =  33249638308986 .  f ' 

F  =  3M1^  29 .  4657^ .  f  =  18492776362863 .  f 

^=2^3.5.11.29.79.46e57^f  -  32793026546940 .  f 
t(;  =  2^3^  5. 7. 11. 23.  29.  373.  4657.  f  =  32116937723640.  f 

^  =  2 .  3M1 .  17 .  29 .  15991 .  4657 .  f  =  21807969217254 .  ^' 

t/  =  3M 1 .  13 .  29 .  46489 .  4657  .  f  =  24241207098537 .  f 

^  =  2^3^5.7.11^29.761.4657.f  =15669127269180.  f 

It  remains  to  determine  |  so  that  equation  (c)  may  be 
satisfied,  i.e.  so  that 

Substituting  the  ascertained  values  of  F,  Z,  we  have 
^^^2jL1)  =  51285802909803 .  |' 

=  8.  7. 11.  29. 353. 4657'.  ^^ 
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Multiply  by  8,  and  put 

2g  + 1  =  J5,       2 .  4657  .^  =  u, 
and  we  have  the  "Pellian"  equation 

f  ~l  =  2.3.7.11.29.353.z^^ 
that  is,  f- 4729494^*^  =  1. 

Of  the  solutions  of  this  equation  the  smallest  has  to  be 
chosen  for  which  lo  is  divisible  by  2  .  4657. 

When  this  is  done, 

^  =  <^AaK^  ^^^  ^^  ^  whole  number; 

whence,  by  substitution  of  the  value  of  ^  so  found  in  the  last 
system  of  equations,  we  should  arrive  at  the  solution  of  the 
complete  problem. 

It  would  require  too  much  space  to  enter  on  the  solution  of 
the  "  Pellian  "  equation 

^''- 4729494  w'  =  l, 

and  the  curious  reader  is  referred  to  Amthor's  paper  itself 
Suffice  it  to  say  that  he  develops  \/4729494  in  the  form  of  a 
continued  fraction  as  far  as  the  period  which  occurs  after  91 
convergents,  and,  after  an  arduous  piece  of  work,  arrives  at  the 
conclusion  that 


W  =  1598  <2Q6541>, 

where  <206541>  represents  the  fact  that  there  are  206541  more 
digits  to  follow,  and  that,  with  the  same  notation. 


the  whole  number  of  cattle  =  7766  <2Q6541>. 

One  may  well  be  excused  for  doubting  whether  Archimedes 
solved  the  complete  problem,  having  regard  to  the  enormous 
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size  of  the  numbers  and  the  great  difficulties  inherent  in  the 
work.  By  way  of  giving  an  idea  of  the  space  which  would  be 
required  for  merely  writing  down  the  results  when  obtained, 
Amthor  remarks  that  the  large  seven-figured  logarithmic  tables 
contain  on  one  page  50  lines  with  50  figures  or  so  in  each,  say 
altogether  2500  figures ;  therefore  one  of  the  eight  unknown 
quantities  would,  when  found,  occupy  82|^  such  pages,  and  to 
write  down  all  the  eight  numbers  would  require  a  volume  of 
660  pages!] 
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